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1. - Introduction.

Homogeneous semi-Markov processes (HSMP) were defined in the fifties (Levy 1954). At
beginning their goplications were in enginegring fidd, manly in problen of rdiability and
maintenance (see Howard 1972). In generd this processes are a tool that is useful to study problems
linked to the ageing of a system.

Janssen (1966) applied for the first time HSMP in actuarid science. In this fidd there were many
goplications of HSMP. Also in this fidld SMIP can be consdered a tool that gives good results in
real world gpplications.

Non Homogeneous Semi-Markov Processes (NHSMP) were introduced by losfescu Manu (1972) ;
these processes were gpplied in actuarid field see (Hoem 1972, CMIR 1991) and more recently
(Haberman, Pitacco 1999, Pitacco, Olivieri 1997).

The Discrete Time Non-Homogeneous Semi-Markov Process (DTNHSMP) were introduced in De
Dominicis, Janssen (1984) and a red data actuaria application was presented in this paper that was
later on generalized and applied to actuaria problem, see for example (Janssen, Manca 1998).

It is to outline that homogeneous and non-homogeneous SMP ae a generdization of the
corresponding Markov processes (MP) in the sense that in MP environment the waiting time
digribution function (df.) in a sate before a change is exponentid whereas in SMP can be of any
type.

In the last twenty years finance made great theoreticd advances using stochadtic tools darting from
the two fundamentals papers respectively of (Black & Scholes 1973) on option pricing and of
(Vadcek 1977) on sochaedtic interest rate. Innovative results were obtained in dl financiad topics



introducing massvely probability tools. In some cases the results generdized the ones given in
determinigtic environment, for example the ones from (Buhlmann 1992), (Buhlmann 1994) and
(Norberg 1995) on the evauation of stochadtic interest rate. In other cases the probabilistic
goproach gave the posshility to evauate some financid tools that otherwise should be redly
difficult to sudy in a redigic way (see Willmott 1998), mainly for derivative products. Furthermore
the opportunity to face in a more correct way some financid tools dlowed the introduction of new
products, like some specia kind of options (see Willmott 1998).

The main part of these results were obtained in homogeneous MP environment. It is to outline that,
in authors opinion, the initid time of a financia operation is usudly known, wheress the time when
the operation will be cdosed is not known, furthermore changing the initid time of a financid
operation usudly changes the conditions (as well known this fact is taken in account by means of
non homogenaty). This obsarvations imply that it could be redly intereing to introduce a
dochedic environment dso for the time length of financid operations conddering dso the initid
time of operations. This sep can be made usng NHSMP models. This step was aready proposed in
some theoretica papers (Svishchuk 1995, Svishchuk, Burdeinyi 1996, Janssen, Manca, De Medici
1996, Janssen, Manca, Volpe di Prignano 1999, Janssen, Manca, Di Biase 1997, 2001) in
homogeneous case and (Janssen, Manca 2000, Janssen, Manca, Di Biase 1998) in the non
homogeneous one.

A modd useful to condruct term structure of implied forward rates in a stochagtic environment will
be presented in this paper. The stochastic process used to construct the interest rate structure will be
the NHSMP, in the paper the financial operatiions are supposed non-homogeneous in time (see
Volpedi Prignano 1985).

It is to precise that a discrete time framework will be used in the paper. There are two reasons to
agoply discrete time non-homogeneous semi-Markov  process (DTNHSMP) ingtead that  the
continuous one. The firg is that in a previous paper (Janssen, Manca 2001) was proved that
discretisng the evolution equation of a continuous time NHSMP by means of the smplest
quadrature formula the DTNHSMP is obtained and if the time intervd of DTNHSMP tends to O
then is obtained the continuous case. The second is that the to solve DTNHSMP evolution equation
is not a difficult task, as the solution of the continuous time can be obtaned andyticdly only in
same specid cases, in the other cases to find the solution it is necessary to work numericaly and
the most smple way to obtain the numericad solution of the process evolution equation is the one by
which the DTNHSMP is obtained by the continuous time NHSMP.

In the second paragraph will be introduced the theoretical stochastic interest rate mode, in the third
one will be presented the DTNHSMP in the forth paragraph will be explained how to implement the
modd by meansof DTNHSMP and in the last part will be given an gpplicative example.

2. A stochastic interest rate modd!.

In this paragraph we will show how to construct a modd that can be used to smulate the stochagtic
evolution of an implied forward interest rates.

The dates of the modd will represent al the possble interest rates. In fact a priori it is possble to
decide that the interest rate will change in a fixed intervd during the time horizon consdered. The
number of states will be finite more precisdly it results

E={r,r,K,r.},

where the r, represent al the possible implied stochadtic interest rates in incressing order, m gives

their number.

The graph of the modd is represented in the fig. 1.

As dated before, in the model the number of Sates is finite. This is from theoreticad point of view a
great amplification, but in red life problems the interest rate are usudly fixed in a discrete range.
As specified before the time will move on adiscrete time scae.



Fig. 1. m statesmode for interest rate structure mode.

The modd will work in trandent case that means in a bounded time horizon. This can be consdered
an other amplification but in gpplicative red life problem the asymptotic behaviour could not be
interegting.

The modd will recongtruct, for each date, for each darting time s and for each ariva time t, the
probability function to be in dl the sates. So for example if the initid tate was r; then the mode

will give for each darting time s and for esch arivd time t the probability to be in the date
r;, j=LK,m. The expected interest rate vaue for each period of the horizon time will be

possible to obtain in thisway.

3. The Discrete Time Non-Homogeneous Semi-Markov Process (DTNHSM P)

In this part will be described the DTNHSMP (see De Dominicis, Janssen 1984). Firgt the stochastic
process is defined. The notation of Cinlar (1975) will be followed.

Xn, NI N (rv.) setof states E={1, 2, ..., m} representing the state at the nth trangition. Tn, nl N,
an other r.v. with set of satesequd to N where T, represents the time of the n-th trangtion,

X W®E T, :W®N.

The process  Xn, Tn) is a non-homogeneous markovian renewal process. The kernd Q =[Q;(st)]
asociated to the process is defined in the following way:

Q] (S,t):P[Xn+1:j,Tn+1£t| anl,Tn:S]
and it results (Pyke 1961):
pi(9) = lim Q;(st); i,jT E, tI N

t® ¥

where  P(s) = [pij(s)] is the trangtion matrix of the embedded Markov chain in the process.
Furthermore it is necessary to introduce the probability that process will have a trangtion from the
datei inatimet-s:
S (S,t) = P[ Tn+]_ Et I Xn = i, Tn:S]

Obvioudy it results thet:

S0 = & Qs
2

Furthermore the following probabilities are considered:



bij (st) =P Xnu1=], Tner =t [ Xn =i, Th= o
These probabilities can be given in function of the Q; (sit):

IQJ(S’S)ZO if t=s
by (S’t)=+Qij (s1)-Qjst-1) if t=s+1s+2.

Now it is possble to define the probability distribution of the waiting time in each date i, given that
the state successively occupied is known:

Gij (S’t):P[ T £t |xn =1, Xn+1 =j, Th= S]-
Obvioudy the related probabilities can be obtained by means of the following formula:

1Q; (st) /py(s) if py(s)* O
Gjj (s,t):%1 ¥ if ;)j(s)zo-

Now the DTNHSMP Z = ( Z;, tT N) can be defined.

It represents, for each considered time, the state occupied by the process. The probabilities to stay in
the state | a time t, given that a time s the sysem was in the date i, are defined in the following

way:
fit)=PZ=]lZ=i].
They are obtained solving the following evolution equations:

m t
fij(s.t)=d;j 1- S(st)) + téué—lhb (83 p(J3.1) 3.1

where d; represents the Kronecker symbol.

4. A Semi-Markov stochastic interest rate appr oach.

In this part, we introduce a stochastic term structure of implied forward rates.

The dructure will be congtructed by means of DTNHSMP. The way to apply this process to a
generd financid problem was presented in (Janssen, Manca 2000).

In this case as specified before the states of the process will be:

E={r,r,K,r}

where the r, represents al the possble implied stochadtic interest rates and m gives the number of

the implied interest rates.
In this case the evolution equation of the DTNHSMP will be the following one:

m t
fij (S,t) :dij (1- S (S,t)) + é é qb (S,J )f bj (J ,t)
b=1J=1

where f;; (s,t) represents the probability that a time t the implied interest rate will be r ; given that
the implied interest rate was r, & time s. This probability is obtained by the sum of two terms. The



fird dement gives the probability to remain in the sarting Sate without any trandtion and has sense
only if i = the second term gives the probability to stay a time t in the Sae | with a least one

date trangtion (thefirst onein J ).
By means of previous postions it is possble to investigate the following r.v. tha are consgdered in
(s,h) supposing that the system isin the Satei at initid time s.

Vi(sq) = [L+G(sa)) "

is the random discount factor related to the period (q-1.9)1 (s,h),q =<+1,K ,h, depending on
the one period random rate G (s,q) with values r J.T E with probability f;; (s,q) .

h
A(s,h)= OVi(sq)
q=s+l
is the random discount factor related to (s,h).
The independence hypothessamong V; (s,q) (i.e. the independence among al the possible
g-combinations of the h events E;j(sn), n=s+1K ,h, r-grouped, concerning the V,(sn)
outcome) is assumed.

Computing only the expected values and the variances of the considered r.v., it results for the first
Ones.

E(Vi(s.0)) = Elf Jsaa+r )t
a

h
ui(s,h) =E(A(s h) = OlE(Vi (s,0))
q:

and for the second ones, generdizing the computation of s ?(XY) :

2 g 2 & -192
s “(Vi(sa)) = afj(sq)d+r;) 'é_afij(s’qxl"'rj) B
=1 =1 7]
2o
. k&5
s 2(A(s,h)=4& & Sc Mp, k=h-s
t =19=1
where:
B mRs s+h,), (K Nyl )= Dy, if t <k
&, = Os 2(s,5+2,), [z,K ,zt)=Cq, Mp lr:lm 1K Mt )= Dy,
-1 i1 if t =k

Cql C(kit), C(kt) setofdl t - combinationsof theset {1K ,k},
and



Isf(s1)=s *M(s1)
i m(s1)=EM(sl)
1 CqUDg={LK Kk}

Once that the u;(s,h)are known then it is possble to evaluate the mean present vaue of a given
financia operation that begins a time s and ends at time h and in which is known the vaue a time
h. Clearly if the vadue a time s is known the mean vadue a time h will be obtained multiplying the
initid vaueby 1/u; (s,h) .

The knowledge of the expected vaue and the variance of A (s,h) dlows important goplications on
riskiness control. In paticular it dlows decison and choices on financid project by usng the
mean-variance criterion.

5. An applicative example.

To illusrate numericdly the proposed mode let us suppose that we are interested in the dynamic
evolution of a stochastic interest rate whose possble vaues are restricted to the following ones:

maximum vaue date 15=.10

intermediate vaues: date 14 = .095
state 13=.09
state 12 =.085
state 11 =.08
state 10=.075
state 9=.07
state 8 =.065
State 7=.06
state 6=.055
state 5=.05
state 4=.045
state 3=.04
state 2=.035

minimum vaue date 1=.03.

We suppose to be in a ten years time horizon. In this way we have 15 date and 11 time period, from

time period O up to the time period 10.
To get results we congtructed a“Mathematica’ program able to solve DTNHSMP.
To gpply semi-Markov processes is necessary to evauate:

a) thetransition matrix P(s), embedded Markov chainin DTHSMP;
b) the matrix G(s,t), whose components are waiting time increesing didribution functions

"1, ],8.

The corresponding vaues can be obtained by means of observation on red data, in this example we
filled up both the matrices with pseudorandom numbers.
The matrix P(s) isformed by 11 square matrices each one of order 15. It results that:

Ri(s)>0 ,i,jT {LK 18}, sl {0K ,10}.



This matrix represents the trangtion probabilities a time s. Filling up this matrix we supposed that,
"s, the trandtion probabilities are bigger in the three mean diagonds and they decrease moving
away from them.

Thematrix G(s,t) isformed by 11" 11 square matrices each one of order 15. It results that:

i>0,i,j1 {LK 15}, s<t

G; (sit)i 5.1
u(s, )%:O, g3t (5.1

To take in account we are working in the transent case, with a 10 year horizon time, we consder dl
these digtribution functions trimmed &t the last period.

After the congruction of the embedded Markov chain and the distribution functions we were able to
apply the DTNHSMP.

In the first step we obtain the matrix Q(s,t), after this we can compute the matrix B(s,t) , the next

dep isto obtain the matrix S(<,t) at last we can solve the evolution equation (3.1).
Once solved the (3.1) we obtain the following probability distributions:

Ri(st),K ,Ris(st)with iT {LK 15} and st {0K 10}. (5.2)

Now it is possble to compute for each i, t of the (5.2) the interest rate mean vaues and related
standard deviations.

In the following four pages are presented the results related to the described example. More
precisely Tables 1.1, 1.2 and 1.3 contain the mean interest rates. The Table 1.1 contains the mean
interest rates related a Sarting time O, the Table 1.2 those related at starting time 4 and the Table
1.3 those related at dtarting time 8. Each column of each table represents the starting state (value of
interest rate) respectively a time 0, 4 and 8. The rows represent the vaues of the mean interest rates
a time t. The dements of the Tables 2.1, 22 and 2.3 give the vaues of uni-periodica discount
factors. The dements of the Tables 3.1, 3.2 and 3.3 give the mean discount factors from the time s
up to the time t. Clearly each table, regarding the dtarting time s, corresponds to the one of the
previous pages. At last the Tables 4.1, 4.2 and 4.3 respectively give the variance of the dements of
the Tables3.1, 3.2 and 3.3.

Conclusons

In the paper a new approach, by neans of NHSMP, to the construction of stochadtic interest rate
sructure has been presented. The assumptions that are necessary to gpply the modd are the ones for
the SMP process to red problems. This means that we can gpply this modd to get a “physicd
measure’ fitting the red data without the more redrictive assumptions of “risk neutrd measure’ in
view to redly explan one given interest rate market. Findly we think that this more generd
gpproach can be used in other financia applications.
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Table 1.1: Successive uni-periodical mean interest rates starting form any initial state at timeO.
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Table 1.2: Successive uni-periodical mean interest rates starting form any initial state at time 4.
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Table 1.3: Successive uni-periodical mean interest rates starting form any initial state at time 8.
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Table 3.1: Mean discount factorsfrom 0 and time maturity t.
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Table 3.2: Mean discount factorsfrom 4 and time maturity t.
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Table 3.3: Mean discount factorsfrom 8 and time maturity t.
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Table4.1: Variancerelated to Table 3.1.

] 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0.0000287573 0.000039411 0.000039304 0.0000344795 0.0000236922 0.0000284407 0.0000201337 0.0000195909 0.0000330319 0.0000167389 0.0000265367 0.000041721 0.0000400718 0.0000416054 0. 0000583956
0.0000831111 0.000109726 0.00010389 0. 0000984895 0.0000743398 0. 0000824357 0.0000619775 0. 0000599455 0.0000714548 0.0000534354 0.0000665284 0. 0000939029 0.0000866628 0.0000883955 0. 000141574
0.000163436 0.000210485 0.000188984 0.000176184 0.000128232 0.000156849 0.00010932 0.000106669 0.000113457 0.0000977411 0.000119693 0.00014803  0.00014126  0.000157889  0.000224309
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0.000370844 0.000459168 0.000393116 0.000343043 0.00028336 0.000308583 0.000216519 0.000210211 0.000209665 0.000192727 0.000229366 0.000242947 0.000246132 0.000276228 0. 000359701
0.00048914  0.000588358 0.000490668 0.000432922 0.000361198  0.000378  0.000270114 0.000260789 0.000255696 0.00023953 0.000278336 0.000285978 0.000292014 0.000327668 0.000411662
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Table4.2: Variancereated to Table 3.2.
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Table4.3: Variancerelated to Table 3.3.
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. 71402 0.000374145 0.000333565 0.000321976 0.000319235 0.000283408 0.000248659 0.000286982 0.000271867 0.000277936 0.000309279 0.000270026 0.000357532 0.000415783 0.000446678



Refer ences.

BLACK F. & SCHOLES M. (1973), The Pricing of Options and Cooperate Ligbilities. Journal of
Political Economy 81, 637-659.

BUHLMANN H., (1992), Stochastic Discounting, Insurance, Mathematics and Economics 11, 113-
127.

BUHLMANN H., (1994), Continuous and Discrete Modelsin Finance, in particular for Stochastic
Interest Rate, Rivista AMASES 17, 3-20.

CMIR12 (1991) (Continuous Mortdity Invedtigation Report, number 12). The analysis of
permanent health insurance data. The Indtitute of Actuaries and the Faculty of Actuaries.

CINLAR E. (1975) . Introduction to stochastic processes. Prentice Hall, NY.

DE DOMINICIS R., J. JANSSEN (1984), An agorithmic approach to nor-homogeneous semi-
Markov processes. Insurance: Mathematics and Economics 3, 157-165.

HABERMAN S. & E. PITACCO (1999). Actuarial model for disability insurance. Chapman &

Hall.

HOEM JM. (1972), “Inhomogeneous semi-Markov processes, sdlect actuarial tables, and duration
dependence in demography”, in T.N.E. Greville, Population, Dynamics, Academic Press, 251-296.
HOWARD R. A. (1972), Dynamic Probabilistic Systemsval. I1: Semi-Markov and Decision
Processes. Wiley.

IOSIFESCU MANU A.(1972), “Non homogeneous semi-Markov processes’, Stud. Lere. Mat. 24,
529-533.

JANSSEN J. (1966), Application des processus semi-Markoviens aun probléme d'invdidite,

Bulletin de I’ Association Royale des Actuaries Belges, 63.

JANSSEN J.& MANCA R. (1998), Norhomogeneous stochastic pension fund modd: an

agorithmic gpproach. ICA Transactions vol. V.

JANSSEN J.& MANCA R. (2000), A non-homogeneous semi-Markov gpproach to financia

choices, submitted.

JANSSEN J. & R. MANCA (2001), Numericd Solution of non-Homogeneous semi-Markov
Processesin Transent Case. To appear in Methodology and Computing in Applied Probability.
JANSSEN J,, R. MANCA R. & G. DE MEDICI(1996), Financid Operation Evaluation: a Semi-
Markov Approach, Proc. of the V AFIR Symposiumvol. 3 bis, CESIAF, Brussals.

JANSSEN J,, R. MANCA & G. DI BIASE (1997), Markov and Semi-Markov Option Pricing

Models with Arbitrage Possibility. Applied Sochastic Models and Data Analysis 13, 103-113.
JANSSEN J, R. MANCA & G. DI BIASE (1998), Non Homogeneous Markov and Semi-Markov
Moddsfor Pricing Derivative products. ASTIN 98 Conference.

JANSSEN J,, R. MANCA & G. DI BIASE (2001), Option pricing a straightforward procedure. To
appear in Chaos & Complexity Letters.

JANSSEN J, R. MANCA & E. VOLPE DI PRIGNANO (1999), Option pricing with semi-Markov
voldility. In Semi-Markov models and applications. Janssen J. and Limnios N. eds. Kluwer.

LEVY P. (1964), Processus semi-Markoviens. Proceedings of International Congress of
Mathematics (Amgterdam)

NORBERG R. (1995), A Time-Continuous Markov Chain Interest Model with Applicationsto

Insurance. Applied Stochastic Models and Data Analysis 11, 245-256.

PYKE R., (1961) Markov Renewa Processes with Finitdy Many States, Ann. Math. Stat., 32,
1243-1259.

SVISHCHUK A.V. (1995). Hedging of options under meansquare criterion and semi-Markov

volaility. Ukrainian Mathematical Journal, 7.

SVISHCHUK A.V. & BURDEINYI, A.G. (1996). Stability of semi-Markov evolution systems and

its gpplication in financid mathematics. Ukrainian Mathematical Journal, 10.



VASICEK O. (1977), An Equilibrium Characterization of the Term structure. Journal of Financial
Economics 5, 177-188.

VOLPE di PRIGNANO E. (1985), Manuale di Matematica Finanziaria, ESl Napoli.
WLLMOTT P. (1998), Derivatives, Wiley



NON HOMOGENEOUSINTEREST RATE STRUCTURE IN A SEMI-MARKOV
FRAMEWORK.®

Jacques Janssen
CESIAF,

Bld Paul Janson, 84 bte 9
6000 Charleroi,
BELGIUM
Telephone: +3271304843
Fax: +3271305877
E-mall: cesaf @bed gacom.net

Raimondo Manca
&

Ernesto Volpe di Prignano
Universta“La Sgpienza’,
Dipartimento di Matematica per le Decigoni
Economiche, Finanziarie ed Asscurétive,
viadd Castro Laurenziano, 9,
00161 Roma,

ITALY
Telephone: +390649766302
Fax: +390649766765
E-mall: rmanca@scec.eco.uniromal.it

ernesto.vol pe@uniromal.it

° Work supported by aMURST and aCNR grant.

Summary

In this paper, we present a new modd useful to condruct the term structure of implied forward rates
in a gochadtic environment.. The stochastic process used to congruct the interest rate structure will
be the Non-Homogeneous Semi-Markov Process (NHSMP) as the financia operations are supposed
norn-homogeneous in time. It is to precise that a discrete time framework will be used in the paper.
There are two reasons to apply discrete time non-homogeneous semi-Markov process (DTNHSMP)
ingtead that the continuous one. The firgt is that in a previous paper was proved that discretisng the
evolution equation of a continuous time NHSMP by means of the smplest quadrature formula the
DTNHSMP is obtaned and if the time interva of DTNHSMP tends to O then is obtained the
continuous case. The second is that the to solve DTNHSMP evolution equation is not a difficult
task, as the solution of the continuous time can be obtained andyticaly only in same specid @ses,
in the other cases to find the solution it is necessary to work numericaly and the most smple way
to obtan the numericd solution of the process evolution equation is the one by which the
DTNHSMP is obtained by the continuous time NHSMP.

The assumptions that are necessary to apply the mode are the ones for the SMP process to red
problems. This means that we can gpply this modd to get a “physicad measure’ fitting the red data
without the more redrictive assumptions of “risk neutra measure’ in view to redly explan one
given interest rate market. Morever, it is clear that it is this physca measure which is useful for the
actuaria applications.

Findly, we think that this more genera gpproach can be used in other financia applications.



Résumeé

Cet aticle présente un nouveau modéle pour la structure a terme des taux dintérét forward dans un
environnement stochastique.

Ce modele s base sur les processus semi-markoviens northomogenes (en abrégé PSMNH) et
suppose que les opérations financiéres sont non-homogenes dans le temps, avec une échdle des
temps discréete.

Cette redriction est judifiée pour deux raisons : la premiére, par le fait que nous avons montré
précédemment que la discrétisation temporelle des équations intégrales des probabilités de
trangtion pour les PSMNH par la méhode de quadrature conduit a des solutions convergant vers
cdle en temps continu; la deuxieme est que la résolution des équations en temps discret et faisable
sans trop de difficultés de facon générde adors qu une forme explicite de la solution en temps
continu n’existe que pour des cas tres particuliers.

Ce modde a pour amhition de travailler avec la mesure probabilité “physique’ gérant la structure
des taux qui pourra étre gustée par le modéle développé et non la mesure de probabilité “risque
neutre” servant uniquement al’ évaluation des produits dérivés sous | hypothése del’ AOA.

De plus, ¢ est cette mesure” physique’ qui est utile pour les gpplications actuaridles.

Aing, le but de cette moddisaion est d’ approcher la “vrai€’ dructure des taux et donner lieu a de
nouvedles gppliactions en finance.



