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Finite Time Probability of Ruin

P.M. LAPPO
Belarus

Summary

Explicit expression is derived for the probability of ruin of an insurance company,
whose premium income is represented by arbitrary, increasing real function, the claim
amounts are assumed to be dependent, integer valued random variables and their inter-
occurrence times are exponentially distributed with different parameters.
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1. INTRODUCTION

Let us consider the counting process N,=#{i:T, +.7.<t}, where # in the
right-hand side denotes the number of elements in the set {}, and 7, . 7..,,.
are independent, exponentially distributed random variables ( r.v.s) with
different means {r }=1/A,, A,>0, A,# A, foriz j, i.e, P, >y)=€"?, for
y>0,and P, > y)=1, for y<0, i=1.2, .

Consider the integer-valued r.v.s W, Ww,, . independent on N,, denoting
the severities of the successive claims. We will denote the joint distribution of
w.w, .w,by PW =w,.W,w)=PF, ., where w,21,w,21,.w,21,
i=1.2, .

The aggregate claims amount at time ¢ will be

Nt
s=3w,.
=1

and the surplus of an insurance company

R,=h®-85,
where h(® is a function, representing the premium income. We will assume,
that h( 1s a nonnegative, increasing, real function, defined on R, and such
that 1im _ h(®=+co. The classical risk model (see, for example, Bowers,
Gerber, Hickman, Jones (1997)) assumes h(® = u+ ctwith u the initial surplus
and c the premium rate per unit time.
We assume that h* (y)=infz:h(2)> y}. We will denote v.=h" (9), for
i=071, . Clearly, 0=v,<v <v, <.. Let us denote the instance of ruin by T,
ie. T=inft:t>0,R <0}. We will be interested in the probability of non-
ruin, i.e. P(T'>x) in a finite time interval [0,x], x> 0. Here we derive the
explicit formula for this probability.

Picard & Lefevre (1997) have considered P (I'> x)in the case when the
counting process N, is a Poisson process with intensity A and r.v.s
w, w,,.are integer valued, independent and identically distributed. Under
these assumptions they have derived an expression for the probability
P (T > x) in terms of generalized Appell polynomials.

Ignatov & Kaishev (2000) have recently obtained two-sided bounds for
the probability P (T'> x). They have showed that, in the case of compound
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Poisson aggregate claims these bounds coincide producing an explicit
representation of the survival probability.

2. EXPLICIT EXPRESSION FOR THE PROBABILITY P (T > x)

We will assume that the length xof the time interval is fixed. We will use
the notation n=[h(9]+1, where [A()] is the integer part of h(x). Since
w, 21, . w, 21, we have w, +. 4w, 2n, hence there exists an integer k,
1<k<nsuchthat w, +. +w,_, <n-1,and w, + . f.w, 2 n.

We can equivalently require kto be such that v <x<v . Note

wit. Fw, Wit +w

that k is a suitable function of w,, . w,,i.e. k=k(w,, . w,). Let I{ . denotes

l’

an indicator of the event {.}.

THEOREM. The probability of ruin

pr>x=Y72, . ( Hk=1}e™ + fk>1}x

w21

w21

k-1 e e
XA 20 2,6 Ay - Ay - 2oy ) -
1

provided  that v, <x<v, Where zZ=V 1=1,2, ., and

n wyt . +w;?

ch,.4.2,.2.,75)= ]_[/1 11 for 1< j< k-2, and

Ck (ﬂ"ll . llkl%l . -Zk,llk_l)

1

k-2
g 2Ga A 5 e
k-1~ Mk FL

A=A ) B2

Proof. Applying the formula for the total probability we can express the
probability of non-ruin as follows (see Ignatov & Kaishev (2000) p.49)

PT>x)= )P,

w21

W, PT>x/W =w, W,=w,). (1)

w,21

But the probability
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PT>x/W,=w, .W,=w,)

k-1
=P, +.+1,2v,, )€, +. . +7,2%))
=
for k=2, and
+oo
PT>x/W,=w, . W,=w,)= [Le"dy=e™" 2)

for k=1.
Since we will assume further on, that w,, .w_. are fixed, for simplicity, we will

use the notation z =1v, 1=1,2, . Then for k=2

wit+. +w;

k-1
PO+ 47,27, €+ +7,2%)
=l

k-1
= P, +.+1,2z))6,+. +7,2%)
=\

too Y Y1 Y2
A4 ) [ ] Jexp @ -yt O -2y +.

X 4145 3

+ A, -4y, —A4.y,)dydy, . dy,. (3)

Let us denote the right hand of the previous equality by I. To evaluate I
we will introduce the notations

I(Zvi/ljlzi—l /}’1) = (e()‘flj)yi — e()“i_’lj)zi—l ),
Yii 1 %
o= [ Jexp M -2)y+ A=)y +. + Ay, — A,)y;)dydy, . dy.

Z 211 4

Then

IZ = (e(lz_)‘l)yz _ e()bz_)‘l)Z_L): G a‘l’A‘Z 4 ;|_)_'[a’2 1111%15/2 ),

__
12_2‘1

where ¢ A A, ,z1)=1/4, —A). Successively evaluating integrals in (3) we
have
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%)
L= ch WA, Z 1IN, Az, y)e " dy, =

' A=) A3=24,)
—02(21/12,%,1)]( ¥z 62_2'1%.)63 2Y2dy2=
2
3
m o A,z 1 [ ay - i [ ay )=
2 2
1
=t ad) T Tk A s - I(/lgrlz,zz&@)
3 2

=c3()‘1’)‘2’2'3’%’%'1)1—()‘3’)'1’%’}/3 +C’ ()' )' )’3’Z_L % 2 Iaﬁ’)‘z’%’y;)

where

c A A A, z,z0=c A,z

1 _
oAy A g,z 2)=—c 0y A, 5 1) el A,

Ve Vi1 Y2
= J J . JeXP%_z‘l)}’i"' A=)y + .+ A=A )y, )dY - Ay, =

Ze1 G2 4

k-1
=Zq AL Az, 2, DIR A Z,,Y,).
Coefficients ¢, A, ,A,, . 4,,Z, .z_,,j) are evaluated as it is indicated in the
theorem. Now integral I may be expressed as

oo Jo1
I=4. 4 [ Y6 My, - 2By B, DIAA 52, v )8 PHdy, . (4)

x Fl

Since

+oo oo
I I@k l)vjl%{—]_ 1 Y )e_;tkyk dy]'{ = J (e(;tk_/lj)Yk — (;tk % )e A Y d}{{
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A A, :

J

combining (1-4) we obtain our main result.
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