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Summary

In the paper we would like to give two applications of mathematical programming (MP) in the
fidd of penson funds. On penson fund we mean the funds in the Hungarian socid nsurance
sydem. The firg goplication is dmost “ready-to-use’ and it is entirdy connected to this
sysem. Due to its naiure the other is only outlined but the idea perhaps may be agpplied
elsawhere in insurance, t0o.To undersand the MP modes it is necessary to ded with some
detals of the Hungarian system. Though we try to give as few detalls and comments as
possible these will be a larger part of the paper. In fact, we are not too much interested in the
technica parts of the MP problems. (How to solve them, etc.) It can be briefly sad that with
the help of these modds the (interpretation of the) system’s legd framework could be made
cleerer or the models help to give a clear interpretation a al. The firsd mode deas with
certain redigribution among the fund membersl savings (and this makes the problem specific
for the Hungarian case). The other one is aout the determination of unisex annuities or
unisex life tables (which gppears in any socid insurance system).As far as we know, there is
not such regulation where something is defined by the solution of an MP modd. It is not an
impossible idea since there are many regulations where severa formulae are gpplied.
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“Mathematische Programmierung und Pensionskassen”
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Zusammenfassung

Im Vortrag mochten wir zwe  Anwendungen der mahemdischen Programmierung im
Bereich der Pensonskassen darstdlen. Unter Pensionskasse werden die Pensionskassen des
ungarischen Sozidvergcherungssystems versanden. Die Beschrelbung des ersten Moddls ist
fast komplett und dSe knlpft sich an das vorige System. Das zweite wird wegen seiner Natur
nur konturiert, aber die ldee ig auch in @nem anderen Bereich anzuwenden. Um die MP zu
vergehen, ig es nétig, enige Deails des ungarischen Systems zu haben. Zwar wird  versucht,
sch auf die wenigsen Detalls und Anmerkungen zu beschranken, dennoch bilden diese den
grolReren Tell des Vortrags. Zugleich wollen wir uns auch nicht mit den technischen Fragen
der Moddle beschéftigen. (Wie kann es |6sen, usw.) Im grof¥en und ganzen ist zu sagen, dass
es mit Hilfe der Moddle mdglich ig, die Audegung der gesetzlichen Rahmen des Systems
klarer zu machen, oder s0 eine klare Audegung zu geben. Das erste Moddl beschéftigt sich
mit der Umvertelung unter den Erpanissen der Mitglieder , (was ene spezifische
Eigenschaft des ungarischen Sysems id). Das zwete bexchéftigt sch mit den unisexen
Renten bzw. der Bestimmung der Sterbetafeln (, die in dlen Soziaverscherungssysemen zu
finden i) Sowelt uns bekannt igt, gibt es keine Regelung durch die Lésung des MP Modélls.
Zugleich igt es gar nicht unvorgelbar, denn vide Regel ungen enthdten Formeln.

Mathematical Programming and Pension Funds 2



Trans 27th ICA| Janos Stahl (Hungary)

Mathematical Programming and Pension Funds

In this paper we would like to ded with two subjects concerning penson funds. By penson
fund we mean the funds in the Hungarian pendon sysem. The common points of the two
subjects are the problem of redigtribution and the agpplication of mathematica programming
(MP). The firgt gpplication is dmogt “ready-to-use’” and it is entirely connected to this system.
Due to its nature the other is only outlined but perhaps the idea might be applied esawhere in

insurance, too.

To understand the problems and the MP models given below it is necessary to make known
some detalls of the Hungarian system. Though we try to give as few detals and comments as
possible, these will be the larger part of the paper.

Recently in Hungary a certain pat of the individud’s socid insurance contribution of about
two million people is pad into a fund. (The other part of it and the employer’s contribution
will be pad into the pay-asyougo pillar) The funds dlocate about 95% of these
contributions to the fund members persond accounts. The money is invested and a the end
of the accumulation period, i.e a retirement it will be converted into an annuity pad

additional to another one from the pay-as-you-go pillar.

Yidd redigribution

One mug be particularly careful with redigribution in such a case where the persond saving
feature of the capita on the persona account is given such a so srong emphasis. The return
adjustment reserve is a neat example of the unnecessary and non-transparent redistribution.

There is an expected yidld rate for the investment rate of each fund in each year. In fact, thisis
(a method for cdculating) an interval determined by a Board for each year in advance. (This
Boad is an advisory committee of the Presdent of the Supervisory Authority.) The intervd is
depending on parameters of the economy and the fund. At the end of the year (or somewhat
later) the intervad and the fund's yidld rate can be caculaied and compared. If the fund's yied
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rate is in the interva, then no action is taken. If the fund's yield rate is greater than the upper
vadue then some money will be put into a specid reserve (caled yidd adjusment reserve)
from those persond accounts where the yield rate is greater than this upper vaue. If the
fund's yidd rate is less than the lower vaue then some money will be put from tis reserve to

those persond accounts where the yield rate is less than this lower vaue.

The expected yidld rate (i.e. the intervd) is a certain guarantee for a smooth and/or congtant-
like yield rate over the years. We will comment the idea later. Now we take it as given and we
want only to ded with the redisgion. The resarve itsdf is built from the members
contributions. if the reserve is under a leve prescribed by the law then a smal part of each
contribution must be put into thisreserve.

(Even accepting the idea of the smooth yield rate the regulation is not complete. It does not
say explicitly what to do in the first case with those persona accounts where the yidd rate is
less than the lower vaue and does not ded in the second case with those persond accounts
where the yield rate is greater than the upper value. Furthermore it can happen now that the
fund syidd rateisin the interva but some of the persona accounts yield rate are outside.)

Let
r be theyield rate of the fund;
ru be the upper vaue of the fund’ syield rate prescribed by the Board,
1 be the lower vaue of the fund’ syield rate prescribed by the Board,;
ri —s are the yield rates of persona accounts of yield rates less than 1 and E-s are their
recent balances,
I —s are the yield rates of persona accounts of yield rates greater than r, and G-s are
their recent balances;
R be the sze of the yidd adjustment reserve

and let us denote by d(...r; ...rj...) a measure expressing how much the f-s and 1;-s are outside
of the intervd [n, ry. Let furthermore be the x-s and y-s the yields given to and taken from
the persond accounts and let us denote the modified yield rates by r—sand r—s, resp. For the
sverd yidd rate formula the ri—s and r—s are smple functions of the x-s and y;-s. (These

functions are linear in the Hungarian case))
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Theyield redigtribution, i.e. the %-s and y;-s should be determined in such away that

n<n, (*)

since the smooth yield rate principle does not promise more than r;, and

[J 2 rU’ (*)

snce the smooth yield rate principle wants to guarantee at least r,. Furthermore, in the yield

redigtribution process one has to take into account the Sze of the yied adjustment reserve.
This gives the condraints

R-Sixi+Syyj >0 (*)

R-Six; + Sjy; < 0.05*(SE + Six; + SG; -Syy;
+the balance of those persona accounts which do not change in the yield redistribution). (*)

The meaning of the firsg condraint is obvious. The second one comes from the law. At the
yield redigribution the yidd adjustment reserve should not go above a limit of 5% of the sum

of the balances of the persond accounts.

One has to make the yield redistribution, i.e. to determine the x-s and y-s in such a way thet
the new d(...r; ...r...) should be less than d(...r; ...r;...). To minimise a given d(...I; ...f...)
subject to the above congraints (*) isan MP problem.

The only question now is the expression for the d(...r; ...I;...) objective of the MP. We are not
interested a dl in technica problems of solving an MP. What we are interested in is such a
choice for d(...r; +x...r-y;...) that the result of optimisation can be considered to be a more or
less far redistribution among the personal accounts since the owners of the persona accounts

are the fund’ s members.

Such achoiceis
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di...ri...5...) =maXj (...I-ry ...N-h...)

(Let us dlow so much technique that with the objective above we have an easy-to-solve LP
problem.) This objective minimises the greates digance from the interva. Individud welght
factors and/or exponents associated to the rj-r-s and §i-ri-s would definitely not be considered
fair but to give a greater weight to the f-1;-s than to the rj-r-s may seem to be reassonable and
not necessxily unfar. (l.e a difference & the bottom of the intervd is less

desirable/acceptable than a difference on the top.)

One can propose to make the x —s (y; -s) proportiona to/dependent of the E-s (G-9). This
idea redly exigs (exised) snce in the law one can find its evidence. (It is definitely not far to
take only into account the baances caculaing a yidd rate. The date of the payment and the

earlier balancesis of importance, too.)

The recent regulation prescribes a rather complicated procedure for the adminigtration of the
transfer between the yidd adjusment reserve and the persona accounts. Anyway, if we put
this regulation into the above MP framework, then we have a rather strange objective. Let g,
S, ...bether;-r-sand the r-ri-s. According to the recent regulation one has

where for the weights ¢ ¢<cy if §>s, i.e the greater the distance from the intervd the less the
weight of the disance. The recent regulation not only does result in an unnecessaily
complicated yield redistribution procedure but it is dso hard to be considered as fair. (There is

no reason in considering a greeter distance more preferable then alesser one)

As fa as we know, there is no regulation where something is defined by the solution of an
MP modd. It is not an impossble idea snce there are many regulations where severd
formulae are gpplied. Of course, one should be careful. In the case of MP one has to take into
account the possbility of more optima solutions, how accurately the solution is caculated,
etc. (Though thislast point isimportant in the case of formulag, too.)

The occasond differences among the persona accounts yield rates are a serious fault in the

regulation. The principle of smooth and/or condant like yidd-rate over the years is
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questionable in itsdf. The red objective is as much capitadl on the persond accounts as
possible (assuming that persond accounts can not be discriminated from each other). Of
course, no one can tel how to redise this objective but the return adjusment reserve is
inconggent with this objective. Obvioudy this is the case if the yidd rate of the investments
of this reserve is greater or lesser than that of the persond accounts. In the third case (i.e. the
yidd rate of the persona accounts is the same as the yidd rate of the yidd adjusment
reserve) the potentid reditribution (among fund members) are the only consequence of the
yidd adjusgment reserve's exigence in the sysem. A further point may be the unnecessarily
complicated procedure of the redlisation of the redistribution.

There are two further remarks here. In a fund the (persona accounts and ther investments of
the) accumulating fund members are drictly separated from the (reserves of the) members
getting benefit. They are the members of the same legd entity and nothing more. The only
exception is the return adjusment reserve where according to the law the yidd-rate of the
sarvice reserve must be taken into account, too and the necessary transfers should be made.
Such trandfers can cause severd difficulties in the case if the technicd interest rate is greater

than ry,.

The sysem prescribes the forming of a specific demographic reserve, too. The forming of
more reserves decreases the benefits and not necessarily makes the system safer. At the same
time forming of further reserves will originate needless redigtribution.

To be far we have to remark that some modifications of the law and decrees regulating the
pension funds have dready been made but further ones are ill necessary. As we have dready
mentioned it is correct to assure that dl the persond accounts have the same yidd rate. If dl
persona accounts yield rate and the yield rate of the fund were equa then one can easly
define a far procedure for the redigribution among persond accounts through the yidd
adjusment reserve. However, the best thing would be to omit the whole subject of yield
adjustment reserve (and some other reserves).

Unisex annuities

At the end of the accumulation period a fund member can have annuities of severa types.
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(The law contains the types of annuities that can be provided. The choice consgts of
ample life annuities,
two or more life annuities (i.e. annuity is pad as long as a least one of the individuds is
dive),
guaranteed life annuities (i.e. the annuity is pad in al cases or even dfter the beneficiary’s
desth at least until a previoudy agreed-on date).

On the other hand the law is rather liberd. Even in the case if the fund provides annuities the
members have the right to recelve the benefit from any dher fund or he/she is entitled to ask
hisher fund to buy the benefit from any insurance company providing such annuities. (There
are some sections in the law suggesting that the provider can be changed even laer, i.e in the
sarvice period. This possbility definitdy could have a sdection effect. The possbility of
choosing among different types of annuities al'so can have such effects)

Furthermore the law dates (in severd forms at severd places) that the benefit provided by a
fund should not be dependent on the member's gender. It is il not clear what will happen in
that case if the benefit is provided by an insurance company. In the (penson fund) law there is
a phrase gating that the insurance company must sdll to the fund specid products devel oped
for penson fund's members. Presumably the intention was to extend the unisex annuity for
insurance companies, too. However, there is a law for regulating the activity of insurance
companies. This law does not mention specia products and these companies do not apply
unisex life tables We will discuss later further imperfect/controversd  points on  unisex

annuitiesin the law.

The requirement of the application of the unisex life tables is very clear from the point that the
funds are one of the pillars of the mandatory socid insurance sysem. (Here the attribute
mandatory is of importance) But the consequence of the gpplication of the unisex life tables
is a redigribution among the fund members which is different from the redigtribution caused
by the different life gpans of the members.

For the ske of amplicity let us dways think of a smple life annuity. (If a fund provides
annuities then its choice must contain the sngle life annuity and a least one of the other
annuities affecting the beneficiaries) Furthermore we do not ded with profit sharing or with
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any indexation of the annuity. (However, this is an overamplification.) Let us denote by Py
annuity factor, i.e. the capita needed to be present now to pay 1 HUF to a member of x age.
The adverb present means a fixed time point, eg. the time of preparing this paper or the time
of providing the first benfit.

The annuity factor Px of an inditution is a function of severa parameters. There could not be
big differences in the cost parameters at the different indtitutions because of the compstition.
Differences in the technicd interest rate are bounded by the law. (For the technicd interest
rate an upper bound is given by the recent regulation which does not alow the funds to
promise too much. The lower bound is given because of the competition.) There could not be
esentid  differences dso in the demographic parameters since dmost dl the funds are open
funds and ther members demographic didribution are the nation wide didribution, i.e. the
same for al funds or a least there is no basis to assume differences now. Of course, there are

differences between the male and femae members mortdity.

So the difference of the Px-s of the severa inditutions can not be essential because of the
competition. (Or it can not be essentid to escape from the competition but this would be
another story.) They should be even equd (i.e. the Px should be fund independent) since
everybody wants to and due to the free sdection among providers can get hisher annuity
from that fund or insurance company where he /she gets the most.

Let us try to find out what an actuary of a fund can do with the recent prescriptions of the law.
We do not want to be logt in the precise trandation of the complicated legd sections but the
man rules can be summarised in the following way. The actuay has to aoply a unisex life
table. As the law dtates, preparing this table he/she has to take into account both the male and
the femde (members) mortdity. Stating from the bdance of the persond account the
annuity should be cadculated gpplying the equivalence principle. Cdculaing the reserves the
actuary has to take dready into account the member’s gender. Though it is not explicitly
dated, the risk community consists of the members getting the same type of annuity. (In our
cae where we have only one smple life annuity this means al the fund members getting an

annuity.) So, the actuary hasto caculate a unique Px.

Let us assume that the cdculation of the annuities happens each year only once. We will use

the following notations.
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Cwm x,j Isthe sum of the expected present vaue of those x age males (females)
persona account balances who will be pensioner j years later;

Crx,j isthe same for female members,

Pwm x isthe annuity factor caculated only on the male members mortdity;

Pr.x isthe annuity factor calculated only on the femae members mortdity.

(We assume that the cost parameters and the technical interest rate does not depend on the
member’s gender.)

From Guxj (Crx;) the fund has to provide an annuity of present vaue Gy x,j/Px (Crx;j/Px) and
because of the statements of the law one has

S;SxCmxj+ S Sk Crxj =S Sx (Cmyxj/P)*Pux+ Sj Sx (Cexj/ Px)*Prx, *)

(Since te right hand sde contains Ry x/ P and B:x/ P the time point of the present does not
play any role.)

The system (*) has severd solutions. E.g it is easy to see that
P« = (Sj Cuxj*Pux*+ S Crxi*Prx) / (S Cmx,j + S Crxj)- (**)
isasolution. Or (*) has a (unique) solution of the form
YPysk =1 * 1Py xsk + (11 )* UPrxsk (k=0,1,2...) (***)
withO < | < 1 Infact, | can be given explicitly from (*). The point is that solution (***) is
not the expected(?) solution corresponding to the (weighted) arithmetic average of the Ry x+j-S
and the Pry+j-s (i.e. of the mae and femae mortdity). We said expected referring to the

folklore and/or opinions at the time of introducing the Hungarian fund system.

It is hard to believe that ether the vaues in (**) or in (***) are fund independent. (In (***)
thel dependson the C-s)
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But the red problem with the system (*) is that the actuary does not know exactly the Gy x-S
(Crx,j-9). Helshe can have only ther very uncertain estimate. The uncertainty comes not only
from the problem of edimating eg. future contributions and ther present vaue or the age
digribution of the retiring people. The main point is that as a consequence of the results of the
above cdculations severd moves of the members (because of the free choice of provider)
may happen. Due to the moves the Gy xj-S and the Cgxj-s and o the P-s can change. (Both in
the fund left and in the fund chosen and theoreticaly due to the changes eg. the fund chosen
can dready be not so attractive) In principle it is possble that to escape from the future
uncertainties (or at least from some of them) the actuary takes only into account the Gs of the
new retirees and each year cdculates a new Py from equaton (**). Though such new
cdculations of the annuity factor are not againg the law (it must be gpproved by the
Supervisory Authority) but this can result in too extreme changes in the (darting) annuities.
Furthermore the fund independence of Py are till not solved.

Let us remark that al these problems are not because in (**) the weights of Ry x and B are
the sum of the capitas Guxj-s and CG-xj-S If the weights were e.g. the (sum of the) number(s)
of male and femae members then the same problems would arise: the \alues (**) would not
be found independent. (A datisticad anayss is going on the (recent) age didribution of the
number of mde and femde members in different funds and on the distribution of capitd
accumulated by the different cohort. Our arguments are more or less independent of the
results of this andyss, though the results can have some consequences on making clearer the

satements of the law.)

One possble summary of the above is that the actuary can have a hard time with the recent
form of the law.

The problem of unisex annuities does not exig if dl the insurance companies may provide
annuities to the fund members gpplying the usual sex dependent life tables (In this case the
funds for male members buy annuities from the insurance companies and dl femde members
get thar annuity from a fund or from an insurance company. Then the unisex annuity factor
Py of the fund is smply Pg. Of course this solution is agangt the non-discrimingive
principle of socid insurance. (As we have dready mentioned the Hungarian funds are a part

of the mandatory socid insurance system.)
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If there is only one annuity provider (in what follows, one fund) then the case is somewhat
better. The difference between the earlier case and the recent one for the fund's actuary is that
now the Guxj-s and Gexj-S can be consdered as given. Or at least they can be much better
esimated than in the earlier case snce there is only one fund and so the whole population
forms the members of the (only) fund. Furthermore the moves resulted earlier may not be

considered.

In this case the cdculation of a new annuity factor Px in each year can be done through
solving an MP. (We use the same assumptions and smplifications as earlier.) Let us assume
that the fund applies the annuity factor P and let us denote by L(Px) the present vaue of the
fund's lidbilities if the annuity factor is K. Now the actuary has the possibility to determine Py
in such a way that an I, (eg. Iy or I) distance of the Py+j and Pxsj-s is minimd and the

congtraints

A+ S Cmx+ SxCrx = L(EX) +Sx (CM,X / PX)* Puv.x+ Sx (CF,x/ Px)* Pr.x
UPrx+k < UPysk < UPyxsk (K=0,1,2...)

ae sdidfied where A is the assets of the fund for fulfilling the dready exiding ligbilities
L(Px). l.e. the new annuity factor takes into account the new retirees (Cy x=Cwm x.0, Cr.x=Crx.0)
but it is not too far from the old one which was the basis of caculating the exigting ligbilities.
Depending on the regulation of indexation and profit sharing the solution of the MP

minimisean |, (e.g. Iy or Iy) distance of the Py+j and Py+j-S

subject to

A + SX CM,X + SX CF,X S L(PX) + SX (CM,X / Px)* PM,X + SX (CF,X / PX)* PF,X
1/Pex+k < WPy < UPmx+k (k=0,1,2...)

can be consdered, too. I.e. not only the new annuities are calculated by usng the new annuity
factor P but the existing annuities are a'so modified.
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Another posshility isto solve the MP

A+ Sy CM,x.j + S CF,x,j - L(Px) - Sy (CM,X,]‘ / PX)* PM,X -Sy (CF,x,j / PX)* PF,X =U
1/Pex+k < WPy < UPym sk (k=0,1,2...)
anl (e.9. Iy or l;) distance of the Py+j.and Py+j-sis not greater than asmall value
U>0

minU

(Infact, we have two possibilities here, since one can dso have L(Px) instead of L(P).)

We have gill not mentioned the problem of managing the excess and/or shortage of money.
This is not a question in the case of an annuity product of an insurance company though they
do not apply unisex life tables. If the mortdity parameters are wrong then the stockholders
gan or loose But this is not the case a a fund. On one hand, here the owners are the fund
members and the wrong Px must be compensated by (further) redistribution. Since the funds
are dements of the socid insurance system not only to supply the shortage is problematical
but at leest as questionable is the digribution of the excess money. On the other hand, the
seved redidgributions caused are very much againg the spirit of the law. This is particularly
the caseif the redigtribution are not transparent.

The U is the excess of the avalable assets over the (present) vaues of the guaranteed
annuities. To minimise U means that we want to give as much as possible to the pendoners.

The next possibilities are to consider the MP

A+ Sx Cuxj* Sx Crxj- L(P) - Sx (Cmxj ! P)*Pux-Sx (Crxj/P)*Prx=U-V
UPrxk < UPxsk < UPux+k (k=01,2...)
anly (eg. ly or Iy) distance of the Pe+j and Pu+j-sis not greeter than asmall vaue
UV >0
min (U +V)

(Asin thelast case, we have again two possibilities here))
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The V is the shortage of the avalable assets below the (present) values of the guaranteed

annuities. (U is the same as in the last case) Obvioudy, the objective requires that either U or
V should be minimd.

To minimise V means that because of the application of the unisex Py-s we want to
redigribute as little as possble, i.e. the gpplication of the unisex Px-s should be as chesp as
possible. Of course, these cases raise the question if who paysthe V.

The idea of one fund (which is not necessarily a government inditution) does not mean tha
we would like to suggest to modify the sysem of funds deding with the personad accounts in
the accumulation period. The recent funds probably do not give readily up the managing of
the resarve in the benefit period though they would get rid of a lot of risks (and they would
not probably be regulated with a distinctive rigour in profit sharing.) We would aso like to
emphasse that the application of the above MP modds for solving the problem of unisex
annuities is only one possble idea In a given gpplication the condraints and the objectives of
the above MP modds may undergo radica changes. Only our attitude and objective is sure.
To make the system as transparent as possible.

Similar MP mode(s) can be used (in a Smilar sense) to choose a garting Py from the solution
of the system (*).

E.g. a“safe€’ Py can be chosen by solving the MP

Sj Sx Cmxj + Sj Sx Crxj = Sj Sx (Cmx,j/ Px)*Pux+ Sj Sx (Crxj / Px)*Prx
1/Pexk < UPyik < UPmxk (k=0,12...)

maximisethel, (e.g. Iy or I2) norm of Py

Mathematical Programming and Pension Funds
14



