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ABSTRACT

In this paper, we consider various specifications of the general discrete-time
risk model in which a serial dependence structure is introduced between the
claim numbers for each period. We consider risk models based on compound
distributions assuming several examples of discrete variate time series as spe-
cific temporal dependence structures: Poisson MA(1) process, Poisson AR(1)
process, Markov Bernoulli process and Markov regime-switching process.
In these models, we derive expressions for a function that allow us to find the
Lundberg coefficient. Specific cases for which an explicit expression can be
found for the Lundberg coefficient are also presented. Numerical examples are
provided to illustrate different topics discussed in the paper.
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1. INTRODUCTION

We consider the portfolio of an insurance company in the context of a discrete
time risk model allowing different possible temporal dependence structures.
We define a sequence of identically distributed but not necessarily independent
random variables (r.v.’s) W = {W,, k € N*} where the r.v. W, represents the
aggregate claim amount in period k, k =1, 2, .... The r.v. W, is distributed as
W with cumulative distribution function (c.d.f.) F;, and moment generating
function (m.g.f) M. Let N = {N,, kK € N*} be defined as a discrete time
claim number process. In an insurance context, N, corresponds to the number
of claims in period k. The aggregate claim amount r.v. W, is defined as

Ny
W, = ZlBk,j: (1
j=
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assuming that Z?zl a; = 0. The claim amounts in period k, denoted By ,,
By », ..., form a sequence of i.i.d. r.v.’s with c.d.f. Fy and independent of N,.
It implies that W, follows a compound distribution with E[W]= E[N] E[B]
and My (r) = Py(Mpy(r)), where Py(s) is the probability generating function
(p.g.f.) of N. We assume that the m.g.f. of B, denoted Mjy(r), exists. The pre-
mium income per period is designated by z and satisfies the usual solvency
condition 7 > E[W]. The strictly positive relative risk margin is # = 5 — 1.

Let U = {U,, k € N} be the surplus process of the insurance portfolio
where U, corresponds to the surplus level at time & & N. The dynamic of the
surplus process is given by

k
Ukz Uk_1+7Z—VVk=u—ZVVk-}-TCkZU—Sk-i—ﬂk,
Jj=1

for k € N* and initial surplus U, = u. We define S = {S;, kK € N} as the accu-
mulated aggregate claim amount process with S, = W, +... + W, and S, =0
We denote by the r.v. T the time of ruin where

T {ke{l ey {k U, <0}, if U, goes below 0 at least once

o , if U, never goes below 0
or
. k . k
inf 1k, > W,—nk>uy, if D, W, — nk exceeds u at least once
P e = “=
3
o0 , if D W, — nk never goes above u.

Jj=1

The infinite time ruin probability is given by w(u) = Pr(7T < o | U, = u) and,
when certain conditions are satisfied, we have the asymptotic Lundberg-type
result

fim ~ V@) _

Uu— oo

where p is the Lundberg adjustment coefficient. Based on this asymptotic result
and for large values of u, w(u) can be approximated by

p(u) = e’ 2

Define the convex function

¢(r) = L in(E[e 7)), 3)
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Using different approaches, Nyrhinen (1998) and Miiller and Pflug (2001) have
shown that the Lundberg adjustment coefficient p is the solution to

c(r) = lime,(r) = 0. “)

We recall that the adjustment coefficient is a measure of dangerousness of an
insurance portfolio. Nyrhinen (1999b) has shown how to use the adjustment
coefficient p in Monte Carlo approximations of ruin probabilities. The expres-
sion of ¢,(r) defined in (3) depends on the temporal dependence structure
for W.

In the classical discrete time risk model due to De Finetti (1957), it is
assumed that W = {W,, k € N*} forms a sequence of i.i.d. r.v.s (see e.g. Biihl-
mann (1970), Gerber (1979) and Dickson (2005)). Some papers consider various
models with temporal dependence. Gerber (1982) examines the estimation of
ruin probabilities in a linear (Gaussian) risk model. Promislow (1991) derives
upper bounds for a similar risk model. Christ and Steinebach (1995) propose an
empirical-moment generating function type estimator of the adjustment coeffi-
cient in the risk model introduced by Gerber (1982). Yang and Zhang (2003)
derive both exponential and non-exponential upper bounds for the infinite-
time ruin probability in an extension to the model of Gerber (1982) with
interest. In a multivariate extension to Yang and Zhang (2003), Zhang et al.
(2007) obtain a Lundberg-type inequality for the ruin probability in a discrete-
time model with dependent classes of business based on a multivariate first-
order autoregressive time-series model and assuming a constant interest rate.
Nyrhinen (1998, 1999a,b) derive Lundberg-type asymptotic results for the case
of dependent claims with light tails using results from large deviation theory.
Miiller and Pflug (2001) obtain the same result using Markov inequalities.
A special case of the classical discrete time risk model is the compound bino-
mial risk model which was first proposed by Gerber (1988a, b) and further
examined e.g. by Shiu (1989), Willmot (1993) and Dickson (1994). In the last
decade, contributions such as Yuen and Guo (2001) and Cossette et al. (2003,
2004a, b, ¢) have considered temporal dependence within the compound bino-
mial risk model.

In their paper, Miiller and Pflug (2001) apply the result in (2) with (3) and
(4) within notably the classical discrete time risk model and linear risk models
considered by Gerber (1982) and Promislow (1991). However, the linear risk
models such as the Gaussian AR(1) and ARMA( p,¢) may be less applicable in
the context of risk theory. As stated in almost all actuarial textbooks, compound
distributions are the corner stones of several risk models in risk theory.

In this paper, we examine risk models based on compound distributions
assuming time series models for count data as specific temporal dependence
structures for N = {N,, k € N*}. Time series of counts arise in many different
contexts such as counts of cases of a certain disease, counts of price changes,
counts of injuries in a workplace, etc. In our paper, the following types of
model for time series of counts will be considered:
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— Models based on thinning. This category of models includes the integer value
moving average (INMA), integer value autoregressive (INAR), integer moving
average autogressive models (INARMA). These models are based on appropriate
thinning operations which replace the scalar multiplications by a fraction in
the Gaussian ARMA framework of time series with continuous data (see e.g.
Al-Osh and Alzaid (1987, 1988), Mckenzie (1986, 1988, 2003), and Joe (1997)).
Quddus (2008) and Gourieroux and Jasiak (2004) apply the class of INAR
models for the time series analysis of car accident count data. Freeland (1998)
and Freeland and McCabe (2004) analyze a collection of time series of claim
counts at the Worker’s Compensation Board of British Columbia. Empirical
studies of the INMA model include notably the one of Brannas, Hellstrém
and Nordstrém (2002) on the tourism demand and the one of Brannas and
Quoreshi (2004) on the number of transactions in stocks. Kremer (1995)
adapts the theory of INAR processes to the context of IBNR-predictions.

— Models based on Markov chains. The discrete time process NV is itself a Markov
chain of order 1 or more (see Mackenzie (2003) and references therein).
Markov chains can be used to deal with count data in time series. This approach
is reasonable when there are very few possible values for V. When the state
space of N becomes too large, these models loose tractability. A good
example is the Markov Bernoulli process on which is based the compound
Markov binomial model proposed by Cossette et al. (2003, 2004a). Arvidsson
and Francke (2007) fit the compound Markov binomial model to all risk
insurance data from the insurance company Folksam.

— Models based on a specific conditional distribution with stochastic parameters.
The dependence structure is based on an underlying process such as an
ARMA time series or a hidden discrete time Markov chain defined on a
finite time space (see e.g. Zeger (1988), Heinen (2003), and Jung et al. (2006)
and references therein). When the underlying process is a hidden discrete time
Markov chain, these models may be also called Markov regime switching
models or risk models defined in a Markovian environment. Examples of the
conditional distributions are the Poisson, the binomial or the negative bino-
mial distributions. Malyshkina, Mannering and Tarko (2009) explore two-
state Markov switching count data models to study accident frequencies.

Other models such as models based on copulas, where the marginals are fixed
and the dependence structure is based on a copula (see e.g. Joe (1997) and
Frees and Wang (2006)), could have been considered. A review on time series
models for count data can be found in the survey of McKenzie (2003), the
monographs of Cameron and Trivedi (1998) and Kedem and Fokianos (2002).
All examples considered for N in this paper satisfy the constraints on the pro-
cess { W, —n, k € N*} given in Miiller and Pflug (2001).

The paper is structured as follows. In the next three sections, we present
risk models based on compound distributions assuming for N a Poisson MA(1)
process, Poisson AR(1) process, Markov Bernoulli process, and a Markov
switching regime process. For each model, we examine its properties and derive
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explicit expressions for ¢,(r) and c(r). Specific cases for which an explicit expres-
sion can be found for p are also presented. Numerical examples are provided
to illustrate different topics discussed in the paper.

2. MODELS BASED ON THINNING

[Tt

We begin this section by introducing the operator “c” used in models based
on thinning. Let M be a non-negative integer-valued random variable and
a € [0,1]. The o-operation of « on M is referred to as the binomial thinning
of M and is defined as

M
aoM =Y,
i=1

where {Y;,i=1,2,...} is a sequence of i.i.d Bernoulli r.v’s with mean « and
independent of M.

2.1. Risk Model — Poisson MA(1)
2.1.1. Definitions and properties

Now let us consider a Poisson MA(1) process for N = {N,, kK € N*} whose
dynamic is defined as

N, =aog_1+e, k=1,2,.., &)

where ¢ = {¢,, kK € N} is a sequence of i.i.d. r.v.’s following a Poisson distribu-
tion with mean ﬁ and a € [0,1] . Also,

Ek—1

a08k71 = Zlék,ljj, k= 1,2,..., (6)
j=

where {0, ;} i1s a sequence of i.i.d. Bernoulli r.v.’s with mean «. The
sequences {0y ;, j = 1,2,...} (for k=1,2,...) are assumed independent for
different periods k. Given these distribution assumptions, the r.v. a o g_; is
Poisson with mean I;f‘a. From (5) and (6), we have

£0

Nl = 31+ z 50’1-,
j=1
2!

N, = &+ 251,1-,
j=1

&k—1

Nk = 8k+ Zl 5](_1’].
J=
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As stated in Al-Osh and Alzaid (1987), the marginal distribution of the model
(5) 1s uniquely determined by the distribution of ¢,. Hence, N, is Poisson dis-
tributed with mean

E[Ny] = E[ao g,y +¢]

_ lx A
T 1lta lHa

=

and (5) generates a stationary process with a Poisson(/4) marginal distribution.
If o =0, the behavior of N, is solely explained by ¢, which means that the
claim number r.v.’s are independent from one period to the other. If « = 1, the
r.v. N, is equally affected in its behavior by the r.v.’s ¢, and ¢, ;. The number
of claims N, in period k is therefore mainly due to the new arrivals between
k—1 and k, and a proportion of the new arrivals between k-2 and k-1
defined by the thinning procedure.
One can also use the p.g.f. to identify the distribution of N,

Pu(r) = BT = B[ 0001 = ¢rtat Dttt -arver
_ eﬁ((lJra)rf(lJra)) = D

The autocorrelation function of N is

(84
, h=1
py(hy =1 +e
0, h>1

(see McKenzie (1988)) which implies that yy(1) € [0,0.5]. Therefore,

@ E[B]’ |
Cov (W, Wy,) = 2y(WE[B)Y =1 T+a * "7 .
0, h>1

Also from McKenzie (1988), the expression for the joint mass probability func-
tion of (N,, N,_,) is given by

Pr(Ny=ny, Ny_y = ny_y) =

a Y [ nk+nk_l_2ji"k+"k71—j
a |, Mneene) {1+ o 1+«
R

1+«
j=0 JH (e =D (g = ))!

for ny, n,_; € N. See e.g. McKenzie (1988, 2003) for other properties of the
Poisson MA(1) model.
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2.1.2. Expression for c(r)

We derive the expression of the function ¢(r) in a risk model which considers
a Poisson MA(1) process for the dependence structure of the number of
claims. As previously mentioned, the solution to ¢(r) =0 is the adjustment
coefficient which enables us to examine the riskiness of the surplus process.

Proposition 1. The expression for ¢(r) is given by
Ml —« A A
C(}’) = (lfa)MB(V)‘l'ﬁMé(l’)—m—rﬂ. (7)
Proof. The m.g.f. of S, is expressed as
E[erS,,] — E[er( Wi+..+ Wn)]

= MWI,N.,W;,(}”“W }").

(®)
Let the joint p.g.f. of (N, ..., N,) be given by
Py, .y (tn.t) = E[t 0% 0.

The expression for the multivariate m.g.f. My, (1, ..., 1,) of (Wi, ..., W,)is
defined in terms of Py, y (#,...,t,) and the m.g.f. of B

MWI,.‘.,Wn(Vl""arn) = PNI,.‘.,N"(MB(Vl)s ey Mg(1,). ©)
The expression for Py, y (1, ..., 1,) is given by

&0 &1 Ey—1
N S G0 e 000 s
E[n)' b0 = E[z?tl’ R I 1»/]

(10)
= E[szu:l‘s‘”] E[z‘il t?]:‘()“--"]... E[zf;tl] tf»?:f‘j"”-f] ey,
where
Elry] = e, (12)

and
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8; Io
“n— 191-1,
E[ - g Zi 10 e,H”

|
Jrfee )
|2
N

En—1 26":1115 —1.7
E|tiy =10 = E

n—1 [

(1 —a+at,)™ 1]

En—1

E,
E,
E,

(1= a+at))™ l]

— ot —atar) =1

— el_:‘_ (-a)t,_+at,_t, fl) (13)

Substituting (11), (12), and (13) into (10), we obtain

E[f 0] = eTra(m@rati=h rig( -t ratin=l)
(14)

L((1 D‘)Infl-*—atn*ltn_l) #‘(ln_l)

el+a

Combining (14), (9) and (8), we have

E[ers"] _ el;a((l @)+ aMy(r)—1) ("Hloiﬁ((lfa)MB())JraMB(r) 1

oTiaMe()=1)

_ e” {+a+(-D - @) Mp(r) + (1= DaMp()’ +1-a—1-n+1-1}

_ eli—'a{(l +a+(n—1)(1 - ) Mg(r)+(n— l)aMB(l')zfafn}

s [ (Lt et (= (1= @) Mp(r) + (1= DaMp(n® |
e I+a l n+ao

s [ (11— @)+ 20) Mp(r) + (1= DaMp(n)® |
e 1+a l n+a

15)
After inserting (15) in (3), we obtain

c,(r) = %ln(E[exp(r(S - mr))])

= L {1 = @)+ 20) My(n) + (n = 1) aMy(r)* = (n + @)}~ 1

= A0 by )+ 20 My + 28 D i - L
which implies

e = Jime,) = T2 My + S M0 - g - .
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Remark 2. Given (15), S,= X} _, W, follows a compound Poisson distribution
i.e. we can express S, as

s - | X5CP M,>0
"o, M,=0"

. PR . P .
where M, has a Poisson distribution with mean (1"++aa) and C{",C{", ... is a
sequence of i.i.d. r.v.’s distributed as C™ with

(n(1 — @) + 2a) Fy(x) + (n — 1)aF;2(x)

Foo(x) = P

Note that Fg" denotes the n-fold convolution of Fy for n € N*. If o =0, then

E[ersn] — eni{MB(")—l}’

which corresponds to the m.g.f of the aggregate claim amount in the classical
discrete time risk model.

2.1.3. Impact of the parameter o

To analyze the impact of the dependence parameter «, we take the derivative
of ¢(r) with respect to « and we obtain

ac(r) _ ) Al — )

@)
du __1+aMB(r)_(17)MB()+(1+ )MB(”)
et O ﬁ
/1
T U+a) My (r) + —(1+)
-2y a2y
= (1+ )’ B(r)+(1+ @)’ B(V)+(1+a)2

- —(1+ )Z(MB(V)—I) > 0,

If a < a’, it follows from above that the solutions p and p’ to (7) are such that
p > p'. This implies that the degree of dangerousness represented by the adjust-
ment coefficient increases with the dependence parameter «. Given the struc-
ture of the model, when the dependence parameter increases, it becomes more
likely that claims in period k — 1 also lead to claims in period &, which increases
the dangerousness of the portfolio.
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The impact of the dependence parameter « on the Lundberg coefficient could
have been studied using the supermodular order. However, after investigation,
the proof of this inequality based on supermodular ordering remains an open
problem.

2.1.4. An explicit expression for the adjustment coefficient

In the following proposition, we derive an explicit expression for the adjustment
coefficient p in the case where the claim amount B is exponentially distributed.

Proposition 3. Assume that B~ Exp(f) with mean % and m.g.f. My(r) = %
Then, we have

__ b 1 (1+7) 1
p—2(1+’7)(2(1+77)—1+a—\/4a1+a +(1+a)2). (16)

Proof. Here, the function ¢(r) is

_Al-a) P Y B’ 2 Jo_
= "Tra /f—r+(1+aa)([;_r)z_lia"(””)F—o

which is equivalent to

2
(1—a)<:/f_r +af

3
Epe=ran, (7

(B=r)

with ﬁ = . Multiplying (17) by (S — r)>, we obtain
(- ) (P (B-r)+alp = BLp—r) = r(L+m(B-r)
leading to the equality
r((L+n)r? + (BC=2B(1 +n)r +np?) = 0. (18)
Solution to (18) leads to the desired result. O

Note that, when o = 0 in (16), the adjustment coefficient becomes

_ B
p_l_;r_;,]a

which corresponds to the adjustment coefficient when claim number r.v.’s are
assumed to be independent.
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To take a look at the impact of « on p, we differentiate the expression
derived for p in terms of o. We find

o L (2(1+n) 11)
da  2(1+n) |1+’ (1+a)f \/(2(1+,7)— ) 4(1+,7),7'

(19)

Since

(2(1+;7) 1 )
R

for « € [0,1], we have - d < 0. Hence, the adjustment coefficient p decreases
(as shown in Section 2.1.3) as the dependence parameter « increases.

> 1,

Example 4. We consider an insurance portfolio where the claim amount r.v. B has
an exponential distribution with mean % = 1. The premium income 7 includes a
relative risk margin n equal to 20%. In Table 1, we provide values of p computed
with (16) for different values of a. Using (2), we approximate the infinite time
ruin probability y(u) by e ™" and, based on this approximation, we find the amount
of initial surplus required to have an infinite time ruin probability of 1%

TABLE 1

VALUES OF THE LUNDBERG COEFFICIENT IN THE Po1ssoN MA(1) RISK MODEL

I 0 0.25 0.5 0.75 1
p 0.1667 0.1396 0.1265 0.1186 0.1134
u=—p'n(0.01) 27.6310 32.9835 36.4174 38.8272 40.6162

Results in Table 1 clearly confirm that the adjustment coefficient p decreases as
the dependence parameter o increases. The adjustment coefficient is a measure
of dangerousness of the risk portfolio. As the adjustment coefficient decreases,
the risk process becomes more dangerous. Based on the approximation of w(u)
by e, it means that the initial surplus which is required to have an infinite time
ruin probability of 1% increases as the dependence parameter o increases. There-
fore, we may conclude that if the dependence between the claim number r.v.’s is
at a high (low) level then it requires a large (small) amount of initial surplus to
satisfy an infinite time ruin probability of 1%. O
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2.2. Risk Model — Poisson AR(1)
2.2.1. Definitions and properties

We suppose here that N = {N,, k & N*} is a Poisson AR(1) process where the
r.v. Ny has a Poisson distribution with mean /4 and the autoregressive dynamic
for N,, N3, ... is given by

Nk = 8k+(X (¢} Nk—l’ (20)

for k=2, 3,.... We assume that ¢ = {¢, kK € N*} is a sequence of i.i.d. r.v.’s
following a Poisson distribution with mean (1 — ) A where « € [0, 1]. Follow-
ing Joe (1997), the dependence structure of the Poisson AR(1) process can
be represented as follows

M
N, = '21521:' + &,
i=

N &
N; = '21521,‘531[‘* Zl 031 + &3,
i= i=

N k=1 & k
Nk = A21§21i631i"'§k1i+ Zz Z:l , H‘_lél’j’i-i_gk (k= 3, 4,)
i= j=2i=11=j

The r.v.’s &, &3,... are i.i.d. and follow a Poisson distribution with mean ((1 — «) 1)
and 0y, 031, 032, ..., Op, -..» Op i are 1.i.d. Bernoulli r.v’s with mean «. Hence,
given a sequence of i.i.d. Poisson r.v’s ¢ with mean (1 — )/, the model given
in (20) yields a stationary sequence of Poisson r.v.’s with mean /. The model
given by (20) may be interpreted in the context of the evolution of a popula-
tion as the number of people at time k, N,, being the sum of those who arrive
in the interval (k — 1, k) and survive until time k, i.e. ¢, and those who survive
from time (k—1) to k, i.e. @ o N;_,. In an insurance context, the number of
claims in period k, meaning N,, can be viewed as the sum of the new claims
during period k, and the claims of period k — 1 leading to claims in period k.

As for a classical Gaussian AR(1) model, the autocorrelation function for
N is equal to yy(h) = o, for h > 1 (see McKenzie (1988)) with yy (1) € [0, 1).
The expression for the covariance between W) and W, corresponds to

Cov(Wy, Wiyy) = i"E[B]’,

for 4> 1. The joint p.m.f. of (N, N,_,) is given by

min(ng; ng—1) aj(l _ a)”k*"kﬂ*zjl”fr"kfl*j

Pr(N,=n, N, = n,_,) = e 29 - - -
(Nie = 1o N1 = 1ic-1) A =) =)

>

(see, e.g. McKenzie (1988)).
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2.2.2. Expression for c(r)

The expression for ¢(r) is provided in the following proposition.
Proposition 5. Assuming that aMg(r) < 1, the expression for c(r) is given by

(1= @)’ AMy(r) _

_ 722 My(r)
"= T @My

T LTI = T (G My(r)

—yi—rr, (21)

where y =1 —a.

Proof. We have
LVI
S, =W +..+W, =3 C
i=1

=
where
L,=N +N,+..+N,

and C|, C,, ... form a sequence of i.i.d. r.v.’s distributed as B.
Also, we have

ey

E[My(n)™ ... My(r)™]
E[MB(V)NW..A +N,7]

= E[My(r)™]

P (Mp(r)).

MS,,(”) = PNl, N,,(MB(”)a cees Mp(r))

We need to find the expression for P, (7).
Let us develop the expressions for P, () for periods n =1, 2, 3, 4. We have

P, (t) = E[tM" V] = E[/M . ™.
For n =1, we have
P, ()= E[M] = 070,

For n = 2, we have

E[M ]

E[tNl tzl'}\il] Oa1i tsz]

Apt+ar*=1) yi(t—1
e(y a )eM( )'

P (1)
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For n = 3, we find

P (1)

E[tM ™ ™)
_ E[Z‘Nl 1{2;21521,“*'2;\21521,' 531i}tez t{ziszz] (5321}133]

E[ZNI t{2ﬁ1(521i+2§21(521,- 531:’}] E[lez 1{2?:1(5321‘}] E[l£3]

_ e;,((yz +ap)t+aylt+at—1) ey;,(+ at’— 1)8710 -1 .

For n = 4, we begin with
P, (t) = E[M ™1™
— E[I{Nl 2 0o 2 OO+ S 621103101 t{ﬁz‘*'zl-,\g]&sz,‘*'zl-ez:] 032042} 1{83"‘2,'83:1543,-} 4
— E[t{Nl+ZI{V:II(521i+z;\/:ll(521i531i+zl{\[=ll(;Zli(;3lf(;4li}:|
> E[l{82+zf2:1532[‘*'2?:1(532[(542[}]E[t{83+2f3:1‘543i}]E[l84]
— E[I{Nl"'sz:ll5211“"2}215211'(5311'"'2?/:]1‘5211'531:'5411'}]
X

1 2 2 2.3 2
A +ay)t+oapt +at’—1 Ayt +at”—1) pA(t—1
o (" +apt+ayt”+a )ey (yt+a )e/ ( ). (22)

Given (22), we need to find the expression for

N N N
E[Z{N] +3, 0 00+ 2 0 52”531[*'2[:11521,'531,'541,'}]

and we obtain the following

N s N ; N .
E[I{Nl+zi:ll021i+zi:11(321i(>31i+zi:11(3211‘(5311'()411'}]

=ElME 1{21'121521[}E Z{ZIN:II521i531i}E|:l{ziN:|]62]1'531[541['} ‘Nl 0y 53] N, 521'] Ny
b 1% 1 2 1
[ Ny N M
= E| M E| fEi=1928 g 1221020 %51} H <y+a[{52|i531i}> Ny, oyl N
» 021
i=1

[ N N
- E IN]E Z{Zizlézu}E 1_[1 <y[{521i531i} + at{26211531i}> N1,52” ]\]1
i=
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P f H( <y+at‘sz“>+a(y+at2§2“)>‘Nl ”
i=1

E|ME

i

'H:IZ‘

(ytéz“(y + atéz”) + aléz"(}) + alwﬂ")) ’ N, ”

E|tME (y 12 4 apr ™ ot ™+ o 1P

i

vn::]2‘

N, ” (23)

Further manipulations lead to

E

= E|

N,
tN]E H ()/21‘62“ + Ol})ZZ&Z” + yatézli + 012[362“)

]

Ny
M [[1 (7 + )+ ay(y + ar’) + ya(y + at) + & (7 + ar’))

(PG + )+ ap(y + ar’) +ya(y +at) + o2 ( + at3)>Nl]

MP+H20? + a2+ () + o2y 2+ o2y + a1 = 1)
= M0 7Tt aty ) y ¥ ] (24)

Finally, combining (24) and (22), we obtain

and

Mg, (r) =

X e’

E[tM ™ ]

_ ei{(;@ 202 o)+ (et + a2y i+ oy + =1}

P (1)

% ey/l{(yz +ay)t+aytz+azt3f l}eyi{()‘t+alzf l}e;'/l{(tf 1)}

PL4(MB(”))
A 200 +a) My(r) + (a0 + a%) Mp()? + @2y My(r) + @' Mp(r)* ~ 1} (25)

VA7 + ap) Mp(r) + ooy Mp(r)* + o® Mp(r)* = 1} 572y Mp(r) + aMp(r)> = 1} ;724 Mp(r) = 1

In (25), we observe that

C+ay) =y(y+a)=y
(0’ +ay) = ya(y+a) = ay
(P +20° +a%y) = y(y+ )’ =y
etc.



138 H. COSSETTE, E. MARCEAU AND V. MAUME-DESCHAMPS

Consequently, we deduce the following general form for Mg forn=2, 3, ...

M, (r) = P (Mp(r))
— MR @My(r) + o (My(r))" ]

o @M mME(IZE = (M) + My(r) g (@My(r) = Mp(r)E (= (k+ ) (eMy(r) =n (26)

1 —(aM, (r))n n W\
eaﬂ{VMB(’)TAZ?m+a (Mp(r)) *n}

1= (aMp(r)" 1 = (aMg(r)" —n(aMp(r)" " 1—(a@M(r)"
x eV’~{1’"MB<’)TA£«r>+MB“)TA}Z(MMB(”(‘ (1~ aMly(1) +(1_QMZ<,A)>2)‘”}

From (26), we find this expression for ¢,(r)
¢,(r)

1 r(S,—=n

ﬁln{E[e (5 )]}

L= (aMy(r)" 27)

ai(VMB(V) ToaMy(r) T o' (My(r)" = 1)

1= (aMy(r)" 1= (aMy(r)" n(@My(r))"" ' 1= (aMy(r)"

+V/1MB(”)(V’7 T — aM,(r) T—aMy(r) — (I—aMy(r) (1- aMy(r)®

—nyl — nnr

|

n

Assuming that aMy(r) < 1 and taking the limit of (27), we obtain the desired
result

2
c(r) = lim ¢,(r) = %— YA — I,

Note that, given (26), S, follows a compound Poisson distribution.
Combining (4) and (21), p is the strictly positive solution to

VzMB(V)

W—y—r(l +60)E[B] =0,

in which the parameter / does not appear.
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2.2.3. Impact of the parameter o

To have an idea of the influence of the dependence parameter « on the Lundberg
coefficient, we take the derivative of ¢(r) defined by (21) with respect to «

de(r) _ 2(1=a)IMy(r) | - (1 — ) A My(r)
da 1 = (aeMp(r)) B = (aMy(r)))?

A=0.

If @ < ', then the solutions p and p’ to (21) are such that p > p’ since % > 0.

It means that the degree of dangerousness represented by the adjustment coef-
ficient increases with the dependence parameter «.

2.2.4. An explicit expression for the adjustment coefficient

A nice expression for the Lundberg coefficient is provided in the next proposition
when the claim amount r.v. B follows an exponential distribution.
Proposition 6. Assume that B ~ Exp(ff) with mean % and m.g.f. My(r) = /;/i -
Then, we have

_ v _ (A—a)fy
p_1+17_ 1+y > (28)

where a € [0, 1).

Proof. When B follows an exponential distribution, (21) becomes

2,
Y A=
7/;/,—;%—1%: 0,
l—aﬁ_r

which can be rewritten as follows

B _ B _
yﬂ_r—yl—rn = yﬁ_r—y—r(l +n)E[B] = 0,
or
yB=7B =y +mr+ry+r*(L+n)E[B] = 0.
After some rearrangements, we find the desired result. O

As expected, if « = 0 (i.e. the independence case), the expression (28) for the
Lundberg coefficient is reduced to

B

P 1+7°
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Example 7. For an insurance portfolio, we assume that the claim amount r.v. B
has an exponential distribution with mean % =1 and that the premium income
7 includes a relative risk margin n of 20%. In Table 2, we apply (28) to compute
values of p assuming different values of dependence parameter «. Using (2), we
approximate the infinite time ruin probability w(u) by e ™ and, based on this
approximation, we find the amount of initial surplus required to have an infinite
time ruin probability of 1%.

TABLE 2

VALUES OF THE LUNDBERG COEFFICIENT IN THE POISSON AR(1) RISK MODEL.

o 0 0.25 0.5 0.75 0.995
p 0.1667 0.125 0.0833 0.04167 0.00083
u=—p'n(0.01) 27.6310 36.8414 55.2620 110.5241 5526.2042

Results in Table 2 illustrate the dramatic impact of the dependence parameter o
on the adjustment coefficient p. The risk process becomes more dangerous as the
dependence (represented by the parameter «) between the claim number 1.v.’s
become more significant. Therefore, it requires a larger (smaller) amount of initial
surplus to satisfy an infinite time ruin probability of 1% as the dependence
parameter increases (decreases). O

2.3. Comments

One can carry a similar analysis for a Poisson moving average or a Poisson
autoregressive model of order greater than 1, and also for a Poisson auto-
regressive moving average process. Other marginals such as the negative bino-
mial distribution could be considered.

3. MARKOV BERNOULLI PROCESS

3.1. Definitions and properties

We assume that the claim number process N is a Markov Bernoulli process i.e.
N is a Markov chain with state space {0,1} and with transition probability
matrix

[ 1=(-a)q (1-—a)gq _[Poo Por
P = <(1_a)(1—q) a+(1—a)q) B (Pm P11>’ &

where o can be seen as the dependence parameter, introducing a positive
dependence relation between the claim numbers r.v.’s. In this risk model, at
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most one claim can occur over a period. The initial probabilities associated to
P are

Pr(Ny=1)=¢g=1-Pr(N,=0),

where 0 < @ <1 and 0 < ¢ < 1. When « tends to 1, a period with a (no) claim
will be likely followed by a period with a (no) claim. If « = 0, the claim number
process N becomes a sequence of i.i.d. r.v.’s.

The covariance between N, and N, is given by

Cov(Ni Niyy) = Pr(Niyy = 1L, Ny = 1) = Pr(Npy, = DPr(N = 1)
= ¢gPr(Nyyy = 1IN =D —¢°
= ¢q(1 —g)o,

fork=1,2,...and h=0, 1,2, .... Also, we know that Cov(W,, W,,,) = E[B]?
Cov(Ny, Niyy) fork=1,2,... and h =1, 2, ... which implies that

E[B]’q(1 — g)o"
Var(B)q + E[B]’q(1 — q)

_ EBI'(1-¢q)
Var(B) + E[B]*(1 —¢q)

y(h) =

for 1 =1, 2, .... Hence, the autocorrelation function y(/) decreases exponentially.
A special case of this model is examined in Cossette et al. (2003, 2004a, b).
In the latter model, it is assumed that the premium rate is equal to 1 and the
claim amount distribution is defined over N*. Here, the claim amount distribu-
tion is defined over R™.

3.2. Expression for ¢(r)

The next proposition gives the function ¢(r) when N is a Markov Bernoulli
process.

Proposition 8. The expression for c(r) is given by

c(r) = {(poo+ puu My(M) ++ (Poo+ P11 Mp(r)> = 4My(r) (poo p11— ProPor) |
—In2 —7r,
where (po P11 — ProPor) = .

Proof. According to Example 2 of Nyrhinen (1998), ¢(r) is the natural loga-
rithm of the maximal real eigenvalue of the matrix M (r)
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M(r) = <m00(r) mm(”))

myo(r) my,(r)

whose entries are

my(r) = pe™ ™

my(r) = pjy Mp(r)e ™,

for i € {0,1} and some r > 0. The eigenvalues of M (r) are the solution to
det(M (r)-Cx J) =0,

where J is the identity matrix. Therefore,

nr

_[(pPowe ™= poy Mp(r)e”
_M(}")*CXJ— —nr —nr
Pro€ Py Mp(r)e ™ —=(

and its determinant is

") = C = (poe ™ + py Mp(r)e ™)+ e 2™ My(r)(poo Pri — Pro Por) -

The maximal solution to /#({) =0 is

&(n) =

(Pov€ ™ + pryMy(r) € ™)+ (P ™ + pr My(r) € ™) = de™> My(r)(Poo P11~ ProPor)
2

= (Poot P MB(V))+\/(P00+P11 MB(V))2_4MB(V)(P00P11_Plol’m) . (30)

2

Taking the natural logarithm on both sides of (30) leads to the desired result.
O

Example 9. In the context of this particular risk model, we assume that the
probability of occurrence of a claim q is equal to 0.1 and that the claim amount
rv. B has an exponential distribution with mean ' = 1. The relative security
margin n is equal to 20%. In the following table, we provide values of the Lund-
berg coefficient for the dependence parameter o =0, 0.25, 0.5, 0.75, 0.995.
Approximating y(u) by e ™, we find the amount of surplus such that w(u) = 1%.

As the dependence parameter o becomes larger, the positive dependence rela-
tion between the claim numbers 1.v.’s increases. It implies that the risk process
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TABLE 3

VALUES OF THE LUNDBERG COEFFICIENT IN THE MARKOV BERNOULLI RISK MODEL

0 0.25 0.5 0.75 0.995
0.175383924  0.133977918 0.091008226  0.046379157  0.000948
u=-p'in(0.01) 262576528  34.37260609 50.60169187 99.29396004  4857.774458

Q

~

for the portfolio becomes riskier which requires a higher initial reserve to main-
tain an infinite-time ruin probability of 1%. O

4. RISK MODEL DEFINED IN A MARKOVIAN ENVIRONMENT

4.1. Definitions and properties

We assume that the claim number process N = {N,, k € N*} is influenced by an
underlying Marvovian environment represented by the time homogeneous Markov
chain @ defined over the 2-state space {6,,6,} with transition probabilities

D = Pr(®,, = 01‘ | © =0,),

for k & N*. We assume that the conditional p.m.f. of (N, |®, =0)) (k € N")is
fnje= 0 the condltlonal c.d.f. is Fyje=¢ and the correspondmg conditional
m.g.f. is MN (r) Assume that the conditional distribution of (Ne|©p=0)) 1s
Poisson with mean 4;(j =1, 2) with 4, < 4,. The frequencies in the two dlfferent
states are generated by separate counting processes. For example in Malysh-
kina, Mannering and Tarko (2009) they consider two different states of road-
way safety to model vehicle accident frequencies. Other discrete distributions
for (N, |©, = 0)) (e.g. negative binomial, binomial, etc.) could be considered.
We suppose that the transition probability matrix P of ® is

_(Pu P :<1_(1_V)X (1-wyx )
P P» =A== v+A-=vy)°

with 0 < y < 1. To avoid negative transition probabilities, the parameter v

must satisfy the constraint (—]%, - f> < v < 1. The stationary probabilities
associated to P are
Pai
Pr(@,=0)=—>—=1-
1@ =0) P2t P %
Pr(®, =0, = L2 =

Pt Py
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Note that the claim amounts are assumed not to be affected by the Markovian
process.

The expression for the conditional m.g.f. of W, given ©, = 0, is given by

E[e"| @, =0,] = E[""" | @, = 0]

= MY (In(My(r) = M (r) = 720070,

4.2. Expression for ¢(r)

The function ¢(r) is provided in the following proposition.

Proposition 10. The expression for c(r) is given by

c(r) = ln{<P11MIEI£)(”) +p22MIEI§)(V))

1 2) 1 )]
+ \/(PHMIEV)(V) + P MW(”))2 - 4M£V)(”) My (r) (P11 P2 _p12p21)}

—In2—7r,

where (py1 p» — P2 Pa) = V.

Proof. We define the matrix M (r) where the entries are

my(r) = py My (r)e™
fori,j € {1,2} and some r > 0. We find ¢(r) in a similar way as in the previous
section based on the eigenvalues of M(r). They are the solution to

det(M — . x J) =0,

where J is the identity matrix. Therefore,

_(PuMPe™ =0 pomPre™

M—-(xJ B .
paMPrye™  puMPrye™ =<

and its determinant is
h(Q) = &= ™ (py My (r) + pp My (r){

o 2401 2)
+e? MIEV)(”)Méy(V)(Panz_Plzpzl)-
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The maximal solution to 2({) =0 is

MY + o, MP(r
&) = e (P11 My ( )2 P My, (1)) (31)
+ e x/(p” M;l)(r) +P22M$)(r))2— 4MI£I£)(")MI(4§)(") (P11P22 — P12P21)

2

The desired result is obtained by taking the natural logarithm on both sides
of (31). O

Remark 11. We could have assumed © to be defined over a m-state space {0, ..., 0,,}.
However, the expression for c(r) would no longer be analytic.

Example 12. We assume that \, =1, J, =2, y = 2, and that the claim amount
follows an exponential distribution with mean =" = 1. The relative security mar-
gin n is equal to 50%. In Table 4, we compute the Lundberg coefficient for dif-
ferent values of the dependence parameter v=-0.25, 0, 0.25, 0.5, 0.75. Using
the approximation w(u) ~ e we compute the amount of surplus required to
have an infinite time ruin probability of 1%.

TABLE 4

VALUES OF THE LUNDBERG COEFFICIENT IN THE RISK MODEL DEFINED IN
A MARKOVIAN ENVIRONMENT

v —0.25 0 0.25 0.5 0.75
p 0.064595843  0.063320997 0.061352843 0.0578554 0.049905485
u=—-ptin(0.01) 71.29205177 72.72737976 75.06042046 79.59793168 92.27783595

The dependence parameter v indicates the strength of the dependence relation
between the claim number r.v.’s. As the parameter v increases, the risk process
for the portfolio becomes riskier. Therefore, to meet an objective of an infinite-
time ruin probability of 1%, one requires to set aside a higher initial reserve
as v increases. O

5. WEAK DEPENDENCE PROPERTIES OF THE POISSON AR(1) MODEL

In Cossette et al. (2010), we give an estimation procedure for the adjustment
coefficient for processes satisfying some weak dependence properties, such as the
0-dependence or r-dependence. For completeness, we first recall the definition
of 0-dependence (see Dedecker et al. (2007) for a review on weak dependence).
We then examine the weak dependence properties of the Poisson 4 R(1) model
more specifically.
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5.1. 0-dependence

Let X = {X,, kK = N} be a stochastic process. The #-dependence is defined in
terms of the 6 coefficients of the process X which are defined as follows.

Definition 14. Let || || denote the sup norm and ||g||; = max(||g||s, lip(g)) denote
the Lipschitz norm of a Lipschitz function g (where lip(g) denotes the Lipschitz
constant of g). For k € N, we define coefficient (k) by

‘Cov(f(/‘/il "~:Xiu)s g(A/jp (ERE) )(J,))‘

(k) =
(6 = sup V7L Tell,

b

where the supremum is taken over multi-indices i = (i,,..., i,), § = (ji,...,J,) such
that

il < < iu < iu + k Sj1< “'<jv
and all functions f - R — R, g : R"— R are bounded and satisfy the Lipschitz
property, with respect to the following distance:

P
d(X:Y) = Z xi_yi|a X = (xl'-'a xp)ay = (yl""yp)'

A stochastic process X is said to be O-dependent if the sequence {0(k), k € N}
is summable.

Because a Poisson MA(1) model is 1-dependent, it is easily seen that it is
0-dependent. For the Poisson AR(1) model some computations are required
to show that we have the #-dependence.

5.2. 0-dependence for the Poisson AR (1) model

Here we show that the process W = {W,, k € N*} as defined in (1) is §-depend-
ent. We first need to bound the quantities Cov( f(W,), g(W,)), for bounded
functions f'and g, and k£ € N*. A simple computation gives

Cov(f (W), g(W)

- [E(f(jZi:lBO,j»[E(g(él:lBk’j))[Pr(Nozn, N, =m)

nm=1
— Pr(Ny = n)Pr(N, = m)].
Thus, we are left to bound

[Pr(Ny = n, N, =m) —Pr(N, = n) Pr(N, = m)].
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Following Al-Osh and Alzaid (1987), we know that
r . k=1 .
(NO’Nk) = (No,a ONO + z alO gki)
i=0
which implies
k=1
Pr(Ny=n, N, =m) = Pr(N, =n) Pr(ak on+ Y dog_; = m),
i=0

where oo n denotes the sum of 7 i.i.d. Bernoulli r.v.’s with parameter a*
(a = dependence parameter). We have

Pr(N, = n, N, = m) — Pr(N, = n) Pr(N, = m)
m k=1

=Pr(Ny=n) X [Pr(aon =) = Pr(a*c N, = )] Pr( Salog_,=m —j).
j=1 i=0

For j > 1, we easily get

E([efon]?)

IE

E([e o NoI?)

IE

Pr(afon=j) < and Pr(afo N, =j) <

Also,
[E([Otko n]z) < n*a* and [E([akoNo]z) = [E(Né)ak.

It follows that

S Pr(N, = n, N, = m) — Pr(N, = n) Pr(N, = m)‘

n,m

< a*> Pr(N,=n) <n2+ [E(Ng)) il le Pr(kz_:; aog_;=m —jﬂ
n,m j= i=

<> (n2+ [E(Né))Pr(NO =n) ' Lz 'Pr<1f_1 a'og_;=m —j)}
n>0 j=1 J " m>j i=0

< akz[E(N(f)];#.

Consequently, for any bounded functions f'and g, we have that for some con-
stant C > 0,

Cov(f(W), g(W) < ClIf Il llgll "
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A similar computation for

Pr(N;, =ny,..., N, =n;, N
—Pr(N; =ny,..., Nj,=n, Pr(N; =m;, ..., N; =m,)

= mj‘l, ceey ]Vjv = mjv

for multi-indices i; < - <, < i, + y < j, <+ <j, implies that we have, for some
constant C >0,

|Cov(f(Wis s W), Wy, s W] < Cliflles llgles @

Then, it follows that 6(k) < CoX and the sequence {6(k), k € N} is summable,
meaning that the process W = {W;, k € N*} is -dependent. Consequently, the
process { W, —n, k € N*} associated to the risk model based on the Poisson AR(1)
process is also #-dependent which implies that the estimation procedure proposed
by Cossette et al. (2009) is applicable in the context of this risk model.

Let us recall the estimation procedure for the adjustment coefficient. For
re N, let

r

Y, = X (X;—n)

Jj=0

The function E(e”) may be estimated by its empirical moment version: for
ke N,

~ k=1 r
ZHORS S3id

where Z] = Z;zl X;1ir. Then we define p, as the positive solution to
%ln(ﬁl ,Z(l)) = 0. We have that under the condition of 8 weak dependence and
on the existence of the adjustment coefficient p, p, is a consistent estimator of
p, provided we take r = o(In k).
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