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Finite Time Probability of Ruin
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Summary

         Explicit expression is derived for the probability of ruin of an insurance company,
whose premium income is represented by arbitrary, increasing real function, the claim
amounts are assumed to be dependent, integer valued  random variables and their inter-
occurrence times are exponentially distributed with different parameters.
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   1. INTRODUCTION

Let us consider the counting process { }tiN it ≤+= ττ ...:# 1 , where # in the
right-hand side denotes the number of elements in the set {}⋅ , and ,.,...,1 iττ
are independent, exponentially distributed random variables ( r.v.s)  with
different means { } iiE λτ /1= , 0>iλ , ji λλ ≠  for ji≠ ,  i.e., yi

i eyP λτ −=> )( , for
0>y , and 1)( => yP iτ , for 0≤y , ,.2,1=i

     Consider the integer-valued r.v.s ,., 21 WW  independent on tN , denoting
the severities of the successive claims. We will denote the joint distribution of

iWWW ,..., 21  by 
iwwii PwWwWP ,....11 1

),...,( === , where ,1,...,1,1 21 ≥≥≥ iwww

,.2,1=i
     The aggregate claims amount at time t will be

∑
=

=
tN

i
it WS

1

,

and the surplus of an insurance company

tt SthR −= )( ,

where )(th  is a function, representing the premium income. We will assume,
that )(th  is a nonnegative, increasing, real function, defined on +R  and such
that +∞=∞→ )(lim tht . The classical risk model (see, for example, Bowers,
Gerber, Hickman, Jones (1997)) assumes  ctuth +=)( with u  the initial surplus
and c the premium rate per unit time.
 We assume that { }yzhzyh ≥=− )(:inf)(1 . We will denote )(1 ihvi

−= , for
,.1,0=i  Clearly, ..0 210 ≤≤≤= vvv  Let us denote the instance of ruin byT ,

i.e. { }0,0:inf ≤>= tRttT . We will be interested in the probability of non-
ruin, i.e. )( xTP >  in a finite time interval [ ]x,0 , 0>x . Here we derive the
explicit formula for this probability.
     Picard & Lefevre (1997) have considered )( xTP > in the case when the
counting process tN  is a Poisson process with intensity λ  and r.v.s

,., 21 WW are integer valued, independent  and identically distributed. Under
these assumptions they have derived an expression for the probability

)( xTP >  in terms of generalized Appell polynomials.
      Ignatov & Kaishev (2000) have recently obtained two-sided bounds for
the probability )( xTP > . They have showed that, in the case of compound
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Poisson aggregate claims these bounds coincide producing an explicit
representation of the survival probability.

2. EXPLICIT EXPRESSION FOR THE PROBABILITY )( xTP >

     We will assume that the length xof the time interval is fixed. We will use
the notation [ ] 1)( += xhn , where [ ])(xh  is the integer part of )(xh . Since

1,...,11 ≥≥ nww , we have nww n ≥++ ...1 , hence there exists an integer k,
nk≤≤1  such that 1... 11 −≤++ − nww k , and nww k ≥++...1 .

We can equivalently require kto be such that 
kk wwww

vxv
++++

<≤
− ...... 111

. Note

that k is a suitable function of nww ,...1 , i.e. ),...,( 1 nwwkk= . Let {.I  denotes
an indicator of the event {.}.

THEOREM. The probability of ruin
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provided that nn vxv <≤−1 , where 
lwwl vz ++= ...1
, ,.2,1=l , and

∏
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     Proof. Applying the formula for the total probability we can express the
probability of non-ruin as follows (see Ignatov & Kaishev (2000) p.49)

=> )( xTP ∑
≥

≥
==>

1
...

1
11,...,

1

1
),...,/(

n

n

w

w
nnww wWwWxTPP .                (1)

But the probability
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),...,/( 11 nn wWwWxTP ==>

))...()...(( 1
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x
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∫===> = xe 1λ−                            (2)

for 1=k .
Since we will assume further on, that nww ,...1  are fixed, for simplicity, we will
use the notation 

lwwl vz ++= ...1
, ,.2,1=l  Then for 2≥k
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..)()exp((...... 2231121 λλλλλλ

kkkkkk dydydyyy ...))( 2111 λλλ −−+ −− .                                       (3)

Let us denote the right hand of the previous equality by I. To evaluate I
we will introduce the notations

( )1)()(
1 ),,,( −−−

− −= ijiiji zy
iiji eeyzI

λλλλλλ ,
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where )/(1)1,,,( 121212 λλλλ −=zc . Successively evaluating integrals in (3) we
have



Trans 27th ICA P.M. Lappo (Belarus)

∫ == −
3

2

223
2

)(
211212123 ),,,()1,,,(

y

z

y dyeyzIzcI λλλλλλ

( )∫ =−= −−−
3

2

223112212
2

)()()(
1212 )1,,,(

y

z

yzy dyeeezc λλλλλλλλ

( )∫∫ =−= −−−
3

2

223
3

2

112213
2

)()(
2

)(
1212 )1,,,(

y

z

y
y

z

zy dyeedyezc λλλλλλλλ







−

−
−

= − ),,,(
1

),,,(
1

)1,,,( 3223
23

)(
3213

13
1212

112 yzIeyzIzc z λλ
λλ

λλ
λλ

λλ λλ

),,,()2,,,,,(),,,()1,,,,,( 32232132133213213213 yzIzzcyzIzzc λλλλλλλλλλ +=

where

13

1212213213

1
)1,,,()1,,,,,(

λλ
λλλλλ

−
= zczzc ,

112 )(

23
1212213213

1
)1,,,()2,,,,,( zezczzc λλ

λλ
λλλλλ −

−
−= .

=−++−+−= −−−∫ ∫ ∫
−

−

−

1111223112 ...))(...)()exp((...
1

1

2

2

1

kkkk

y

z

y

z

y

z
k dydyyyyI

k

k

k

k

λλλλλλ

=∑
−

=
−−

1

1
11121 ),,,(),,...,,...,,(

k

j
kkjkkkk yzIjzzc λλλλλ .

Coefficients ),,...,,...,,( 1121 jzzc kkk −λλλ  are evaluated as it is indicated in the
theorem. Now integral I may be expressed as
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combining (1-4) we obtain our main result.
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