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ABSTRACT

Some extensions to the delayed renewal risk models are considered. In par-
ticular, the independence assumption between the interclaim time and the sub-
sequent claim size is relaxed, and the classical Gerber-Shiu penalty function
is generalized by incorporating more variables. As a result, general structures
regarding various joint densities of ruin related quantities as well as their prob-
abilistic interpretations are provided. The numerical example in case of time-
dependent claim sizes is provided, and also the usual delayed model with time-
independent claim sizes is discussed including a special case with exponential
claim sizes. Furthermore, asymptotic formulas for the associated compound
geometric tail for the present model are derived using two alternative methods.
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1. INTRODUCTION

In risk theory, the ordinary (Sparre Andersen) renewal risk model is often used
for modelling the insurer’s surplus process (see e.g. Gerber and Shiu (2005),
Grandell (1991), Li and Garrido (2005), Willmot (2007), and references
therein). This traditional ordinary renewal risk model has usually assumed
that claim sizes are independent and identically distributed (iid) random vari-
ables independent of the sequence of iid interclaim times and a claim occurs
at time 0. However, major difficulties with these assumptions are raised in some
cases. First, if the time elapsed since the last event has an impact on the claim
size of the subsequent event (e.g. catastrophe insurance), then this assumption
may be a problem for describing the situation precisely. In recent years, several
authors such as Albrecher and Boxma (2004), Badescu et al. (2009), Boudreault
et al. (2006), and Cossette et al. (2008) have considered various dependency
structures between the claim sizes and the interclaim times. Second, in some cases
an event occurred some time in the past rather than at time 0 as implicitly
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assumed in the ordinary renewal risk model. In other words, a business (or a
system) might have been operating for some time before we start observing the
process at time 0, and an event does not necessarily occur at time 0. Therefore,
the delayed (Sparre Andersen) renewal risk model including the stationary
renewal risk model may be alternative to enhance and improve the model to
reflect these circumstances by assuming different distribution of the time until
the first claim. Certainly, these modified processes revert to the traditional ordi-
nary model upon the occurrence of the first claim. For further details of the
traditional delayed and stationary renewal processes, see Cox (1968, Section 2.2),
Grandell (1991), Rolski et al. (1999), Ross (1996, Section 3.5), and Willmot
and Lin (2001, Section 11.4). Therefore, the model to be considered here is the
delayed renewal risk model with time-dependent claim sizes which retains a
form of general dependency structure. An application of this model, for instance,
is to earthquake insurance. Since larger earthquakes occur less frequently, and
also the last observed earthquake may be occurred in the past rather than in
the present, specific time-dependent structure for the claim sizes as well as the
occurrence of the last main shock before time 0 are necessarily considered for
modelling. We illustrate an example of this in Section 4.1.

As in the ordinary renewal risk model, in the traditional delayed (stationary)
renewal risk models, the classical Gerber-Shiu expected discounted penalty
function introduced by Gerber ad Shiu (1998) has used for a unified study of
the ruin related quantities involving the time of ruin, the surplus prior to ruin
and the deficit at ruin (e.g. Willmot (2004), Willmot and Dickson (2003), Kim
(2007), Kim and Willmot (2010)). However all these quantities are defined at
the time when ruin occurs, and there is not enough information monitoring
the process before ruin occurs. Therefore, in the present model (the dependent
delayed renewal risk model), we study a generalized Gerber-Shiu penalty function
considered by Cheung et al. (2010b) in the dependent ordinary renewal risk
model. From this generalization which involves introducing new variables
defined before ruin, namely the minimum surplus level before ruin and the
surplus level near ruin (precisely after the second last claim), we study further
ruin related quantities. The motivation for the analysis of quantities defined
in relation to the time of ruin (such as the new variables introduced above) is
essentially the same as that for the special case considered by Dufresne and
Gerber (1988), namely the claim causing ruin. In particular, the event of ruin
necessarily involves adverse financial consequences, and any and all information
associated with this event is useful for prediction and thus helping to contribute
to sound risk management.

Here we briefly review the traditional delayed renewal risk model first.
Suppose that an insurer’s surplus at time ¢ is defined as {U,; ¢t > 0} with
U=u+ct- Z,N:’I Y;, and u 20 is the initial surplus. The number of claims
process {N,; t >0} is assumed to be a renewal process, with V| the time of the
first claim and V; the time between the (i —1)-th and the i-th claim for
i=2,3,4, ... having probability density function (pdf) k(7), distribution func-
tion (df) K(r) =1—K(¢) and Laplace transform k(s) = fooo e k(t)dr. Tt is
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assumed that the distribution of the time (from 0) to the first event V; is dif-
ferent from that of the others (V;) having pdf k,(z), df K,(¢z) =1-K,(¢) and
Laplace transform k,(s) = fooo e “"k,(t)dt. In the traditional delayed renewal risk
model, it is assumed that {V;}7Z, is an iid sequence of positive random vari-
ables, and independent of the sequence of iid positive claim sizes {Y;};2, with
Y, the size of the ith claim. However, such independence assumption between
{V;}72, and {Y;}5-, can be relaxed. More specifically, we suppose that
{(V;,Y;)};2, forms a sequence of iid bivariate random vectors distributed as a
generic pair (V,Y). In particular, the first pair (7, Y;) has a different joint
distribution from the other pairs (V,,Y;) for i =2,3,4, .... Thus, for y >0, let
the conditional distribution of Y given V be P, (y) = Pr(Ys yIV=t=1-
P,(y) with conditional density p,(v) = P/(y). Then the joint density of (V,Y)
at (z,y) is given by p,(y)k(z). And the conditional distribution of Y|V is
assumed to be P ,(y) =1 - Py ,(») and conditional density be p; () = Py (»).
Premiums are paid continuously of rate ¢ which is assumed to satisfy the posi-
tive security loading condition E[cV —Y]> 0. We shall call such a model a
dependent delayed renewal risk model, and for the remainder of the paper, the
word ‘dependent’ is sometimes omitted for brevity. Clearly, when P,(y) and
Py ,(y) does not depend on ¢, then the dependent renewal risk model reduces
to the traditional delayed renewal risk model.

Under the above-mentioned dependent delayed model (or simply delayed
model), we are interested in some generalizations of the classical Gerber-Shiu
function by incorporating additional variables into the penalty function as in
Cheung et al. (2010b) for the dependent ordinary model. To begin, let 7, be
the time to ruin defined by 7, = inf{ >0 : U, < 0} with T, = o if U, > 0 for all
t>0,and 0 >0 is a discount factor. The classical Gerber-Shiu discounted pen-
alty function in the delayed model is defined by (e.g. Gerber and Shiu (1998),
Willmot (2004))

my s1o(u) = E[e_éTqu(UTd—, UT[IDI(Td < oo)‘ U,= u], (1)

where w,(x, ») is a nonnegative function (so-called penalty function) for x > 0,
» >0, Uy, is the surplus prior to ruin, Uy, is the deficit at ruin, and I(.) is the
indicator function. Let us define the minimum surplus before ruin occurs as
X7, = infy ;.7 U, and the surplus immediately after the second last claim before

ruin as Ry, = u+ZNT" 1( —Y;) to be occurs if Ny, >1 and Ry=u if
Nr,=1. Correspondlng to Equa‘uons 2 and 3 in Cheung et al. (2010b), including
these two variables in (1) respectively results in the generalized penalty func-
tions for the current model given by

my 5(u) = E[e_‘Swa* ( Ur;,

UTd s

Xpp Ry, 1) 1(T; < 0)| Uy = u], )

r,~1

and
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md,d(“) = [ ol (UTd,

U )I(Td<oo)|U0=u]. 3)

Using (2) and (3) we can analyze the last ladder height before ruin Yy, =
Xr,+ |Ur,| and the last interclaim time VNT (Ur; RNT _1)/c. See Cheung
et al (2010b) for the ordinary model. If w* = 1 or w = 1 in (2) or (3) respec-
tively, the Gerber-Shiu funtion is reduced to

Gys(u) = E[e”1 I(T; < 00) | Uy = ul, )

and again (4) with 6 = 0 is equivalent to the ruin probability in the delayed
model denoted by y(u) = Pr(T,< o | U, = u) = G, o(u). In what follows, the
notations without superscript or subscript ‘d’ indicate the same quantities but
defined in the ordinary renewal risk model.

This paper is organized as follows. In Section 2, it is demonstrated that the
Gerber-Shiu functions in (2), (3) and (4) may be expressed in terms of the
same quantities in the ordinary renewal risk model. Given these results, in
Section 3, the discounted joint densities of four variables in the penalty func-
tion defined in (2) are derived using the results in the ordinary risk model.
Interestingly, examination of the discounted joint densities of the three vari-
ables except for X7, from the previous one with U, = 0 is sufficient to obtain
any other quantities of interest involving those four variables. Therefore, the
general form of these joint densities are studied subsequently. In Section 4,
we consider some examples assuming specific claim sizes. For the case of
time-dependent claims we assume earthquake insurance and compare the last
ladder height under the present model to the ordinary renewal risk model.
In addition, we also consider the usual delayed model with time-independent
claim sizes including exponentially distributed claim sizes with arbitrary inter-
claim times. Finally, some asymptotic results with regard to (4) are the subject
matter of Section 5.

2. GENERAL STRUCTURES

To begin the analysis, we first define the joint density of the time of ruin (¢),
the surplus prior to ruin (x), the deficit at ruin (y), and the surplus immedi-
ately after the second last claim before ruin occurs (v) in the delayed model,
given U, = u. If ruin occurs on the first claim, then the surplus (x) and the
time (¢) are related by x = u + ct, or equivalently # = (x — u)/c. Therefore, the
joint defective pdf of the surplus (x) and the deficit () is given by

h%xyW)——k( )mxuu+w x>y >0, 5)
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and in this case Ry, _; equals u. If ruin occurs on the second or subsequent
claims, there is no such linear relationship between the time of ruin and the
surplus prior to ruin, and we simply let /5(z,x,y,v|u) be the joint defective
pdf of (7,,Ur;,|Ur,|, Ry, _,) for ruin on subsequent claims. From Cheung
et al. (2010b) these Jomt defective densities in the ordinary renewal risk
model with dependent structure are respectively defined by /i,(x,y|u) =

) P wre(x +p) forx >u,y>0,and hy(t,x,y,v|u). Also, “discounted”
joint densities of 4 and A are respectively defined as

d(x—u)

B s(eylu)y = e < hi(x,ylu), (6)
and

WS (xy,vluy = [ e RSt x,p v u)dr. (7)

Then the discounted joint density of the surplus and the deficit is given by

hy ey lu) = b (e plu) + [h 506y, v|u)dv. (8)

We now employ the arguments of Gerber and Shiu (1998) to obtain an expres-
sion for my s(u) in (2) as below (e.g. Gerber and Shiu (1998, 2005), Li and
Garrido (2005), Kim (2007), Kim and Willmot (2010), Willmot (2007)).

Proposition 1. In the delayed renewal risk model with time-dependent claim
sizes, the Gerber-Shiu function my 5(u) defined by (2) may be expressed as

misw) = by [ M=) [Ny + 7 5(w) ©)
where

via) = [T [T{w by — wuwu) i 5(x,010)

. (10)
+f0’ w (x4 u,y—uuv+ u)h‘ziy(;(x,y,vl 0)dv }dxdy

interpreting as the contribution due to ruin on the first drop.

Proof: By conditioning on the first drop in surplus below u, we get the follow-
ing equation for my ;5(u)

misw) = [ miu=y){ [ Al 0xp10)dx

. 11
+f0 /0 hg,g(x,y,v|0)dvdx}dy+VZ,,(;(u).
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Let us define

bus = [, ) h5(x.p10)dxdy, (12)
and
S ¥
fas) = = J) (e pl0)d, (13)
which allows m; ;(u) in (11) to be expressed as (9). O

As is evident in what follows, the expression (9) is simplified in some special
cases. See Cheung et al. (2010b) in the ordinary Sparre Andersen models with
dependency. If w*(x,y,z,v) = w(x,y,v), (9) becomes

M) = by [ ms(u =)L) dy+ ve,(w), (14)

where

vas) = [ [T {wx +uy—uuh ;(x,10)

x (15)
+/; wx+uy—uv+ u)hié(x,y,v| 0)dv }dxdy.

Also, if w*(x,y,z,v) = wy(y,z), then from (8), (12) and (13), (9) and (10)
respectively simplify to the form which is only dependent on the ladder height
density, and therefore the distribution of the last ladder height X7, + |Ur | is
obtainable from the generic ladder height distribution (e.g. Cheung et al.
(2010b, Equation 31)). Further, if w*(x,y,z,v) =1, (4) satisfies

Gao) = a5 [ Gu= )50 dy + by Fy (), (16)
where Fy ;) = [ f;5(0)dy.

3. ASSOCIATED DEFECTIVE DENSITIES

In this section, we study, using the integral relationship result of my ;(u)
given by (9), the discounted joint densities of various variables in the penalty
function. We begin with a discussion of the discounted joint density of
(UT,fa UTd > er, RNTdfl)'

Corollary 1. In the delayed renewal risk model, the discounted joint density of
(Urzs|\Ur, |, X1, Ry, —1) at (x,p,z,v) is defined as follows:
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(1) If ruin occurs on the first drop caused by
(a) the first claim:
h 5(x —u,y +ul0) for x>u, y>0, z=u,v=u, and
(b) claims other than the first:
hg,(;(x—u,y+u, v—ul0) for x>u,y>0,z=u,u<v<x.
(2) If ruin occurs on the second drop caused by
(a) the next claim after the first drop:
Gusfasu—2)h s(x—z,y+z|0) for x>2,y>0,0<z<u,v=1z and

(b) subsequent claims after the first drop:
¢d,§ﬁi,(5(u_z)h2,z5(x_zay+Za V—ZlO) fOr X>Zz y>03 0<z< u,
z<vyv<uXx.

(3) If ruin occurs on drops (other than the first two drops) caused by

(a) the next claim after the drop:

U tas fasu—Dgs(1-2) (1= @s)dl} hy 5(x — 2z, y + 2]0) for x>z,
y>0,0<z<u,v=z and

(b) subsequent claims after the drop:

UL Pas fao(u—Dgs(l=2) 1 (1= @y dl}hy o(x — 2, y + 2, v —2]0) for x > z,
y>0,0<z<uz<v<ux

Proof: First, with a choice of w*(x, y,z,v) = ¢ *1¥ 2" %774 a5 in (2), from (9)
and (10) the Gerber-Shiu function satisfies

mis() = gy [ M=) 15 dy+ ¢ v 5(w), (17)
where v, ;(u) from (15) is given by

vaa) = [7[Tem e b s (x—u, y+ ul0)

! (18)
+f oS4 hczl,,j (x—u,y+u,v—u] O)dv}dxdy

Using the expression for mj(u) given by Cheung et al. (2010b, Section 3) leads
the integral on the right-hand side in (17) to

b fyms =) fasdy = [ [ [T ey + 1) 0)ddy
+foooflooflxe_s‘x_szy_s3l_whz,(;(x—l,y+ I, v —1]|0)dvdxdy

[ oo [0 o oy —§iz—saz |—z
+f0f0 f o SIX TS TS 4{hl’(s(x—Z,y-l-ZlO)giS(_d)&)}dxdydz
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+ff f fV —S|X— Sy =832~ s4v{hzé(x Zy+ZV—Z|0)g6( d))}dvdxdydz]
o fos(u—1)dl. (19)

—S3U

Combining the above and (18) with a multiplication of ¢ *** yields the Laplace-
Stieltjes transform of (7, Ur;,| Uy, |, Ry, -1). With an interchange of the
order of integration followed by Laplace Stleltjes transform inversion with
respect to (sy, $», 53, 4), Corollary 1 is proved. We distinguish between the three
cases according to the number of drops causing ruin. If ruin occurs on the
first drop in surplus below an initial level u, then there are two possibilities;
ruin occurs on the first claim or the subsequent claims. The second term on the
right-hand side in (17), namely e %"y, s(u) represents these two cases. Hence
from (15) with w(x,y,v) = e "2 =% it follows that 1(a) and 1(b) are
obtained respectively. If ruin occurs not on the first drop, then these cases are
explained by the integral terms on the right-hand side in (17). Thus from (19),
we can obtain four different situations corresponding to ruin on the drop
(second or subsequent to this) caused by the (next or not next) claim after the
drop. And the joint densities in these four cases are given by 2(a), 2(b) and
3(a), 3(b) respectively. See Figure 1 for graphs depicting the six different cases
contributing to this discounted joint densities. O

Note that probabilistic interpretations for the above cases are also available.
For example, in cases 3(a) and 3(b), ¢, s f;s(u— ) appears in common which
can be interpreted as the size of the first drop being (u — /) not causing ruin.
After this first drop, the surplus process is same as the ordinary process with
an initial surplus /. This is followed by an arbitrary number of drops (> 1)
which brings the surplus process from / to z, as explained by the term g5(/—z)/
(1 — ¢p5). Here, [ is arbitrary for z < /< wu and with a level of surplus z, ruin
immediately occurs on the next claim represented by 4, 5 for 3(a) or on the
subsequent claim represented by /, 5 for 3(b).

Furthermore, we know that ¢, ;in (12) and £, 5(») in (13) can be obtained
by hz s(x,y,v]0) since hl s(x,y|u)is readlly known by using (5) and (6). There-
fore, from Corollary 1, note that A4 5(x, y, v|0) is sufficient to obtain the joint
densities of four Varlables in the penalty function under the delayed risk model
as in the ordinary risk model (see Cheung et al. (2010b)). Thus, we derive this
discounted joint density in the following corollary.

Corollary 2. In the delayed renewal risk model, the discounted joint density of
(Urz| Uz, s v) is defined as:

hg,&(xayavlu) = hl,é(xv.};h}) éé(“a V)a 0 <v< X,y > 07 (20)

where
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1) 1(b)

UA

2(a)

z<u

3@ 30)

X, =Ry _,=z<u

d

) V;t

FIGURE 1.

Es(u,v) = As(u,v) +'/;)00A5(u,z)15(2, v)dz, (21)
and

fwef‘s’pl,(u+ct—z)dKl(t), 0<z<u

_ 0 ’

A&(H,Z) - oo .
(z—u)lc

: 22)
e p(u+ct—2)dK\(t), z>u
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Proof: By conditioning on the time and the amount of the first claim in order
to identify the components in (14), we have

mys() = Bus) + [T e a5 (u+ ety dK, (1), (23)
where a;,(x) = ["ms(x —y)dP, (y). and
Bus@) = [Te [* w(u+tcty—u—ct,wdP (y)dK,\ (). (24)

In other words, by using (6), (24) may be rewritten as

Bus) = [ [ U ho e yaohd ey L v, (25)

or equivalently B,,(u) = [~ fo‘”w(x y,u)h{ 5(x,y |u)dydx. Note that Ba.o(u)
may be interpreted as the contribution to the penalty function due to ruin on
the first claim. Since m, s(u) in (3) is an expectation, it follows directly that it
may be represented as

mas@) = [ [T wlny, b 50y wdxdy

= o (26)
+f0 fo fow(x’y"’)hg,a‘(xyy,vIu)dvdydx.

then using (25) it may be reexpressed as

mas() = Bus)+ [7 [ [y, mhd s(x,p, v uydvdydx.  (27)
Then, comparing (23) and (27) followed by a change of integration leads us to

f f fw(x YR s(x.y.v | w)dvdxdy = f % g5 (1 + ct) dK (1)
(28)

- fome—ﬁf{fo““’mé(z)pl,t(u Vet — z)dz}dKl(t) = [ my(2) (.2 dz,

where As5(u,z) given by (22). Similar to (26), ms(u) is also be expressed in
terms of the joint defective densities and thus we get

ST ma@ sz = [T [T wrny b 01 2 dxdy

I L s 06| 2) dvddy | Ay (u,2) d.
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When w(x,y,v) = e 1" *27%" on the left-hand side of (28) and on the above
equation, equating coefficients of e 1" "2~ %" results in

g 5(x,y,v|u) = hy 5(x, | v) As(u,v)

o0 29
+A hz’(;(x,y,\/lZ)A&(u,Z)dZ, 0<v< X,y > 0. ( )

But h, 5(x,y,v|z) = hy s(x,y|v)15(z,v) for 0 < v < x (explicit forms for 7,5(z,v)
under certain assumptions on the interclaim time and its probabilistic inter-
pretations are provided by Cheung et al. (2010a), and Willmot and Woo (2010)),
we may express (29) as (20). O

As with 745(u, z), the function &;(u, v) in (21) can also be probabilistically inter-
preted in the following manner. If Ry, -1 = v, the delayed process starting
with an initial level # should reach the surplus level v, just after the second last
claim before ruin. This transition from u to v in the current process is repre-
sented by the function &s(u, v) as seen from (20). However, since the first pair
(V},Y;) is assumed different from the other pairs, s(u, v) may also be obtained
by conditioning on the time and amount of the first claim which is expressible
in terms of A;(u,z) in (22). By the definition of /% s, ruin occurs at Ny ,>2and
thus if Ny, =2 then the process would be at level v after the first claim explain-
ing the term A;(u,v). Otherwise, for Ny > 2, the process would be at some
arbitrary level z after the first claim and then moves from z to v like in the
ordinary process with A;(u,z)75(z, v).

Moreover, using Corollary 2 results in an alternative representation for
my s(u) as follows.

Corollary 3. In the delayed renewal risk model, the Gerber-Shiu function m, s(u)
defined by (3 ) satisfies

M) = Bus) + [ B0)E v dy, (30)

where B, 5(u) given by (25), Bs(u) is defined as f, s(u) but with h(x,y|u) replaced
by hi(x,y|u), and Es(u,v) given by (21).

Proof: Substitution of (20) into (27) directly yields the above result. O

We point out that Corollary 3 also makes sense intuitively based on the num-
bers of the claims which causes ruin. If ruin occurs on the first claim with an
initial level u, this case may be represented by f, ;(u). Or if the process first
moves from u to v after an arbitrary number of claims (> 1) followed by ruin
on the subsequent claim from an initial level v, this case may be represented
by &;(u, v) fs(v). In particular, for the ordinary model we know that there is no
difference between &;(u, v) and 75(u,v) while f, ;(u) is equivalent to f5(u), so
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that (30) is reduced to ms(u) = fs(u) + f()mﬁ(;(v) 75(u, v)dv (e.g. Cheung et al.
(2010a) for the classical Poisson risk model, Willmot and Woo (2010) for the
traditional ordinary renewal risk model with a Coxian class of the interclaim
time distributions).

In particular, we may readily find some ruin related quantities with appro-
priate choices of the penalty functions in (30) since only S, ;(u) and f;(u)
contain the penalty function. For example, if w(x,y,v) =e **~"¢ we have
the Laplace transform of Vy, given by m,o(u) in (3). In this case, Wlth (24)
and fy(u) = f “ e~ k(1) P,(u + ct)dt, inverting with respect to s followed by
dividing by the ruin probability w?(u) yields the proper density of Vg, [Ty <0
(denoted by Af) given by

i (t|u) = ay () ky(1) + a5 () k(2), >0,
where a, (1) = Py ,(u+ ct)/ y(u) and a, (1) = { N V)P(v + ct)dvy wi(u).

In addition, we may obtain bounds for the last interclaim time when P, ,(y) =
P(y) = P(y) as follows. First, define H&(¢|u) = f he (y|u)dy and introduce
two reliability classes, a new worse (better) than used or NWU (NBU) (i.e.
K (x+y) 2 (<) Ki(x) K,(p) for x,y 2 0). See Barlow and Proschan (1981). From
Cheung et al. (2010, Theorem 7), if K,(7) is NWU (NBU), K,(¢) 2 (<) K(t) for
¢ >0, and there exists a function F(y) on [0, c0) such that P(x + y) <(2) P(x)
F F(y) for x,y 20, then the survival function of Vy, |7, < o° satisfies He(t |u) <(2)
F(ct)K,(t). Depending on the properties of P( y) Cheung et al. (2010) pro-
vided three possible choices of F(y).

We next turn our attention to the last ladder height Yy, = Xr, + ‘ Ur, ‘ As
mentioned previously, if w*(x,y,z,v) = wy(p,z) = e 0+ in (9) and (10), with
the aid of the Laplace transform of the last ladder height in the ordinary
model given by Cheung et al. (2010b), inverting with respect to s yields the
defective discounted density of Yy, (denoted by f,;(u.y)) given by

T2 [Gustu =0 = Gy f00, v <u

¢

fd,é(uvy) = R _ ’
T, | 900~ Gua@] 00+ bus fas(0)s y>u

(31

Then the proper survival function Yy, given that ruin occurs denoted by
Fd . () can be obtained as f fd o (U, x) dx/ w?(u). Clearly, in the ordinary model
(31) reduces to Equation 31 in Cheung et al. (2010b).

In the following section, we illustrate a numerical example in case of the
time-dependent claims in the delayed model which contains a comparison of
the last ladder height with the ordinary model. And the usual delayed model
with the time-independent claims is also presented.
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4. EXAMPLES

4.1. Time-dependent claims: Earthquake insurance

Let us consider the dependency model in Boudreault et al. (2006), namely the
conditional density p,(y) = e #£1(y) + (1 —e ) f5(y) for y > 0 where f; and f,
are proper densities. Suppose that f1(y) =2.5¢ 2%, f,(y) =0.5¢ *», p=1/3,
and k(z) = te ' (i.e. Erlang (2) interclaim times) with ¢ =2 and ¢ = 0. In this
example, if the interclaim time ¢ is large then the time-dependent claim size
distribution p,(y) is more likely to be determined by f; than f;. Here, if the last
earthquake before time 0 has occurred 5 years ago, we simply let k;(7) =
k(t+ 5)/K(5) be the residual lifetime distribution corresponding to k(z) and
P1..(¥) = p,+5(»). Then from Woo (2010) ¢y, Fo(y) and w(u) can be computed,
and in turn an application of Equation 32 and Box I in Cheung et al. (2010b)
gives F;(y) (the proper survival function of the last ladder height in the
ordinary model). For the present model, if w(x,y,v) = w,(y) and u =0 in (23)
and (24) we may obtain the defective density of the deficit as 4d(y|0) = + &,

su(P) + )7 [ ho(v12)py (et = )k, (1) dzdr Where ho(y]2) is the same
as h ol u) but deﬁned in the ordinary model. With this 43(y|0), from (12) and
(13) we get ¢, and F, ,0( y), and hence y“(u) from (16). Then with the aid of
(31) one ultimately finds F;,(y). When u = 0.5, the comparison of Fd «(y) with
F}(y), and also with the generic ladder heights Fd o(y) and Fy(y) is summa-
rized in Figure 2. In the graph, ‘D’ and ‘O’ indicates the delayed model and
the ordinary model respectively.

tail prob.

1

D_last
— - 0_last

— — — D_generic

N \ FE N O_generic

FIGURE 2.
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From Figure 2, there is a distinctive difference among the four ladder
heights of our interest. In particular, they can be ordered as F,,(y) 2 F, (y) 2
F;0(y) 2 Fy(y). We remark that the stochastic ordering F, (») 2 Fy(y) has
been proved by Cheung et al. (2010b) in the ordinary model. More interestingly,
under this dependent structure, we may conclude that the insurer is more likely
to face the larger severity (drop under the minimum surplus level) in the delayed
model compared to the ordinary model. In other words, with the model having
no adjustment for the pair of the first event (i.e. ordinary model), the insurer
may suffer bigger loss than expected. In addition, we can also check that
wd(u) 2 w(u) for u 2 0, and the difference between these ruin probabilities may
not be significant for a large u. The details are omitted here.

4.2. Time-independent claims

As in Cheung et al. (2010b, Section 5), the results in Section 2 and 3 may be
simplified in case of the usual delayed Sparre Andersen model without depend-
ency. The details are given in the Appendix. Here, we may obtain the joint
Laplace transform of the five variables (7, Uz;,|Ur, |, X7, Ry, - 1), namely
m} s(u) in (2) with a proper choice of the penalty function, if claim sizes
are exponentially distributed. Under the ordinary renewal risk model, this quan-
tity was studied by Cheung et al. (2010b, Section 5). By using the results
therein, the joint Laplace transform of those five variables under the delayed
renewal risk model is revisited. Suppose p,(y) = p(y) = pe ?, with w*(x,y,z,v) =
e SNSRI we may find

5 5(u) = Cys(81,50,83,54) (51 + 55+ 55) @ PHorTsstsa

32
+ Cy(81, 5253, 54) P s fe P02 (32)

where

Cy5(815 825 83, 54) (33)

Bl bas By RS+ +es)) (s Brsi sy, ){ (51 +5,)K (OB +es)+ Ples(si,s0)}]
- (ﬁ+s2)(s,+s3+s4)(d>5/)’+s1+s3+s4){s1+s4+ﬁE(5+cﬁ+csl+cs4)} ’

See the Appendix for the details of deriving (32) and (33). For example, we
may readily obtain the Laplace transform of Vy, = (Ur; — Ry, _;)/c with the
choice of s, = s/c, s, = —slc, and 6 = 0 from (51) with (47), (523 and (58) as

E[e”" (T, < 00) | Uy = u]

k(Cﬁ+S)¢ o FU=dou | ki (cp+ 9)k(eB) = k(cp+5) ky(cp) o
k(ch) k(cp)

(34)
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and inversion (34) with respect to s followed by dividing by wd(u) =
daoe """ yields the proper density of Vn;, in the delayed renewal risk
model as a mixture of Esscher transformed distributions of K;(¢) and K(¢),
namely hf(¢t|u) = (1 - a,)k(t) + a,k, A1) with a, = ki(cBye Pl wi(u), k(1) =
e P(t)lk(cp), and k, (1) = "ﬁ’k (1)1 k(cB). Since k(1) = k() and ¢y = ¢,
for the ordinary renewal risk model, the second term on the right-hand side of
(34) is cancelled out and thus the result agrees with Cheung et al. (2010b).

5. ASYMPTOTIC RESULTS

In this section, we consider asymptotic results regarding the compound geo-
metric tail in the delayed renewal process, consequently ruin probabilities are
also obtained. First, suppose that x5 > 0 is the adjustment coefficient satisfying
f0°° " f5(y)dy = 1/¢s, then we know that the asymptotic result for the com-
pound geometric tail for the ordinary model is given by (e.g. Willmot and Lin
(2001, p. 158))

lim ¢"“Gy(u) = C

U—oo

o -1
where C; = (1 —d>5)[¢(5 K(sfo ye"dF;(y)| , and that
Gs(u) < e ™"  u>0 (35)

by a Lundberg inequality. Here, suppose that p; ,(—x;) = f “e"VdP, (y) < o,
implying that lim, _, ., e"*P, 4(x) =0. Also, as (35) holds, by dominated con-
vergence it follows that

lim eri(“*cf){ﬁl,,(u veny+ [T Gyt e —y)dPlj,(y)}

= J) {lim Gt et = p) | VAP () = Cor (k).

Uu— oo

Namely,

lim "W, , (1) = C, py (~,), (36)
where W, (u) = Gy= P, (u) = Py () + [ Gy(u—y)dP, ,(3).
Now, from (23) with w(x,y,v) = 1, (4) has an integral expression as

Gaauw) = [7e™ Wy, (u+ ct)dK (1), 37)
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Since (36) holds which implies that " W(sﬁ,(u) is a bounded function of u on
(0,c0). Thus, again by dominated convergence one finds from (37)

Jim e"”“éd’(;(u) = lim oo{e"”(”")VT/(;’Z(u+ ct)}ef(‘ﬂc”(’)[dKl(t)

u—o0 J

= ./(.)OOC(Sﬁl,t(_K(S) e—(5+CKo-)tdK1(t) — CJ E[eK5Y17(5+CKIS)V1]’

where E[e"17 0T = fowe_((HCK‘S)tﬁ1,t(_K5)dK1(l)-
Hence,

Gus(u) ~ CoE[oN™ 0T o™y oo, (38)

In particular, for interclaim-independent claim sizes, i.e. p; () = p(»), we
know that

V(G - - ky (0 + crcz)
E K5 Y1 —(0+cr5) V7 — _ F(5+ — J P}
[e ] p(—Ks)k (0 + crs) 7/((5_“%&)

since x4 satisfies p(—r;) k(0 + cx;) = 1 (see Cheung et al. (2010b, Section 4)).
Therefore, in this case (38) reduces to

Cs k(0 + cxcy) -

G ~ =L
o) ~ T 5+ ey

, U— oo.

Further for 6 = 0 we know that G,,,o(u) = w(u), and the asymptotic result for
w4(u) from the above agrees with Theorem 11.4.3 in Willmot and Lin (2001).

Alternatively, we may directly obtain the asymptotic form in (36) by using
the result for the tail of a compound geometric convolution W; (1) which satis-
fies the defective renewal equation (see Willmot and Cai (2004) and references
therein)

Wy () = s [ Wy, (x =p) dF;(0) + s Fy(x) + (1 = ) Py ().
It is shown

(1=y) [ "™ dP, ()
biics [, v dE;()

lim €"" W, , (u) = = Cy Py, (—ky). (39)

Furthermore, from (16) it is clear that éd’&(u)/ ¢, 1s also the tail of a com-
pound geometric convolution, and thus if f; ;(—x;) = fome"”’dFd’ s(y) < oo, the
same argument used to drive (39) results in
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Guo(u) ~ Cybgs frs(—Ks5)e ™", u— oo, (40)

Curiously, comparison of (38) with (40) results in the identity
busfis(—Ks) = E[eT O, (41

and obviously both sides of (41) equal 1 in the nondelayed case.
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APPENDIX

Here we demonstrate how to obtain mj ;(u) in (2) in case of interclaim-inde-
pendent claim sizes. Suppose that p; (y) = pi(y), Py ,(y) = P\(y), and p,(y) =
p(»), P.(y) = P(»). Then as in Gerber and Shiu (1998), the conditional density of
‘UT ‘ given T; = t, Up; = x, Ry, ;= v for Ny, 22 1is given by p(x +y)/P(x).

By using this, one finds that the ]omt defective den51ty of (T, Up- T Ur, |,
ad its discounted density as in Equation 53 and Equation 54 in Cheung et al.

(2010b) (for the ordinary model). Thus in this case (7) may be expressed as
{p(x+y)/P(x)} h(z) s(x,v|u) where h(z)b(x v|u) is the discounted defective
dens1ty of (Ur;, R Nr,—1) for Nz, > 2. Then, by substituting this expression for
h2 s(x,p,v|u) into the integral on the right-hand side of (8) one may write

eyl = PR sl + P e, @
where
) = 4 T (X5 B @)

and h2 s(x|u) = f h(z)(;(x v|u)dv.
Therefore, using (42), ¢, in (12) may be expressed as

= fom fooohg(x,ym)dydx = fo “hd(x]0)dx, (44)

where h4(x|0) = h’{,r;(x |0) + h‘zlﬁ(;(x |0), and also f; 5(») in (13) may be expressed
as the mixed density (e.g Willmot (2007), Kim (2007))

[ A 5(x]0 h 0
s = [ { lizf;l )}plgx+y)dx+f0 { 225;' )}p(ery)d 43)

Py(x) P(x)

Furthermore, we illustrate how to derive (32) and (33). First, from Equation 66
and Equation 67 in Cheung et al. (2010b), we have

myu) = Cs(s), 83,83, 5){(s) + 55+ 55) " Frorntson g g pemPU=dul - (46)

where
B(bsB+s,+5)k(0+cp+cs))
(B+5,)(psf+ 5, + 53 %—54){s1 +54+Pk(O+cp+cs, + cs4)} '
47)

C&(SI,SZ,S:;,S“_) =
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In this case, v} 5(u) in (10) can be obtained, by some simple algebra, as

S1,S _
V;Zg(u) — We (/5+Sl+s3+s4)u’ (48)

where

Vas(s182) = B0+ cpres))+ [T [T TG, (x| 0)dvdx. (49

Then, combining (46) and f; 5(y) = p(y) = Pe? from (45), mj; s(u) in (9) becomes

m;,é(”) = Cs(51,52, 53, 54) Py 5 ﬁ{e_ﬂ(l oo — ei(ﬁﬂﬁsﬁwu} +vis(u), (50)
where v} 5(u) is given by (48).

Next, 7,.5(s1,54) (or the Laplace transform of h;’z)’ s(x,v]0)) may be expressed
in terms of the Laplace transform of the interclaim times as follows. We simply
consider (50) and (48) with s, = 53 =0,

My 514(1) = Cs(51,0,0,59) g 5 fle™ 70 —emFFntsdil oy o a(u) (51

where

Vasaa(t) = Vd,s(sl,s4)€_(ﬂ+sl+s“)u (52)

Then, from (23) and (24) with w(x,y,v) =e """ we get m, 5 14(u) as
Mas1a0) = Busi@) + [T e ™0 (u+ et)dKy(0), (53)

where ;5 14(u) = k(0 + cp+ csp)e Pt and as.(x) = foxma‘,m(x -¥)
pe " dy. With substitution of (46) with s, = s; = 0 into the above equation, the
integral on the right-hand side of (53) becomes

fo T e 6y (ut ct)dK (1) (54)

= C5(51,0,0,5,) Bl (0+cB — scp)e T8N —F (5+ B+ sy +esg)e Pt

Thus, combining the expression for 8, 5 14(1) and (54) leads (53) to
My g18() = k(O +cf+ esp)em Pt (55)

+C5(51,0,0,59) L (5 + B — dsp)e " T — K\ (5+ e+ csy + csy) e Pratrond
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But, with 5, = s, = 0, one finds C;(0,0,0,0) = " from (47), and (49) reduces
to 7,5(0,0) = k(0 + cp) + fomhi& (x]0)dx = ¢, 5 from (43) and (44). Conse-
quently, from (51) and (52) with s; = s, = 0 we obtain (4) as
C_;d,(s(”) = ¢d,(s eiﬁ(li%)ua

where

bas = k(0 + cp—dscp), (56)

from (55) with s, = 5, = 0 and u = 0 (e.g. Kim (2007)). Evidently, in the ordinary

model, Gs(u) = ¢pze PV with ¢s = k(0 + cff — dpscp) (e.g. Willmot (2007)).
Now, equating (51) and (55) followed by rearranging yields

Va.s(S154) e Prsitsaun = | (9 +cf+es)) e POt Ci(s,,0,0,5,) 8 (57)

X [{E1(5+Cﬁ_d’acﬁ)_(ﬁd,g}e_ﬂ(]_%)U‘F{d)d,(;—/;1(5+Cﬁ+CS1 +CS4)}6—(ﬂ+x1+54)u].

Then, application of (56) to (57) followed by division by e #*%1** Jeads to

Vas(51:58) = K@+ cf+ 1) + Cy(51,0,0,50) Bl g5 = K0 +cf + s + esp)}.

In other words, using (47),

d)d,&ﬁlg(é"'cﬁ"'csl)"'(sl +53) k1 (6+ ¢+ esy) + Phs(s1,54)
)+ 54+ PR(O+cf + s, +esy)

Va.5(51554) = , (58)

where ky(sy,54) = k(0 + cf+es) k(d+ cf+ s +csy) — k(O+ cf+cs)) k(0 +cf+
c¢s, +¢s,). Finally, substitution of (48) into (50) together with the use of (58)
yields (32). But above k;(s,,s4) equals 0 in the ordinary model, (58) and (33)
are equivalent respectively to Equation 65 and Equation 67 in Cheung et al.
(2010b).



