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Betas calculated with Garch modds provides new parametersfor a
Portfolio selection with an Efficient Frontier

Ricardo A. Tagliafichi’

I ntroduction

In a many previous papers was been andyzed the behavior of the returns of a different stocks In a
brief resume the principas consderations are the following:

1) The retuns of the docks ae not independent, and don't have normd and identicd
digributions

2) The returns of the stocks are auto-correlated and in consequence there are an sructure than
can be predicted using some econometric model

3) Condder the results of a fractd modd, as Hurst coefficient, it can be determine that the
series of returns are persgent and in consequence the series have a memory of a process
and for that reason it cannot apply the law of T°> for annudlize the volatility

These reaults have been demondrated in R. Taglidfichi “The Garch modd and the applications to
the VaR” (2001), and gpplied the demongdrations to different markets.

The Capitd Ast Pricing Modd proposed by Shape (1964) and Linter (1965) following the
uggestions of mean variance optimization in Makowitz (1952), has provided a complete theory
of asset-market pricing that in a ample form predicts tha the expected return on an assat above
the risk free rate is proportiond to the non diversfigble risk which is measured by the covariance
of the asst return with a portfolio composed of dl the avalable assts in the market. The

assumptions of these modds are:

1) All investors choose meanvariance efficiert portfolios with one period-horizon, dthough
they need not have identical utility functions

2 All invesors have the same gsubjective expectations on the means, variances and
covariances of returns.
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3) The maket is fully efficient in that there are no transaction codts, indivishilities, taxes or
condraints on borrowing or lending a aridefree rate.

Empiricd tests of CAPM have found that the risk premium on individud assats can be explaned
by varidbles other then the estimated covariances, in particular the own variance, the firm sze and
the month of January. See for example Jensen (1972), Ross (1978) Schwartz (1983) for some
urveys.

This paper gpplies the use of nonHlinear modds, like GARCH modds, to cdculaie best esimators
with minimum variance usd in the sdection of a portfolio with maximum benefit and minimum
volaility. In the firgd section it is developed the Efficent Frontier usng the matrix of variances
and covariances. In the second part it is explan how it can build a Portfolio with the use of Betas.
In the third part it is developed de condruction of best Betas usng GARCH modes In the fourth
pat it is demondrated tha with the same assats induded in the sdection of portfolio usng
GARCH modds and not usng GARCH modds, produce different compostion of portfolio. In the
fifth part | make some conclusions about the use of the Beta modified by a GARCH effect.

l. The Efficient Frontier

Analysis of thereturnsand volatilities of individual assets

For the use of the efficient frontier presented by Markowitz, it must be define certain conditions
and condderations to the effect to congruct a Portfolio. The returns of an asset are cdculated as

follows
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Where R, is the return of an asset a day tand R is the price of the asset a day t. The days

observed between t and t-1 that is congdered in this paper is a week. This decison is adopted to
reduce the Monday effect and take a long horizon for the prediction. The observation between t
and t-1 are not superposed. The mean return is the following:

Where n is the quantity of observations and Rjis the mean of the returns observed, and the
voldility s; isasfollows
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Thereturnsand the volatility of a Portfolio

If it is defined X like a proportion of an asst i incduded in the portfolio, one condition is that
k

a X, =1 thenthereturn of aportfolio of k assetsis:

i=1

— o —

R =a XiR
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Applying the properties of sum variances of random variables multiplied by a condant it can be
obtained the voldtility of aportfolio with k assets:
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If it is congdered that the \olaility is a messure of risk, the voldility of portfolio returns depends
on the variances and covariances of different assats incdluded in the portfolio. In a Makowitz
portfolio the sengtivities of the assets are messured by the variances and covariances. If we
remember what is a volaility, we can obsarve that an asset x is more voldile then y if

P&x(>c)>P(y|>c)for dl c. But when occurs that we have different number of observations

we must annudize the voldility following the law of T° like the equation Sawua = St A>° where A
in the quantity of t observations'. Now it can be compared different volatilities with different
number of obsarvations.

To cdculae de portfolio variances it must be take different pars of associated returns and we
calculate de covariance as follows:

The corrdation coefficient as;

L The law of T°° applied to the capital markets had been discuss by Edgar Petersin “ Chaos and Order in the Capital

Markets”, and following the concepts of Peters in the presentation of Hurst coefficient, in my paper “ The Garch
models and their application to the VaR” it is demonstrated that this concept for annualized the volatility can’'t be

applied.
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This coefficient does not need to be annudized, because it is in a Sandardized form, corrdation
adways lies between +1 and —1. A negdive vadue means that returns tend to move in opposte
directions and a pogtive vaue indicate thet the returns move in the same direction.

In most makets the corrdation coefficient between different assats ae podtive and in
consequence there are not independent variables for thet reeson s1, 1 0.

The effect of a diver sfication

The effect of diverdfication it can be observed consdering that we invest in equds pats of N
asts incduded in the portfolio. In consequence like X; = 1/N the variance of a portfalio is the

falowing:

If we take an average variance of 56% and an average covariance of 6% we obtain the following
graph in which we can observe that the variance of a portfolio decreases quickly with the first
asts included and tend to the average covariance when the number of assets included in the
portfolio is large as we can observe in the following chart

The Effect of Diversification
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With this demondration, it has shown how the risk of a portfolio of assets can be very different
from the risk of the individud assets comprising in the portfolio.
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Delineating Efficient Portfolios

After making the previous cdculus it can e deinedting a subset of portfolios that will be preferred
by dl invesors who exhibit risk avoidance and who preferred more return to less. This st is
cdling the efficient frontier.

If we consider what happened with the traders, the following Situation ca be presented:

1) Short sdesaredlowed and riskless lending and borrowing is possble
In this case the objective function to maximize is:
R- - R n
q =% Where Re isthe risk free rete. Thisfunction is congtraintto § X, =1 2
P i=1

The modd deveoped for this case is showed in gppendix A

2) Short sdlesare dlowed but riskless lending or borrowing is not permitted
There is necessary to introduce same changes to the previous mode, because there are
different portfolios a different rates dlowed to lending and borrowing, in consequence we
can obtain afull efficient frontiers d different rates

Case 1

e Expected return

Expecte d retwrn

Volatility of refurns Vaolatility of retians

3 Short desare disdlowed but riskless lending and borrowing exists
R, - R n
Maximize q=% Subject to @ & X, =1 ad b) X 3 Ofor dl i These two

p i=1

regrictions are linear and the objective function is not linear

2 Lintner has advocated an alternative definition of fort sales, one that is more realistic. The constraint.
n
é |xi |= 1 Because the investor receive an interest for the money invested in the guarantee to rent de assets.

uy
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4) Nether short sales nor riskless lending and borrowing are alowed

i=1 i=1 j=1
jui

k k Kk
MirimizesP:Jé Xis?P+a a X Xs,

Subjectto: @) 5 X, =1;b) X, 3 Ofordl iandd) § X.R =R,

i=1 i=1

Conddering this eguations when there ae n assets it is necessary to edtimate n returns, n
voldiliies and n(n-1) correation coefficients Then if a maket has 100 assets it must caculate
100 returns and voldilities and 9900 corrdation coefficients

II. Delineating a Portfolio with Betas

When we andyze some market, it can be observe that when the prices goes up the price of the
asts induded in that market tend to increeses and when the market goes down the price of the
ast decrease. This suggests that there is a corrdation between the responses of the market with
the responses of the asset’s price. Then the return of astock can be written as:

R =a +bR,
Where:

a; is the component of the return of asst i, that is independent of the market performance
Rn istherate of return of the index market

b; is avaue that measures the expected changein R given achangein Ry,

This equation divides the returns on a sock in two pats, the pat due to the market and the part
independent of the market. The term g represents the component independent of the market

returns. It is useful bresk the component & in two components as a, =a; +e, where a; is the
expected vdue of a and e is the random vaiable of a that has an expected vaue of zero.

Rearranging the previous redionship between the market returns and the assets returns the
equation of areturn of astock can be written as

R =a, +bR, +e

If we note that ¢ and R, ae random vaiadles in consequence both have a probabilidic
didribution and a mean and voldility denoted as sg and s, and it is convenient tha these
random varigbles are uncorrdated. To edtimate the coefficients a,, by and sq we use the time
series regresson anadlyss. This technique guarantees that the random varidbles ¢ and R, are
uncorrelated a least over the period to which the eguation has been fit. Other important
characterigtic of this Sngle index mode is that e; is independent of e for dl the vaues of i and j.
This implies that the only reason that the dtocks returns vary together, systematicdly, is because
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the stocks returns follow the movement of the market. How well this modd works depends in part
on how good (or bad) this gpproximation is.

The basic equation is
R =a, +b;R +e Fordldocksi=123. ..... n

Appling the congderations doing for the condruction the modd the mean of e = E(e)) = 0 for Al
socksi= 1,2 3,...... ,n

The assumptions adopted for this modd are 1) the resduds e; are uncorrdated with the market
returns, for al socks and 2) the resduds of each stock are uncorrelated with other sock, for dl
par of socks.

By definition the variance of & = s2¢ and the variance of Rm =s°m

Using the mode and gpplying the previous definitions the meen retun is R =a, + b, R, .(1) The
variance of an asset return is s 7 =b’s 7 +s 2 (2). The avariance of returns between stocks i and

j is s =bibjs§1(3). The derivaions of thexe coefficients are devdoped in gopendix B and
andyzing the vadue b; is unique and separates the market return QiRy,) from the unique return K-
[BRm]) -

Now conddering (1) and subgtituting in the average return of a portfolio esimated en the first
part it may be written the expected return of a portfolio as follows.

n n
= [o]

Re =a Xa, +é X.bR,

i=1 i=1

If it is congdering the equations (2) ad (3) and the variance of a portfolio edimated in the
previous part now using this sngle mode the variance of a portfalio isthe following:

n n n n
2 _ 8 2 2e 2 2 2 ] 2 2
sp=a X’'bs,+aa XiX;bbs,+a Xi’s¢
i=1 i=1 j=1 i=
i

As we can obsarve there are less vaues to edimate for this single index model. For each asset it is
necessty to edimate three vaues, dpha, beta, and the variance of the erors, plus two others
vaues like the market return and the variance of the market return. Consdering that there are N

vaues in the market it is necessry cdculate 3N + 2 vadues againg 2N + N (N-1) vaues used in
Markowitz sdection portfalio.



The characteridics of the sngle index modd gpplied to the portfolio, it can be define that
b,=8 X,b, ad a,=3Q X,a,then we can define the retun of a portfolio as follows

=1 =1
R, =a, +b.R,
If the rik porfdio is s2=8 X2 +8 & X, X;bb;s,+a XsZad the doudle
i=1 i=1 j=1 i=1
jri
summation i * j, if i = j, then the terms would be X;Xb%is% that the term of the first summation.

Rearranging the terms the risk investor portfolio is

) (o]=5 0 3
Si:(\}a Xibi+ a ijjisri-'-é Xizsez.
€i=1 deij=1 "] i=1

J
sp=blsi+a X’}
i=1

To edimae Beta and dpha we use the technique of the regresson andyss and we obtain the
coefficients using the following expression for asample of t observations.

The variance of bi is cdculaied as Se& /sm The variance of a beta of portfolio is the sum of the
errors weighted for the proportion of each stock included in the portfolio.

To smplify the use of modds of sdection portfolio, like was exposed in the firgd pat, the
fdlowing modd meke an assumption aout why the assets covay together. This modd
samplifiesthe correaion matrix or covariance matrix between securities.

The cdculaion of a portfolio is based in the ratio cal “excess on return to Betd’. This raio usng
the dngle index modd to edimate the coefficient Beta of each assat, describes de comovements
of the asset with the market. The numerator is the excess of return or the deference between the
as=t return and the risk free rate, and the denominator is the nondivergficable risk or the risk that
we cannot get rid of. Thisratio is

R-Re

Excess on return to beta =

If the assats are ranked by this ratio from highest to lowest, the ranking presents a preference to be
induded in the portfolio. If you sdect some paticular retio dl the assats over this paticular raio
will be incduded in the portfolio, and dl the assts with a raio under this paticular vaue ae
exduded from the sdlection. This particular ratio is called as cut — off ratio C’
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The methods to sdlect which socks are incdluded in the optimum portfolio is the follow:

1) Edimaetheratio of each stock under consderation, and rank from highest to lowest
2) The optimum portfolio condss of invesing in dl docks for with the ratio of excess of
return to betais greater than aparticular C

C is cdl the cut-off rate. All assets whose excess of return to beta is above C* are sdlected and
whose ratios are below are rgjected. To edtimate the cut-off ratio is necessary to rank the assets by
the ratio of excess of return to beta and estimate the value of C;. Now the vaue of i depends from
this ranking and the vaue of G .isthe following:

(R - R )b,

€

JLLY

C = —
4 b

l+sia —

i=S ¢

J

This formula is vay eassy to cdculae if you can obsave ae seved summaions and
accumulaed summdtions to solve the problem. To daify the economic Sgnificance of the
expresson G it is change the previous expresson by:

¢ =be(R. - Re)
b,

Where bip is the expected change in the rate of return on stock i associated with 1% of change of

the optima portfolio and R, is the expected return of the optima portfolio. Both terms of course
ae unknown, but the expresson is usgfu for interpreting the economic dgnificance. If we
congder theinduson of aasst in the optima portfolio as

R-R o
b, !

The previous eguation may be rearranging as.
(Ilqi B RF) >biP(RP - RF)
The left hand sde is the expected excess of return of an individud asset. The right hand Sde is the

excepted excess of return on a particular ock based in the performance of the optima portfolio.
Now based in this rdationship, is incduded dl individuad asst that perform better thet the

portfolio expected.
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Z
To congtruct the portfolio the percentage invested in eech assetis X, = éIZ

included

*

1
' sZg b,

Q-l-I-O:

If short sdes are not alowed the values of Z mugt be al postives and the cut-off is the vaue hat
permits that the difference between the rate on excess of return to beta less the cut-of rate is

pogtive

If short sdes are dlowed then the cut-of rate is the lag assat indluded in this sdection for the

portfolio. Inthiscase X, = nZ‘ forinstaqceén1|xi|=1
é |Zi| 101

i=1

It can be edimate a portfolio with Betas. For an example | toke 5 assets, including more than 1200
weekly obsarvaions, from Merva Index and etimate the beta coefficient for each asset obtaining
the following results

Tablel
Excess of
A C D E return on Beta
Excess of 2

Stocks Returns in % daily Beta S, Rank (C/D)
Siderca 0.0682 1.1321 2.6074 0.060240
Perez Companc 0.0469 1.2123 1.3944 0.038708
Banco Galicia 0.0347 1.1506 4.1944 0.030172
Metrogas 0.0056 0.4781 4.2388 0.011807
Telefonica Arg 0.0118 1.0260 2.1932 0.011543

In base of the previous table it can be edimate the coefficients and the objective of the X; for
delinegting a portfolio with an effident frontier. Conddering a sdection of portfolio with short
sdlesnot dlowed, thevaue of C' (the cut-of rate) is 00444361 to obtain values of Z > 0

Tablell
Stocks C Zi Xi
Siderca 0.0444361 0.00941713 1
Perez Companc 0.0409269 0 0
Banco Galicia 0.0392596 0 0
Metrogas 0.0385512 0 0
Telefonica Arg 0.0335068 0 0

1



The portfalio return, goplying the vaues of X obtained is 0.0681 % per week and a volatility of
1413 %

[11. New Betaswith Garch modds

When we edimate a beta usng the regresson modd, it is important to verify tha the modd
comply with the homocedastic condition. The firsg tes to use is the andyss of the squared
resduds of the regresson. The Q — Statidtic for the first 10 lags must be guarantee the presence of
awhite noise for rgect the probability of the presence of ARCH in the modd.

The steps to evauate the presence of heteroscedadticity in the modd are the following:

1

2

S

D

Develop the best regresson modd and obtain the coefficients of the regresson to estimate
de Betas. In our case the vdues of the draight line, the condant a and the pendant b with
the corresponding variances of this estimators.

Andyze the autocorrdation and partid autocorrdation function of the squared resduds of
the regresson modd developed in 1). Cdculate and plot the sample autocorrdations of the

quared resduas as:
409 -9)

é(étz_ 32)

If the ACF and PAC are a white noise then it is rgected the presence of Garch. To accept
the presence of Garch in the squared resduds it must be used the Q — Statidtic, developed
by Ljung — Box, to test a group of sgnificant coefficients. The datidic is

B g r?
Q=TI +23 75

Where T is the number of obsarvaions n is the number of lags induded in the test. This
satistic tends to c?with n degrees of freedom, if the squared residuas are uncorrelated. If
it is rgected the null hypothess that the squared resduds are uncorrelated is the same to
accept the presence of Arch or Garch errors. In this case Engle (1982) proposed a more
formd test like the Lagrange Multiplier test that involves the following step

r. =

Regress the squared residuds fitted in the regresson on a condant and on the q lagged
vaues like the following form:

2 _ 2 2 2 2
et _ao +a1et-1 +azet-2 +a3et-3 +L aqet-q

If there are no Arch o Garch effect the coefficients a; should be zero. The R is very low,
in consquence the determination of the modd in vey little If it is proposed a null
hypothesis that there are no ARCH or GARCH effects the coefficient TR converges to a
c?with q degrees of freedom. If TR is sufficdently large it can be reected the null
hypothesis that there is no presence of Arch or Garch errors. In the other hand if TR is low

12



we accept the null hypothess that there is Arch or Garch effect and is equivaent to accept
that the values of a1 ......aq are equd to zero.

The procedure to edimate the best betas with Garch effect, is firs estimate the equation by OLS,
and with the squared resduds obtained new coefficents may be obtained usng the gppropriate
method. To edimate both eguations with full effidency it must be use the nonlinear maximum
likehood routines.

The numericd procedures used by software to cdculate the maximum likdihood edimation of
Gach modds ae based in the following premises Suppose tha the vadues of certan random

vaidble has normd distribution having a meen m and a constant variance s® then the log
likelihood function usng T independent observeionsis.

.. .. LT
I =-86—-9In (2p) - gé—-glns 2. gés 294 (y, - m)?
e2p e2g e2 o

Where | is the log likdihood function and y; is a random varidble. The sysem to estimate the
paamees in maximum likehood function is maximizing the likehood of drawing the observed
sample. In the previous equation the problem isto maximizethe | with respect to mand s? as:

eMl u_ael 69

LAY il -m
&Mmt gszﬂg(yl )
A~ T-C—S’T+(=s*= .- m
&2l &2 5 &2 rata:l(y )

These patid derivatives are equa to zero ad solving the values of m and s? we obtain that the
maximum value of log likdihood as

-
o
y
m:efrt : §2:éT(yt:rm)2
t=1

Applying the same principles for a regresson andyss to a modd e, =Y, - bX,, asuming that
the mean g is equd zero, ad the variance is condant end the different redizations of |ey| are

independent. This are the conditions applied to errors of the regresson andyss. Now the log
likelihood is

| =-gé_-9|n (2p)- gé'—-glns 2- gés 228 (v, - bx)?
&2 4 e2g €2 g5

Following the steps to maximize the log likelihood function, respect s and b yidds
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A——1—-C=S “F+C=S "+ -b
§s2 8 &2 5 &2 zg(yt )

eflog | l:J_ael Ba

== - bx?
¢ gszﬂazll(ym x)

Setting these partid derivatives equals zero and solving the system respect the vaues of b and s?
yidds the maximum vdue of the log likdihood function of the regresson andyss edimating the
vdues of the vaiance regresson and Beta These vadues ae the folowing for:

$2=3 (et)2 /Tad b=§ X Y, a (xt)z. This cdculus weas been presented in many
econometrics books, but is necessary to explan what hgppens when we are in presence of an Arch

modd. The log likeihood for a regresson modds is very smple, because the fird conditions are
linear. Unfortunatdy the Arch modds are nonlinear as we can observe with an Arch(1l) modd.

Assuming that the errors, e, wasgenerated by €, =y, - bX,, now e, isgiven by:

and the conditiond variance of e, is
ht :aO +a1et2-1

Snce the redizations of & has a conditiond variance of h; the gopropriate log likdihood function
isthefollowing:

L. .. LT
1=-8 % 2)- E%h - B9 (y, - bx ]
e2g e2g €2 B

where:

ht =a, +a1(yt—1 -b Xt—l)2

Fndly it is possble to combine the above and obtan by some numericd method the vaues of
ap, al, andb to maximize the log likdihood function. Then the new vaues obtaned aplying the
Gach modd to a linear regresson provides a best beta coefficient with minimum variance and
with different | e | uncorrelated.

New Betas with Garch modds

Usng the same base of data toke for prepare de Table 1l and | and apply the edimation of Betes
with Garch modds, induding the asymmetric modds (see Tagliafichi Ricardo The Garch models
and the application to the VaR), we obtain a new betas with minimum variance as we can obsarve
in Table 1ll. Then we can andyze the results of the regresson with both methods with the
traditiond econometric modd and this traditiond econometric modd solving the presence of
heteroscedadticity or the presence of Garch effect.
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Tablelll

Stock a b Ranking Econometric
Model Used
0.058 12123 0.0387 Treditiond
Perez Companc (0.0142)
1216 obsarvations 0.0146 0925 0.0507 Tarch (1,2)
(0.0078)
05912 0478125 0.0118 Treditiond
Metro gas (0.0248)
1200 obsarvations -0.0481 0.4467 00126 Garch(2,1)
(0.01632)
Gdida 00473 115058 0.0302 Traditiond
1216 observations (0.0245)
0.0102 1.05954 0.0328 Tarch (1,2)
(0.02026)
Sderca 0.0805 11321 0.0602 Traditiond
1216 observations (0.0199)
00774 11142 0.0612 Garch (2.2
(0.0145)
Tear 0.02307 1026 0.0116 Traditiond
1216 obsarvations (0.018)
-0013 104 0.0112 Garch(L1,1)
(0.013)

There is drong evidence that there is difference between the traditiona econometric modd, with
the same modd but corrected by the presence of Garch effects. The new Beta vaues are more
efficent because this esimator has the minimum variance as we can obsarve in table Il on the

vaues marked in brackets.

What happened with the use of a traditiond econometric modd? If we developed a regression
modd to cdculate the vaues of beta with the traditional form, we obtain a vaue of beta and the
variance of this estimator. But the question is what hgppens with the squared resduds? In effect if

we folow the geps recommended in the third pat of this paper we mugst andyze the
autocorrdation function and the partid autocorrdation function of the squared resduds These

functions denote the absence of white noise, and in consequence it must be accept the presence of
Garch effects, and that Garch effects change the previous results as we can observe in Table 1.

|V Different Portfolios are calculated with different Betas

In the second section was presented the Tables | and Il with the estimation of the values of X
This indicates the proportion of participaion of esch asset in the portfolio. This mentioned vaues
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are obtaned usng the procedure explained to get the best vaues that maximizes the returns and

minimizes the volility.

The presence of Garch effects in the estimations of Beta, produce new vaue of Beta with less
vaiance than the traditiona Beta, and in consequence a new vaues of X are obtained as we can

observeinthe TableslV and V.

TablelV
A C
Excess of
Stocks Returns in % daily
Siderca 0.0682
Perez Companc 0.0469
Banco Galicia 0.0347
Metrogas 0.0056
Telefonica Arg 0.0118

D

Beta

1.1142
0.9250
1.0595
0.4467
1.5040

Excess of
E Return on Beta
2

Se Rank (C/D)
2.6092 0.0612
1.4490 0.0507
4.2440 0.0328
4.2473 0.0126
2.1990 0.0112

In base of the previous table it can be esimae the coefficients and the objective of the X for
deinedting a portfolio with an effident frontier. Conddering a sdection of portfolio with short
sdesnot dlowed, thevdue of C  (the cut-of rate) is0.0476015 to obtain vaues of Z > 0

TableV
Stocks Ci
Siderca 0.044761
Perez Companc 0.047601
Banco Galicia 0.044994
Metrogas 0.044015
Telefonica Arg 0.035968

Zi

0.00581
0.00199

0
0
0

Xi

0.74415
0.25585
0
0
0

As a reault of the new coefficients the new portfolio is formed by two assets with a participation
of 75% of Sderca and a 25% of Perez Companc. The new portfolio return is 0.063 % per weekly
and the voldility is 10.40%. With this new portfolio the expected return decrease in a 8% but the

rik decreasein a40%.
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V Conclusons

The presence of Garch effects in the modd used for cdculates the vaues of Beta, permit to
enforce the idea of obtain a best coefficients, with minimum variance. In dl the cases under study,
this premises was bean confirmed by the practice or the redity. This results may by reproduced in
several assets of different markets.

Accepting the necessity of the building a portfolio with minimum variance and the best results
the modd of obtan an efficent frontier using the Beta vaues, is a best solution when we manage
alot of assetsin the market due to the number of coefficients to be estimate.

Combining the two agpects, in one hand the etimate the efficent frontier with Betas and in the

other hand the presence of Garch effects in the edimation of beta coefficients, it can be obtain a
best portfolio which complies the restrictions that the modd have in their develop.
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Appendix A

To solve the condraints it can be used the method of Lagrangian multipliers. The dterndive is

ubditute into the objective function the objective function maximized as in an uncondrained
problem. If we write R: = 1 R then we obtain:

_ _ ('j J
R. =1R. =¢a X, <R, a
e 2 =1

then
1
y &8 oo 44 0
q:axl (RI- RF)" ><|S| +aaXX]S|J
i=1 éi=1 |=1|=11 E
]:

The solution of a maximizatiion problem is to deive with respective to eech vaidble and eguas
zero. After must be solve the sysem of Smultaneous eguations with n eguations and n variables
&

1 9 _,
X,
2. ﬂ_q:O
Xy
3 4 g
X,
M
fa _,
Xy
y S y o :
Definingl =@ X (R - R)GA X’sP+aa X X;s ¢
i=1 él =1 i=1 |J=:1l Q
¢ N u
Thederivativeoftheproductfortheassakis-gxks§+§|xS U+(R - R,)=0
8 x g
1J 2 5 _
henﬂT—-(I XSy +IXs, +I1Xs, +L +1Xs,"+K +1X,s Ni)+Ri -R. =0

Like | is a congtant we can define a new vaiable Z, =1 X, then Z is a proportion of X in

consequence the vaues of X may be obtaned after solve the vadues of Z. Replacing the new
variable in the derivative we obtain the following system of eguations:
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R-R =2s2+Z,s,+ZS,+L +Z,s

R-R =28 ,+ZS2+Zs,,+L +Zs,,

R:l RF :Z 13+22823+Z3S§+L +ZNSBN
M M

Rl RF =Z lN+ZZSZN+Z3SSN +L +ZNSI31

To solve this sysem we use the matrix form that is represented by R, - R¢|=|Z||s| and in
consequence the solution is |Z | =[R, - Re|[s| ™

Z,

Findly thevauesof X, =
az
included
Appendix B
The expected return on an asst is

E(R)=El, +bR, +e ]

E(R)=E(@,) +E(b,R,) +E(e)

likea and b are constants and the expected vadue of
e, is zero by constructi on

E(R)=a; +bR,,

The variance of an asset returnis the following:

s’ =E(R - R)’

uditutin g from the expression above yields

s¢ :E[(ai +bR, te)- (@ + biRm]z

Rearrangin g and cancel de dpha

S i2 = E[bi (Rm - R-m)- ei]2

s?=b’E(R, - R,)? +2b Ele,(R, - R, )+ E(e)’
if by assumption E(ei (R, - RM))=O

2

S

—h 2c 2 2
=bs; +s¢



The covariances between any two different assets can bu written asfollows:

Sij = El(R - ﬁi)(Ri -R )J

Subdiituti ngfor R, R, R, R; yidds

s, =El@ +b,R, +e)- (a, +b,R,]- E[@, +b,R, +e,)- (a, +b,R,]
amplifyin g the dpha and combinig the terms with betas

S ij = bibj E(Rm - Frzm)2 + bjE[ei (Rm - Frzm)]"' bi E[ejThethree(Rm - Frzm)]"' E(eiej)
The threelast terms are zero by assumption

s;=bbs?
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