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Abstract

Credibility theory is a useful tool for the rating of multi-level fac-
tors (MLFs), i.e. categorical rating factors with a large number
of levels that can not be grouped in a natural way. In practice we
often have a number of ordinary rating factors besides the MLF.
We extend the Biihlmann-Straub estimator to the situation with
both an MLF and ordinary rating factors in a multiplicative tariff.
An application to private motor car insurance is presented.
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1 Multi-level factors and credibility

In non-life insurance, a customary rating technique is to esti-
mate price relativities of a number of rating factors in a multi-
plicative model. The estimation has traditionally been done by
some heuristic technique like the method of marginal totals, but
is nowadays often carried out by the aid of Generalized Linear
Models (GLMs). Rating factors are often categorical with a few
levels (e.g. ‘Sex’, ‘Number of persons in the household’) or a
grouping of a continuous variable (e.g. ‘Age group’, ‘Mileage
class’). If data are to sparse to produce reliable estimates for
some groups, merging of neighbouring groups is often a remedy.
However, for a nominal categorical rating factor with a large
number of levels, a multi-level factor (MLF), there is usually no
simple way to form groups that are (sufficiently) risk homoge-
nous. Here are some examples of MLFs.

Example 1 (Car model) In private motor car insurance it is
well known that the model of the car is an important rating
factor, both for third-party liability, hull and theft. Even after
some initial grouping of very similar models, there are thousands
of different car models, some of which are popular so that suf-
ficient data is available, but for most models we have moderate
or few data. There is no sensible way to group the models a
priori (and if there was enough data for posterior grouping, the

grouping would not be necessary!). Hence, car model is a typical
MLF. 0
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Example 2 (Geographic area) In order to get risk homoge-
nous geographic areas one often has to use a very fine subdivision
of the country, based on for instance ZIP codes. Neighbouring
areas can have quite different risk profiles and hence a prior

grouping can be very hard to achieve and we are again left with
an MLF. O

Example 3 (Experience rating) Using the customer as a rat-
ing factor is another important example of an MLF. In the com-
mercial lines it is important to base the rating to some extent
on the individual claims experience, even though there is often
not sufficient data for separate rating of each company. This is
the classical case for employing credibility theory. In the pri-
vate lines, Lemaire (1995) and others use credibility estimators
for the construction of optimal bonus/malus systems, with the
customer as an MLF (in our terminology). 0

As indicated by Example 3, MLF's can be rated using credibility
theory. However, classical (Bithlmann-Straub) credibility theory
does not treat the important case where we have ordinary rat-
ing factors (covariates) besides the MLF. In private motor car
insurance, e.g., the MLF's ‘Car model’ and ‘Geographic area’ are
just two out of a large number of rating factors. In Ohlsson and
Johansson (2003) we presented credibility estimators for this
case by deriving an extension of the famous theorem by Jewell
(1974), under distributional assumptions. In the present text we
will use a non-parametric approach, extending the Biithlmann-
Straub estimator, to derive the same estimator. The advantage



2 THE BUHLMANN-STRAUB ESTIMATOR WITH COVARIATES 4

of the present paper is that no distributional assumptions have
to be made. However, the main aim of the paper is to show
the power of combining credibility theory with a multiplicative
tariff, see e.g. the application in the last section.

2 The Buhlmann-Straub estimator with co-
variates

Suppose, then, that we have a number of ordinary rating fac-
tors, dividing the portfolio into I tariff cells. For simplicity, we
discuss the case with just one MLF, with K levels (groups). We
observe some key ratio Y, where ¢ denotes tariff cell and k
the MLF level. Yj.; is the ratio of some observation X;.; to a
measure of exposure w;y;. In classical credibility, Y is the risk
premium, for which the observation X is claim cost and w is
policy years. With GLMs it is customary to carry out separate
analyses with Y in turn as claim frequency and average claim
cost, respectively. Our setting covers all these cases. The re-
peated observations for the combination (7, k) are indexed by ¢,
since they are often presented as repetition over time, which is
relevant in experience rating. They could, of course, be any re-
peated observations of group k£ — in Example 1, e.g., they could
represent the individual policies for car model k.

We will now generalize the Biithlmann-Straub estimator, which
was derived for the situation without covariates, i.e. without
the index ¢ above. Let u; be the expected value in tariff cell i,
given by the ordinary rating factors (covariates). The relative
deviation of group k from this value is considered as a random
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effect Uy with E(Uy) = 1 and our basic multiplicative model
becomes
E(Yire|Uy) = p:Uy (1)

where p; in turn is the product of a number of price relativities
for the ordinary rating factors. Note that E[Yji] = u;. Next we
give some basic assumptions, extending the classical ones. All
random variables are supposed to have finite second moments.

Assumption 1 (a) The Uy; k = 1,2,..., K are independent
random variables, all with E[Uy] = 1 and Var[Ug] = a, for
some a > 0.

(b) The MLF groups are independent, i.e. (Yige, Ur) and (Y, U})
are independent as soon as k # k.

(c) For any k, the collection of Y, for all relevant i and t,
15 a sequence of conditionally independent variables, given
Us.

(d) For some function o*(-) we have

o2 o?(Uy)

Var(Yi:|Ug) = o
ikt

(2)
where w;p: 1s the measure of exposure and 02-2 18 another
weight depending on i (possibly through ;).

In (c), ‘all relevant ¢ and ¢’ means that we go through all the
repetitions ¢ in all the combinations of tariff cell i and MLF level
k where there are observations (often, level k is not represented
in all cells 7).
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Note. In the important case where Yji;, conditionally on
Uy, follows a GLM with wvariance function v(p) = p — a so
called Tweedie model — well-known results on GLMs combined
with (1) give that o? = p? och o?(Uy) = ¢UY, where ¢ is the
dispersion parameter. This includes the important Poisson case
p =1 and Gamma case p = 2. 0

We will now transform the random variables so that we can
bring back this situation to the Bithlmann-Straub estimator, as
presented in, e.g., Goovaerts & Hoogstad (1987, p. 43ff). Put

. Y; ikt
Yike = Ift Bt = — ktguz (3)
Note that ) .
E(YilUp) =Ur  E(Yi) =1 (4)
and, with o2 = E[o?(U})],
~ a?(U, ~ o’
Var(TelUs) = 208 pvar(Tlvn] = = (5)
Wikt Wikt

This transformation requires that the values of u; and o; are
known. In practice we already have estimates of the p;, usually
from a Tweedie type GLM, like the Poisson or Gamma model,
or from the method of marginal totals. In the Tweedie GLM

2 = ¥ and so we automatically get an estimate of o7 by
plugging in fi;. As usual in credibility theory, we now look for
the best linear predictor U, for each k, i.e. the one minimizing
the expected quadratic error.

case o;

Note. Out of tradition one speaks of credibility estimators,
though credibility predictors is more accurate, since we are pre-
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dicting a random variable, not estimating a parameter. We use
the terms interchangeably here. 0

Theorem 1 The best linear predictor of Uy s

Uk = ZkUk + (1 — Zk) (6)
where B
W.[.
= =57 7
“ W.p. + 0'2/CL ( )
and ~
= Zi,t Wikt Yikt Zi,t Wikt Yike ] i
U, = S : (8)
W.}. D it Wikt
with )
~ Wikt Ky ~ ~
Wikt = ZQM W = z; Wikt (9)

We will return to the estimation of o2 and a in Section 2.1 below.

We see that Uy, in (6) is a credibility weighted adjustment factor
to the rating given the other factors. High credibility gives large
weight to U}, which we call an exzperience value since it is a
measure of the outcome Y as compared to the expectation pu,
aggregated over the tariff cells where k£ occur.

Note that the original Biihlmann-Straub estimator is recovered
from our result as the case without covariates, for which u; = p,
independent of i, if we simply multiply equation (6) by p and
choose o7 = p?.

It can be shown, see Ohlsson and Johansson (2003, Section
2.3.2), that if 2z, = 1 and o? = p then (6) represents the es-
timating equation we would have if U; was treated just like
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another covariate in a GLM. (When p = 1 we get the equation
for the method of marginal totals.) The satisfying conclusion is
that if we have sufficient data, our method reduces to standard
rating methods. On the other hand, when credibility is not that
high, we put less emphasis on the experience value Uy, and the
adjustment factor will be closer to 1 than it would have been
if treated like another covariate. With very little data, we will
completely rely on the ordinary rating factors, i.e. U=~ 1.

Note. In the GLM Tweedie case Wi = wikt,u?*p and 0% =
¢ E[UP] and we get the same result as was obtained by an exten-

sion of Jewell’s theorem in (2.18)—(2.20) of Ohlsson and Johans-
son (2003) under distributional assumptions on both Y and U

Proof. The result follows from the Biihlmann-Straub estimator
as presented in Goovaerts & Hoogstad (1987, p. 43ff) as follows.
Change their X to Y and identify our index k as their ¢ and
let their repetitions (‘periods’) s be obtained by, for each k,
running through all the tariff cells ¢ where k occurs and all the
repetitions ¢ there within. Further, replace all occurances of
‘the risk parameter’ ©; by our random effect U, and note that
the conditional expectation ©(©;) is simply Uz. Then obtain
the result directly from the equations on page 47 of Goovaerts
& Hoogstad (1987). Note though, that since E[Uy] = 1 we do
not have to use a so called ‘collective estimator’ — in our case
the number ‘1’ stands for the ‘collective’ and is given the weight

(1 — Zk)

A direct proof of the theorem is excluded here for the sake of
brevity:. 0
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2.1 Estimation of variance parameters

It remains to estimate the variance parameters ¢ and a. Un-

biased estimators are obtained directly from the corresponding
estimators in Goovaerts & Hoogstad (1987, p. 48). Let n; be
the number of observations for group k£ and put

1 o
o 1 ;wikt(ymt — Up)? (10)

67 =

Then the unbiased estimators 52 and @ in Goovaerts & Hoogstad

52 = > i — 1)&1%
> k(e — 1)

S g (Up —U)? — (K —1)52
W.. — Y, W5 /0.

where U. is the 10.,.-wighted average of the Uj’s. A direct proof

of the unbiasedness of these estimators can easily be derived

along the lines of Ohlsson and Johansson (2003, Section 3.1).

Note, though, that in our case these estimators are strictly unbi-

ased only if y; is known, while in practice we plug in an estimate

fii-

become

(11)

and

a =

(12)

3 An algorithm

When rating ordinary factors one iterates between, in turn, the
estimating equations for each of the rating factors — whether
one uses the method of marginal totals or GLM. In many appli-
cations it is reasonable to extend the iteration to the prediction
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of MLF random effects Uy, in (6), since there may be collinearity
between the MLF and the ordinary rating factors. (An excep-
tion is bonus/malus systems, in which we might want the bonus
factor to be an adjustment to a given tariff.) We get the fol-
lowing algorithm for simultaneous rating of ordinary factors and
MLFs.

(0) Initially, let U = 1 for all k.

(1) Estimate the parameters for the ordinary rating factors as
usual, with U}, treated as a known part of the expectation
(in the GLM case with log-link, this means that log(Uy) is
an offset-variable). This yields ji;.

(2) Compute 62 and a from (11) and (12), using ji; from Step
1.

(3) Use (6) to compute Uy, for k = 1,2,..., K, using the esti-
mates from Step 1 and 2.

(4) Return to Step 1 with the new U} from Step 3.

Repeat Step 1-4 until convergence.

Note. The algorithm can be extended to the case with more
than one MLF in a straight-forward fashion. However, we often
find it easier to rate one MLF at a time, forming posterior groups
of the MLF classes by Uy before going on to the next MLF.
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4 Application (Car Model Rating)

We present some results from a study on car hull insurance,
using data from the Swedish insurance group Lansforsakringar.
The same study was earlier reported in Ohlsson and Johansson
(2003). There are a number of ordinary rating factors, e.g., the
car age group — the details are left out here for confidentiality
reasons. The MLF is car model, having roughly 2500 levels.
The analysis was made separately for claim frequency and aver-
age claim amount. Here we present the results from the claim
frequency part of the study only. In step 1 of the algorithm
above standard GLM software was used.

The idea is to describe the car models as far as possible by using
auxiliary rating factors like weight and weight /power ratio; then
the residual variation is taken care of by the U-predictors. The
introduction of auxiliary factors, as an aid in the risk classifica-
tion of car models, decreases the (residual) variation of the car
models, with the effect that the Uj-values become more concen-
trated around 1, as seen in the bar chart in Figure 1.

Examples of the 2500 credibility estimates are given in Table
1, both with and without auxiliary rating factors. The product
of the estimates for the latter is called fi; here, since they are
unique to each car model.

Note especially, that for car models with high credibility, the
rating is hardly affected by the introduction of auxiliaries, as
seen by comparing the "No auxiliaries” Uy to the ”With auxil-
iaries” column /lkUk Of course, the introduction of auxiliaries
makes the Uj:s themselves move towards 1.
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Figure 1: Histogram of credibility predictors u; with and without auxiliary
rating factors.

Sparse data gives low credibility, so for the car models at the end
of the table one has to rely mostly on the auxiliary car model
rating factors, while the credibility estimators U}, are close to 1.

In Sweden, historically there was a tradition of ‘car model group-
ing’ on a national level, but nowadays each company has to han-
dle car models from their own data. Our experience is that the
method presented here is a useful tool in that process: e.g., we
might form new car model groups from the ;U in Table 1.
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5 Concluding remarks

Credibility theory offers a solution to the problem of rating
multi-level factors, MLFs. With the extension of the Bithlmann-
Straub estimator presented here, credibility can quite easily be
used in the context of a multiplicative tariff, a familiar envi-
ronment for non-life actuaries. In our practical experience, this
opens up for many new applications of credibility in various ac-
tuarial areas.

In this paper we have presented our results as a way to intro-
duce fixed effects into the credibility framework. Another ap-
proach was followed in Ohlsson and Johansson (2003) where the
same credibility predictor was derived by introducing random
effects into GLMs. This situation is analogous to the classical
Biithlmann-Straub estimator, which can be derived either non-
parametrically or with distributional assumptions as in Jewell’s
theorem.
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k| wy No auxiliaries With auziliaries
U | U | 2| Ur| Up| 2| iU
141275 ] 0.74 | 0.74 | 1.00 || 0.98 | 0.98 | 0.99 | 0.75
2139626 || 0.58 | 0.58 | 1.00 || 0.89 | 0.89 | 0.99 | 0.59
3139188 || 0.59 | 0.59 | 1.00 || 0.86 | 0.86 | 0.99 | 0.60
4131240 || 0.82 | 0.82 | 1.00 || 0.93 | 0.93 | 0.99 | 0.82
5128159 || 0.49 | 0.50 | 1.00 || 0.74 | 0.75 | 0.98 | 0.50
401 | 803 | 2.08 195|088 | 1.43|1.35|0.82| 1.99
402 | 802 | 0.97 1097|086 || 1.11 | 1.08 | 0.70 | 0.95
403 | 801 || 1.77 1166 | 0.86 || 1.54 | 1.40 | 0.74 | 1.62
404 | 799 |/ 0.74 | 0.78 | 0.86 || 0.83 | 0.88 | 0.69 | 0.79
405 | 798 | 1.32 127086 || 0.73 | 0.78 | 0.82 | 1.41
901 181 1.38 11221058 || 1.14 | 1.06 | 0.42 | 1.29
902 | 180 || 1.61 | 1.38 | 0.63 || 0.91 |0.95| 0.56 | 1.70
903 | 180 || 2.28 |1.76 | 0.59 || 1.35 | 1.18 | 0.51 | 2.01
904 | 179 | 0.79 | 0.88 | 0.56 || 0.86 | 0.95 | 0.34 | 0.88
905 | 179 | 2.38 1.80|0.58 || 1.52 | 1.25|0.48 | 1.98
1801 7 2.39 | 1.07 | 0.05 || 2.05 | 1.03 | 0.03 | 1.22
1802 7 4.63 1 1.19 | 0.05 | 3.86 | 1.08 | 0.03 | 1.31
1803 7 0.00 { 0.96 | 0.04 || 0.00 [ 0.99 | 0.01 | 0.55
1804 7 0.00 | 0.95 | 0.05 | 0.00 | 0.98 | 0.02 | 0.87
1805 7 0.00 | 0.94 | 0.06 || 0.00 | 0.98 | 0.02 | 0.58
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Table 1: Selected car models k, sorted by number of policy years w.;., with
experience factors Uy, credibility predictors Uy and credibility factors zj;
without and with auxiliary rating factors, the product of the latter called /i

here.



