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�� Notation and assumptions�� Notation and assumptions�� Notation and assumptions

Andersen�s risk modelAndersen�s risk modelAndersen�s risk model comes from the i�i�d� f�Yi� Ti�gi��� where

� Ti are the interclaim times�

� Yi are the amounts of claims

with the probability distribution function �p�d�f��

BY�T �y� t� � PfY� � y� T� � tg�

These random vectors generate the risk reserve processrisk reserve processrisk reserve process

Ru�t� � u� ct�
N�t�X
i��

Yi� t � ��

where

� u � � is the initial risk reserve�

� c � �	 � ��EY��ET� � � is the risk premium rate�

� N�t� � maxfn 

Pn

i�� Ti � tg �we put N�t� � � if T� � t��



RuinRuinRuin occurs at time s as Ru�s� � � and the probability that ruin

occurs within the time interval ��� t� is

��t� u� � P

n
inf

��s�t
Ru�s� � �

o
�

Lundberg� F�Lundberg� F�Lundberg� F� Approximerad framst�allning af sannolikhetsfunktionen�

II� �Aterf�ors�akring av kollektivrisker�� Almqwist � Wiksell� Uppsala�

	���

Cram�er� H�Cram�er� H�Cram�er� H� Collective risk theory� Jubilee volume of Fors�akringsbolaget

Skandia� Stockholm� 	���

Andersen� E� S�Andersen� E� S�Andersen� E� S� On the collective theory of risk in case of contagion

between the claims�� Trans� XVth International Congress of Actuaries�

New York� 	��� vol� II� �	 � ���

Introduce

��w� t� u� � P

n
Ru�t� � w� inf

��s�t
Ru�s� � �

o

� P

n
Ru�t� � w j inf

��s�t
Ru�s� � �

o
��t� u��

Evidently� ����� t� u� � ��t� u��



�� Approximations for ��t� u��� Approximations for ��t� u��� Approximations for ��t� u�

For i � 	� �� � � � introduce i�i�d� random variables Xi � Yi � cTi�

Sn �

nX
i��

Xi� Vn �

nX
i��

Yi�

For the p�d�f� B�x� y� � PfX� � x� T� � yg and for a positive solution

� of the Lundberg equationLundberg equationLundberg equation�

E exp��X�� � 	�

introduce an associateassociateassociate p�d�f� by �B�dx� dy� � e�xB�dx� dy��

Introduce the associated sequence f� �Xi� �Ti�gi�� of i�i�d� random vec�

tors having the p�d�f� �B�x� y�� and

�Sn �

nX
i��

�Xi� �Un �

nX
i��

�Ti�

Introduce

� the ladder indexladder indexladder index N � inffn 
 �Sn � �g�
� the ladder heightladder heightladder height H � �SN �

� the ladder time pointladder time pointladder time point T � �UN �



Put ��i�j � E �Xi
�
�T j� � i� j � �� 	 � � � and

m� � ������������

D�
� � �������������� � ���������������� � ������������������������

C �
	

������
exp

�
�
�X
n��

	

n

�
P�Sn � �� �P� �Sn � ��

��
�

TheoremTheoremTheorem� Suppose that in the Andersen�s risk model with � � � the

characteristic function 	T�Y �t�� t�� is absolutely integrable and D� � ��

Then

lim
u��

sup
t��

���e�u��t� u�� C��m�u�D�

�
u��t�

��� � ��

von Bahr� B�von Bahr� B�von Bahr� B� Ruin probabilities expressed in terms of ladder height dis�

tributions� SAJ� 	��� vol� ��� 	� � ����

Theorem �Theorem �Theorem �� Suppose that in the Andersen�s risk model with � � �

the characteristic function 	T�Y �t�� t�� is absolutely integrable� D� � �

and ET �
� ��� Then� as u���

sup
t��

����e�u��t� u�� C
�
��m�u�D�

�
u��t��Q��t�u��

� 
�m�u�D�

�
u��t�

� ����� o
�
u����

�
�

where t�u� � �t�mu���D�u
�����

Q��t� �
	

�
�������t

��	��
�
EHT
EH � EH

�
ET

�EH��
�
�
�
ET
�EH � ET e��H

	�Ee��H
�
�



and

������ �
�
E
�
����� �T� � ����� �X�

��
����������

� �E
�
����� �T� � ����� �X�

��
E
�
�X����

��� �T� � ����� �X��
�
��������	

�
D��� �

Malinovskii� V�K�Malinovskii� V�K�Malinovskii� V�K� Corrected normal approximation for the probability

of ruin within �nite time� SAJ� 	�� 	�	 � 	���

Malinovskii� V�K�Malinovskii� V�K�Malinovskii� V�K� Approximations and upper bounds on probabilities of

large deviations in the problem of ruin within �nite time� SAJ� 	��

	�� � 	���



�� Approximations for ��w� t� u��� Approximations for ��w� t� u��� Approximations for ��w� t� u�

Put �i�j � EY i
�T

j
� � ��

i�j � E �Xi
�
�T j� � i� j � �� 	 � � � and introduce

m� � ������������ m� � c� ����������

D�
� � �������������� � ���������������� � ������������������������

D�
� � ������������ � ������������� � ���������������������

C �
	

������
exp

�
�
�X
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n

�
P�Sn � �� �P� �Sn � ��

��
�

For the Normal distribution and density functions ��������z� and 
�������z�

introduce

g�z� � z � 
������z��
��
������z��

Theorem �Theorem �Theorem �� Suppose that in the Andersen�s risk model with � � �

the characteristic function 	Y�T �t�� t�� is absolutely integrable and

� � D�� D� ��� Then� as u���

lim
u��

sup
t���w�R

���e�u��w� t� u�� C

Z t

�


�m�u�D�

�
u��z�

� ��m�
t�z��D�

�

t�z���w� dz

��� � ��



Theorem �Theorem �Theorem �� Under the conditions of Theorem �

E
�
Ru�t� j inf

��s�t
Ru�s� � �

�
� m�D�

p
ug

�
t�m�u
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u
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as u���

-6 -4 -2 2 4 6 8

2

4

6

8

Fig� �Fig� �Fig� �� Function g�z� � z � �������z��
��
�����

�z��



Remark� In the particular case of the Poisson�Exponential model

c � ��	 � ���

and
� � ���	 � ���

m� � �����	 � ���� m� � ����

D�
� � �������� D�

� � �����

C � 	��	 � ���

In particular� the approximation for the expectation

E
�
Ru�t� j inf

��s�t
Ru�s� � �

�

at time point t � m�u in this case is

p
�ug��� �

p
� � �	�



�� Corrected approximations and a numerical example�� Corrected approximations and a numerical example�� Corrected approximations and a numerical example

For the ladder index N � inffn 
 �Sn � �g� the ladder height H � �SN �

the ladder time point T � �UN and W � E�T EH�HET � introduce

�� �
EH

	�Ee��H � 	

�

� �� �
ET

	�Ee��H � ET e��H
	�Ee��H �

�� �
	

�

� EHe��H
	�Ee��H � k� � EW�� k� �

EW�

�k�
�

k� � ETDH�EHCov�H� T ��

The following approximation elaborates the �rst relation of Theorem ��

Theorem �Theorem �Theorem �� Suppose that in the collective risk model with � � � the

characteristic function 	Y�T �t�� t�� is absolutely integrable� � � D�� D� �

� and ET �
� ��� Then� as u���

sup
t��

����E�Ru�t� j inf
��s�t

Ru�s� � �
�
��t� u�

� ����
�
	� ����

��������

�
��t� u�
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Numerical example�Numerical example�Numerical example� Assume that the �i�i�d�� amounts of claims

fYigi�� and the �i�i�d�� inter�occurrence times fTigi�� are mutually inde�

pendent and exponential with parameters  � � and � � � respectively

�the Poisson�Exponential model��

By Theorem �� corrected approximation for

E
�
Ru�t� j inf

��s�t
Ru�s� � �

�
��t� u�

at the time point t � m�u is


Ce��u���������
�p�up

�
g��� � � � �� � ��

�	 � ��

�
�

By Theorem 	� the approximation for ��t� u� at the time point t � m�u

is


Ce��u���������
�
	�Q����

�����p
�u

g���
�
�



where

Q���� �
� � ��

���	 � ��
� � � �

�����
�

These approximations yield a corrected approximation for the condi�

tional expectation

E
�
Ru�t� j inf

��s�t
Ru�s� � �

�

at the time point t � m�u


�p�up
�

g��� � � � �� � ��

�	 � ��

�
�
	�Q����

�����p
�u

g���
�
� ���

Compare the approximation �	� and the corrected approximation ���

to the results of direct simulationdirect simulationdirect simulation� For this� simulate N risk reserve

trajectories and calculate the mean value of the risk reserve at the time

point t � m�u over all those trajectories which fall below zero at least

once within time t � m�u�

Table �� � �  � 	� t �  ���� u � ���� � � ������ N � 	� ���

Simulation runs

� � 	 
 � �  �

� of trajectories which fall below zero �� 	� 	�� 	�� ��� �� ��� 	��

Empirical mean conditioned by ruin ��� ��
 �
� ��� ��
 �� ��� ���

Approximation ��� for the mean 	�

Corrected approximation ��� for the mean ���

The data in this table demonstrates a reasonably good accuracy�



Table �� � �  � 	� t � � ���� u � ���� � � ����	� N � 	���

Simulation runs

� � 	 
 � �  �

� of trajectories which fall below zero ��� ��	 ��� ��� ��
 �� 	�� 	�

Empirical mean conditioned by ruin 	�� 	�� 	
� 		� 	�� 	�� 	�� 		�

Approximation ��� for the mean ��

Corrected approximation ��� for the mean 

�

The poorer accuracy in this table is due to a smaller � which brings

this case within the scope of the problem of � � �� as u�� �see e�g��

Malinovskii� V�K�Malinovskii� V�K�Malinovskii� V�K� Probabilities of ruin when the safety loading tends to

zero� AAP� ����� vol� ��� ��� � ����


