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Abstract: This paper generalized the concept of stop-loss transforms to the

nth stop-loss transforms. Some useful properties of the nth stop-loss transforms
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1 Stop-Loss Transforms and Recursion Formula

The concept of stop-loss transforms and its properties play an important role in
this paper. At first we generalize the concept of stop-loss transforms in (1] as

follows.

Definition 1 Suppose random variable X is nonnegative with its distribution

function being F(z), its survival function being F(z) = 1 — F(z), and E(X") <

. Let
0M(w) = E[{(X —w)4}"], vu>0n=12,--, Q)
where
0, forz < u,
(z—u)y =
Tz —-u, forz>u,
NOw) = F(u) = 1 - F(u). @)

As a function of u, 1™ (u),n = 1,2, - - - will have domain (0, 00). We call function
(™) (u) the nth stop-loss transform of X. It is easy to see that the concept of
stop-loss transform in [1} ( see page 25, definition 3.1.4 in [1] ) is the special case

of definition 1 when n = 1.

The following corollary then becomes obvious.



Corollary 2 I™(0) = E(X™), n= 1,2, - and [1(0) = 1.

Example 3 Prove that
M) = /wf(x)dz. (3)

Proof. Let n = 1 in (1) and take integration by parts, we have
I®(w) = E((X - w),]
= /Oo(:z: —u)dF(z) = - /oo(x — u)dF(z)
u _ ;) _
= ~(z - wF@) 2. + [ Fle)ds

= /:O F(zr)dz.

Note that in the above proof we used the following equation:
2:ll’r{.xg(z —u)F(z) =0.

When E(X) < oo, the above equation always holds (see proposition 4. Letting
n = 1 in proposition 4, we get the above equation). For convenience to use later,

we prove a more general result as follows:

Proposition 4 If nonnegative random variable X has a finite nth moment,

then
xli_{&(z —u)*F(z) =0, Yu>0, (4)

where F(z) is the survival function of X.



Proof. Because the nth moment of X is finite, we have
Jim [T yraF@) =o.

Hence

Jim (e~ w'F(@) < Jim o"F(@) < Jim [ y"dF(y) = 0.

The proposition is proved.
Example 5 Suppose E(X?) < oo, then
E(X?) =2 /0 =11 (u)du. (5)
Proof.

B(X?) = /0 * PdFx(z) = ~ /0 * 2dFx(z).

By using integration by parts and then (4) ( let © = 0 in (4)), we have

E(X?) = 2 /0 ¥ 2Fx(z)dz = 2 /o “[Fx(2) /0 " dy|dz

fl

2/000 /wax(x)dzdy = 2/:0 Hg})(y)dy.

In the above proof we interchange the order of integration and use our results

from Example 3 to complete the proof.

The following recursion formula for the nth stop-loss transforms is significant

for some later results.



Theorem 6
o) =n /oo nt-D(z)dz, n=12,---. (6)

To prove this theorem we need the following lemma which has its own meaning

and can be used in other occasions.

Lemma 7 Suppose F(z) is a distribution function. If function f(z,y) satisfies

the following conditions:

(a) 2[%"1—!—)- exists,

(b) When Au is in some neighborhood of 0, say (—a, ) , we have

| f(zyu+i?u_ f(l',’ll,) |Sg(z)’

where the nonnegative function g(z) is Stieltjes integrable on [0, u] with

respect to the distribution function F(z), i.e.

/Ou g{z)dF(z) < 0.

Then

d, v [+ 8f(z,u)
S e wdr@) = [F (), o



That is, we could place the derivative of the left side of (7) into the integration

of which the upper limit is variable u.

Proof. According to the definition of derivative we have
d u
([ f(z,u)dF ()

= Am OAu{ / " f(z,u+ AwdF(E) - [ f(z,v)dF@)}

/ flz, v+ Ou) — f(z, u)dF(z)+ im /“*’Au flz,u+ Au)
Au

= im Au ~0Ju Au

AHu—0

dF(x)
= A+ B,
where A and B express the first and the second limit above, respectively. From

condition (b) we know that the integrand in A satisfies the condition of Lebesgue's

convergence theorem, so the limit can be taken into the integration, that is
af(
A= / f 0/, %) yp (.

From condition (c) we have

wtlu f(z u+ Au)

151 =1 jim, [ IR LD
< fm, [V RS vt
o [ e

Condition (c) assures the final equation is true. This completes the proof.

Now we prove theorem 6.
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Because of E(X™) < oo, we know
o0 [=2]
lim [ (z —w"dF(z) < lim / Z"dF(z) = 0.

u—0 [,

So,
o=}
™ (c0) = lim / (z - w)"dF(z) = 0. (8)
U+ 00 u
If the following equation holds,
()] = —n-D(w) (©)
du ’

by taking integration from u to oo at the both sides of (9), we would then have
oo oo
s () - / (n-1) ‘
/u ™ (@)dz = —n [~ ND(z)da

That is,

™ (o0) — M(w) = —n | =1 () dz.

By (8) we have

™ (u) = n/w ™ (z)dz.

We need only then to prove (9) true.
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At first we prove (9) for n > 1. We set f(z,y) = (z — y)" in lemma 7. Then
the condition (a) of lemma 7 holds. Furthermore,

| flz,u+ Au) - f(z,u) =] (z—u—Au)"* - (z —u)" |
Au Ay

| o(-Ch(e = )™ A+ Cl(z ~ W) D (Bu) + -
+(-1)*Ch(z — w)" B (Au)* + - + (1) (Aw)"] |

n
n(z—w) |+ CFlx—u|™9| Au|*Y,
n
k=2

IA

S
where C}; Hn = B

If z and u both take values in finite intervals, without loss of generality, we
suppose the interval is {0, A], and | Au |< 1, then the right side of above equation
is bounded. If we let G denote this bound, then we can take G as g(z) in lemma

7 and the condition (b) of lemma 7 holds. Furthermore,
= lim jz—y|"'=0 for n> L

So the condition (c) also holds.

In the following we use lemma 7 to prove formula (9) for n > 1. In lemma 7,

the interval of integration is 0 to u, but now we need the interval of integration
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to be u to 0o. We begin as follows:
n™w) = /m(:r —u)"dF(z)
=/0 (z — u) dF(:c)—-/O (z — u)"dF(x)

= /0°° zn:(—l)kC:x"°kude(a:) - /ou(a: —u)"dF(x)

k=0
= Zn:(—l)"C,':u"E(X""‘) - / “(z — wrdF(z)
k=0 0
= I(u) — J(u),

where I{u) denotes the sum at the right side above and J(u) denotes the integral.

Taking derivative of I(u) and J{u) respectively, we have

(—i%l(u) = 3 (~1)FCE R (X k)

k=1

= —ng(—l)‘C:;_lu‘E(X""l"") (10)

=0

- n / *(@ = w)"dF ().
0
And by lemma 7,

a%](u) _ éf:[ [ @-urar@) = -n ["@-wyr-ar (). (11)

Combire (10) and (11) we have

d oo u
2 1(n) —— — -1 _ — a1
™) = -n[ /0 (z — w)*'dF(z) /o (z — v)""'dF (z)]
<]
= —n/ (x —w)" 'dF(z) = —nII®D(y).
That is formula (9) holds for n = 2,3,---. So theorem 6 holds for n = 2,3, - - -,

too. In the following we check theorem 6 directly for n = 1. Taking integration
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by parts,
10w = [ -wdF(@) = {~@-wF@)} 5+ [ Fla)ds
- /°° T1O(z)dz.

Thus theorem 6 holds for n = 1. The proof of theorem 6 is complete.

Corollary 8 A distribution function F(z) (or survival function F(z)) and its
nth stop-loss transform (n is an arbitrary nonnegative integer) are determined by

each other.

Proof. When n =0, Hs.g) (z) = F(z) = 1 — F(z). Corollary 8 becomes true.
Whenn > 1, from (6) we know that Hg‘)(x) is determined by Hg‘-_l)(z). And by
(9), we have

() = ———n n(2).

Then we arrive at our conclusion by induction.

2 Stop-loss Orders and Their Properties

Definition 9. We say that X is less than Y in the meaning of the nth stop-loss

order, denoted by X <) Y, if

E(X* < E(YH, k=1,2,---,n-1. (12)
MY (u) < MP(w), vu>0. (13)
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When n = 0, the formula (12) disappears and formula (13) becomes
Fx(u) S Fy(‘u,), Yu > 0.
When n = 1, then formula (12) is trivial and formula (13) becomes

/w Fx(z)dz < /oo Fy(z)dz, Yu>0.

Ju
Now we study a class of functions with certain properites. Suppose function u(z),

—o0 < < o0 satisfies: "V (x) exists except at a finite number of points, and
(—l)k—-lu(k)(z) 20, VI,k: 1,2,..‘,n+1_ (14)

Let
U, = {u(z) : u(z) satisfies (14)},n =0,1,2,---.

Obviously, Uny1 C U,, that is, classes of functions decrease with respect ton, n =
0,1,2,---.

Inequality (14) implies that

u®(z) >0, when k is odd,

u®(z) <0, when k is even.

Let
w(z) = —u(~1), u € U,.

Then for arbitrary real number z and nonnegative integer kK < n + 1, we have

w®(z) = (~1)**Du(~z) > 0. (15)
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Let
W, = {w(z) : w(z) satisfies (15)}.
1t is easy to see that if we let u(zr) = —w(—z), where w(z) € W, then
u®(z) = (~1)+ 1w (=),
(-1 DB (z) = (-1)*u®(~2) 2 0,
so u(z) € U,. Hence we go to a conclusion that there is an one to one correspon-

dence between the elements of U, and W,,.

The following theorem and its proof is similar to that of theorem 4.2.1 in
[1]. But here we add one sufficient and necessary condition, (17), and the proof

becomes more clear than that in [1].

Theorem 10 X <qn) Y, if and only if

Efu(-X)] > E[u(=Y)], Vue U,, (16)

if and only if

Ew(X)] < Ew(Y)], Ywe W,. (17)

Proof. At first we prove the equivalence of (16) and (17). Suppose inequality

(16) holds, we want to prove (17) holds. Let u(z) = —w(—x), then u(z) € U,.

Hence by (16) we have

Elu(-X)] 2 Eu(-Y)].
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That is

E[~w(X)] 2 E[-w(Y)].

Thus

Efw(X)] < Efw(Y))].

Hence inequality (17) holds. It is similar to deduce (16) from (17).

In the following we prove X <ym) Y <= (17).

(«<=): Suppose (17) holds. Let
w(z) ={(z—u);}F, u>01<k<n

Then Vi < k, —00 < z < 00,
kk-1)---(k—i+1)(z —w)", forz>uy,

w(z) =
0, forz<u.

and Vi > k, —00 < x < 00, w(z) =0.

Since w®(z) > 0 for all positive integer k, we have w(z) € W,. By the

assumption of (17) we have
Ew(X)] < Efuw(Y)].

That is
E{(X = )4} < B{(Y ~ w4+ )"
Let k take value from 1 to n — 1, and let u = 0, we see that the inequalities (12)

hold; let k£ = n, we go to (13). So, X <gqm) Y by definition.
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(= ) Suppose w®(z) > 0,vk = 1,2,---n + 1, then we have the following

expansion of w(x)
w(z )~ w( )(0) z* + / (” E= ). (18)

We prove formula (18) at first. Taking integration by parts, we have

/ (I d ") (2

e - /jw“)(t)%[(f—;fi]
= ——w(") ) + / I"t) w(")(t)dt

= ——w(")(0)+ / d (n=1)(g)

B i (0) 2+ / du(t)

k=1

= —Z x ¥+ w(z) — w(0).

Removing the terms in the right side except w(z), we go to (18). Now suppose

X <g(my Y we want to prove Elw(X)] < E{w(Y)]. By formula (18) we have

B = By 2o [T g
k=0 k!
-~ 3200 5ty 4 ([ ——“)+d ) (w)
k=0
(n) oo — n
_ kgowk_(()) (X5 + /0 [{(Xn!u)+} ldw(")(u).

(In the right side above the upper limit of integration can be expanded from X

to 0o, because (z — u)4 = 0 when u > z).
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By X <un) Y, we know that
E(XF < E(Y®, k=0,1,---n

and

E{(X —u)+}"] < E{(Y —u)4}"), Vu20.

So,

n

Ew(X)] < z E(yk) /O&Y;?de(n)(u).

From the above we see that the right side of the final inequality is just E{w(Y’)].
We then have

Blw(X)] < Efw(Y)].

The proof is complete.

Proposition 11. Suppose E(X) = E(Y). If X <qq) Y then
var(X) < var(Y).
Proof. From (5) we know
B =2 [ M@y <2 [ 1)y = B,
Hence, by E(X) = E(Y),
var(X) = BE(X?) ~ [E(X)]* < B(Y?) - [E(Y)]® = var(Y).

The proof is complete.

Theorem 12. If X <y(n) Y, then

X <si(m) Y, Vm>n.
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Proof. Because of the decreasing property of U,, with respect to n, when m > n,

we have U,, C U,. By theorem 10 we arrive at our desired conclusion.

Proposition 13. If E(X) < E(Y) and 3 ¢ > 0 such that
Fx(z) < Fy(z), forz <cg, (19)
Fx(z) > Fy(z), forz>c. (20)

Then X <sl(1) Y.

Proof. Let
hz) = IP() - 1P@) = [ F(wdu- [~ Fx(war,
then we have

h (IL‘) = —Fy(.’l?) — [—_Fx(l‘)] = Fy(l‘) - Fx(.’l?).

And by conditions (19) and (20) we have

R'(z) >0, forz <c,

R'(x) <0, forz>c,
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We then have

and

h(co) = lim h(z) = lim / " Fy(w)du - lim / " Fy(w)du = 0.
We conclude that h(z) > 0, Yz > 0. Otherwise, if h(x) < 0 for some z;, then
there must be an intersection point of h(z) with the z-axis, say, at point =z,
To < z1, and h'(z) < 0 must hold for Vz > z¢, that means A(oo) = 0 can not
hold. Now from h(z) > 0, Vz > 0, we have Hg})(:c) < Hg,l)(x), Yz > 0. So we

have X <g(1y Y by definition.

We can interpret proposition 13 more simply by diagram. By conditions (19)
and (20) we know that the curves of Fx(z) = 1 — Fx(z) and Fy(z) = 1 — Fy(z)
intersect at £ = c. We know also that E(X) equals the area under the curve of
Fx(z) and E(Y) equals the area under the curve of Fyy(u). Hence, for arbitrary
u > 0, the area on the right side of z = u and under the curve of Fx(z) must
be less than that under the curve of Fy(z). That is H(;)(u) < Hgfl)(u), Yu > 0,

which is desired for proposition 13.
Proposition 14. If E(X) < E(Y), and 3¢,b,0 < a < b < 0o such that
dFx(r) < dFy(x), forz <aorz2>b, (21)

dFx(z) > dFy(z), fora <z <b. (22)

—111-



Then X <,[(1) Y.

Proof. Similar to the proof of proposition 13, we need to show
h(z) = P (2) - 0¥ (z) 2 0.

‘We have

1]

K (z) = —Fy(z) — [-Fx ()] = Fy(z) - Fx(z) = /0 “[dFy(z) — dFx ().

By conditions (21) and (22) we know that when = < a, h'(z) > 0 and h'(z)

monotonously increases; when a < z < b, h'(z) monotonously decreases; when

z > b, h'(z) increases again, and
lim #(z) =/0 dFy(z) —/0 dFx(z) =1—1=0,

There must be a point ¢, such that a < ¢ < b, and h'(z) > 0, Vz < ¢; h'(z) <

0 Vz > c¢. Furthermore, as we have seen in the proposition 13, we have
h(0) = E(Y) - E(X) 2 0,

and

lim h(z) = 0.

I—00
The figure of h(z) is the same as that in the proposition 13. Hence we have

X <y Y as in the proposition 13.
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When X and Y are both continuous, denoting the distribution density function
by fx(z) and fy(z) respectively, then the conditions (21) and (22) are equivalent
to:

fx(z) € fr(z), forzx<aorz>b,

and

fx(z) > fy(z), fora<z<b.

When X and Y both are discrete, assuming their domain is {z;, 1 = 1,2,---} and
their probability functions are Px(x;) and Py(x;) respectively, then conditions

(21) and (22) are equivalent to

Py(z;) < Py(z;), forz; <aorz;>b,

Py (z:) > Py(z;), fora <z; <b.

Next we show the maintenance properties of the nth stop-loss order.

Theorem 15 The nth stop-loss order is maintained under the summation of
independent random variables. That is, if

X; <si(n) Yi: 1=1,2,---k,

where & is a positive integer, then

k k
ZXi <.9[(11) ZYH n =0v1v2).." (23)

i=1 i=1
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It was proved in [1] that the 1* stop-loss order is maintained under the summation
of independent random variables (see page 30 of 1}, theorem 3.2.2. ). Theorem
15 is its generalization and the method used here for proving the theorem is

completely different from the method in (1].
Proof. We first prove theorem 15 for k = 2.

Suppose X; and X, are independent, Y; and Y, are independent and
Xi <3l(n) ),‘iv 1= 112: n>= 0.

We now use theorem 10 to prove (23). By theorem 10, V w(z) € W, we need

only to prove

Let
wi(z, t) = w(r +t), (24)

where t is a real number. Since w(z) € W, from the definition of W,, we have

k
d—‘i;wl(x,t)=w(k)(:z+t) >0, k=1,---,n+1.

-Again by the definition of W,,, we know that for a fixed ¢, w, (z,t) is a function
of z and belongs to W,,. From X <) Y3, and by theorem 10, we can conclude

that

[ wla+t)dFx, (@) = Blwi(X1, 0] < Blun(Yi, )] = [ wl@+t)dFy (2).(25)
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Further, let
wy(z) = Efwn (%,9)] = [ wly +)dFy, (v). (26)

Since w®(z) > 0, we have
o
w (z) =/0 w*(y +2)dFy,(z) >0, k=1,2,---,n+1

Hence wy(z) € W,. From this and the condition X5 <,im) Y2 we have

J U w4 2)dFu P (o) = [ wale)dF(@) = Elua(Xa)]

< Blw(n)] = [ ([ w(y +2)dFy @)dFs (@)

Taking the integration of the both sides of (25) with the distribution function

dFx,(t), we have

JU vl + 0 @dFa® < [T1f wly + OdFa@ldF). (28)

Combine (28) and (27) to arrive at

LU wly + 0 @i < 71wl +2)dR @)1dRy (0.

This is simply E{w(X; + X2)] € E[w(Y; + Y3)]. Next by mathematical induction

we can conclude that (23) holds. The proof is complete.

Theorem 16.  The nth stop-loss order is maintained under a compound

operation. That is, suppose X;, X5, -+, ¥1,Y2,- -, and integer valued, Ni, N,
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are all independent random variables. In addition, N; and N; have identical

probability distributions. Let
M N,
51=ZX1‘, Sz.—-ZY,
i=1 i=1

If

X‘i <sl(n) Yiy i=1)2v”'7

then
S1 <si(n) S2. (29)

Proof. According to theorem 10, it is sufficient to prove that
Vwe W, Ew(S)] < Ew(S,)).

In fact we have,

Efw(S1)] = E[E[w(S) | M]]
=Ynlo E[w(S1) | My = n|Pr(Ny =n)
= Z;‘“;OE[‘UI(Xl + X2 + 4 Xn) I N1 = TL]PT(NI = n)

= Y2 Elw(X: + Xa + -+ + X,)]Pr(N = n).

The last equation holds because X, X5, -, X, and N, are independent. Next,

using theorem 15 we have

EXi+Xo+ + X, SEM+ Yot +Ya)
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Notice N, and N, have identical probability distributions, so we have

Elw(S)] <X, Flw(Yi+Ye+ -+ Y )|Pr(N, =n)

=20 Ew(Yy + Yo + -+ + Y3)| Pr(Ny = n)

= E[w(Sy)].

The proof is complete.
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