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ABSTRACT

For the classical model of risk theory, we consider the covariance between the
surplus prior to and at ruin, given that ruin occurs. A general expression for
this covariance is given when the initial surplus u is zero, and we show that the
covariance (and hence the correlation coefficient) between these two variables
is positive, zero or negative according to the equilibrium distribution of the
claim size distribution having a coefficient of variation greater than, equal to, or
less than one. For positive values of u, the formula for the covariance may not
always lead to explicit results and we thus also study its asymptotic behaviour.
Our results are illustrated by a number of examples.
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1. INTRODUCTION

In recent years, interest in actuarial risk theory has focused on the expected
discounted penalty function, more widely known as the Gerber-Shiu function.
The extensive research which followed the introduction of this function by
Gerber and Shiu in 1998 has shown the advantages of the simultaneous study
of a number of quantities in risk theory. In their original work, Gerber and
Shiu (1998) studied three such quantities, in the context of the classical model
of risk theory: the time until ruin, the surplus prior to ruin and the deficit at
the time of ruin. Here we concentrate on the last two of these three quantities
and, more specifically, we find expressions for their covariance. Technically, unless
ruin is certain, both the surplus prior to ruin and the deficit at ruin are defective
random variables. However, conditioning on the event that ruin occurs, both
variables are proper and, apart from our main result (Theorem 2.1) which gives
an exact expression for their covariance, we obtain various conditions under
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which the covariance (and hence the correlation coefficient of these two vari-
ables) is positive, zero or negative.
We consider the classical risk model with surplus process {U(¢) : ¢ = 0} where
the surplus, U(¢), at time 7 is given by
N@)

Ut)y=u+ct— Y,
i=1

where u = 0 is the initial surplus, ¢ > 0 is the premium rate, and the Y;’s
represent the sizes of claims. These claims are assumed to be independent
identically distributed random variables with distribution function (d.f.) P,
density function p and they arrive to an insurer according to a Poisson process
{N(¢) : t = 0} with intensity A. The k-th moment of the claim size distribution
s uy = f()kadP(x) for k=1,2, .... Throughout the paper we assume that
13 < oo. We assume further that the claims are independent of the claim-arrivals
process.

Ruin occurs if U(r) < 0 for some ¢ > 0. Let yw(u) denote the probability of
ruin with initial capital u, i.e.

w(u) = P(U(t) <0 for some > 0| U(0) = u).

We assume that the premium loading factor 6 = (¢ — Au;) / (Au;) associated
with the surplus process is positive. Under that assumption, it holds in par-
ticular that w(u) < 1 for all u (see for example Rolski et al. (1999, p. 162)). Let
T=inf{z: U(t) < 0} be the time of ruin. Then w(u) = P(T < o | U(0) = u), and
so T is a defective random variable. At the time of ruin, the (modulus) of the
deficit at ruin is |U(T))|, while we denote by U(7-) the insurer’s surplus imme-
diately prior to ruin. Intuitively, one expects that these two variables are some-
how related and a first naive argument might be that the larger the surplus
prior to ruin, the smaller the value of |U(T)|. However, both U(7T-) and |U(T)|
are defective random variables, so that we cannot speak about their covariance,
or correlation coefficient, unless we condition on the event that ruin occurs.
In this case, we define the (proper) random variables V(7T—-) = U(T-)| T < oo and
V(T) = |U(T)||T < oo and the main focus in the present study is to consider
the covariance between V(7-) and V(T). Note that both the time of ruin, 7,
as well as V(T-) and V(T) and their defective counterparts, depend on the
initial surplus u, even though this dependence is suppressed in the notation.
However, since we consider the covariance of V(7-) and V(T) as a function
of u, we make this dependence explicit by defining the function

C(u) := Cov,(V(T-), V(T)) = EV(T-) V(T)) - E,(V(T-)) E,(V(T)). (1)

Here the subscript u denotes that the expectation (or covariance) is considered
with respect to the conditional measure, i.e. given that ruin occurs with initial
capital u.
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It is clear that the calculation of C(u) relies on quantities which are special
cases of the Gerber-Shiu function, for which a vast literature is available in
recent years. However, in Theorems 2.1 and 2.2 below we give two alternative
representations for this function, which in particular allow a study of the covar-
iance structure in terms of reliability classifications.

Note that the intuitive reasoning mentioned above for the correlation between
U(T-) and |U(T)| is no longer credible when we consider V(7-) and V(T).
Instead, one expects that the covariance, and correlation structure between these
two random variables might be influenced by the presence of reliability (or age-
ing) properties in the claim size distribution P or the ladder height distribution
P, associated with the surplus process. In fact, for the classical model we con-
sider here, it is well-known that the distribution of ladder heights (i.e. the sizes
of the drops in the surplus, given that a drop occurs) coincides with the equi-
librium distribution associated with P, which has density P(x)/u;; here, and in
the sequel, F' = 1 — F denotes the tail of a distribution F on [0, ).

The problem we address in the present paper seems not to have been studied
in detail for the classical risk model, although Li and Garrido (2002) study the
covariance of the surplus prior to and at the time of ruin for a discrete-time
surplus process. More precisely, for this model Li and Garrido (2002) consider
the covariance under the assumption that the initial surplus is zero (u« = 0);
the premium income per unit time is assumed to be ¢ = 1, while claim sizes
Y., Y,, ..., follow a discrete distribution P which has an n-th order moment g,,.
For this model, they found that

Koy Koy

ConUT 1), [UDIT <, UO)=0)= g2 =5,
1

where p,) := E[Y(Y - 1) ... (Y =n + 1)], n = 1, is the n-th factorial moment
of Y; here Y is a random variable which has the same distribution as the Y.
According to Li and Garrido (2002), this suggests that a sufficient condition
for U(T-1) and |U(T)| to be positively (negatively) correlated is that the equi-
librium distribution of P has a decreasing (increasing) failure rate (i.e. it is DFR,
resp. IFR). Recall that a d.f. F is said to be a DFR (IFR) distribution if
F(x +y)/F(x) is nondecreasing (nonincreasing) in x for any y = 0. If Fis
absolutely continuous with density f, then it is DFR (IFR) when the failure
rate hz(x) = f(x)/F(x) is nonincreasing (nondecreasing). Further, in view of
the duality between the classical model of risk theory and a single-server queue-
ing system (see, for example, Rolski et al. (1999, Chapter 5)), we note that the
results of Boxma (1984) are also relevant here, although they are not used in
the sequel.

The paper is organized as follows: the main result, along with its relation
with the HNWUE (HNBUE) reliability classes and the coefficient of variation
of the distribution P;, are given in the next section. Section 3 contains an
asymptotic result for the covariance between V(7)) and V(7-). Using the
above covariance, we also give a characterization of the claim size distribution.
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Section 4 deals with the correlation coefficient between V(7') and V(T-) for
the case where the initial surplus is zero. Examples are given to illustrate our
results.

2. THE COVARIANCE OF THE SURPLUS PRIOR TO AND AT RUIN
We defined above P;(x) to be the equilibrium distribution of the claim size

distribution P(x) and g, for k =1,2,3, ... as the k-order moment of P(x). By
Lin and Willmot (2000, relations (4.6, 5.3, 5.2)) we have

E(VD) = i [Tvmde— 512 @

E,(V(T-)) = m {fout//(u - x)xdP(x) + fuoodel (x)} - 2';29 (3)

and, finally,

E VTV = gu Uy vl = xPide + [“xPinde} = glp. @)

We also consider the distributions G,(x) and G,(x) with tails

“xdP,
Gi(u) = fwx‘(x) = [“xdP(x) = 5= G\(u) 5)
[xdP(x) 141
and
_ B Loodez(x) - 1y =
Gy(u) = W =>fu xdPy(x) = 3, G (u) (6)

here P,(x) is the equilibrium distribution of P;(x).

Note that, for i = 1,2, the distribution G, above is known as the length-biased
distribution associated with P;. Such distributions arise naturally in sampling
when the probability of selecting an individual from a population depends on its
magnitude. Another important area of occurrence is renewal theory, where G;
is the limiting distribution of the total lifetime in a renewal process with inter-
arrival distribution P, see e.g. Feller (1971, p. 371). In a context similar to ours,
the distributions G|,G, have been used by Lin and Willmot (2000, Section 5).

Let o(u) = 1 — yw(u) be the probability of non-ruin in the model. In the next
theorem we use the tail of the equilibrium distribution associated with d(u),
namely
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L wode m .
= 7
vy (1) T = v, (7)

Theorem 2.1. For any u = 0, the covariance of the surplus prior to and at the
time of ruin, given that ruin occurs, is given by

2
Cw = in { L Kz(“)—éi;j%a(u)Kl(U)}, ®)
where
aw = 5|4 -1 ©)

and K, (u), K>(u) are two non-negative functions which satisfy the following defective
renewal equations

Kiw) = 745 | "Kiu=x)dP(x) + 5 Gi(w) (10)

for i =1,2. In particular, when the initial surplus is zero, we have

coy = fo (11)
6/11 dui”

Proof. Inserting relations (2), (3) and (4) in (1), we obtain that
Cw) = gy [ = B + 1), (12)

where

1) = [ “xP(x)dx = ¢y,

5w = 25 A = () -

H2 o
200w 207 ), ¥R

w(u)

and

L) = /(;ul//(u—x)xﬁl (x)dx — 2‘;?9 [lf///l((g)) — l]foul//(u — x)xdP(x).
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We now simplify each of the functions 7;(z) for i = 1,2, 3 in turn. First, note that

1w = 42 [ “xdPy(x) = -y

and then we obtain from (6) that

1) = ¢ - 1Ga(w) = y(w)].

For the function 7,(u), we derive that

B = kg [“xap 0 [ L8 — 1]~ L w0 — yw)]

(13)
= 'u—22 a(u) [61(”) - l//(u)]»
4p

using (5) and (9) in the second step. Finally, for the function I3(u) we get

1) = 5 = [y (=) xdPy(x) = 5 2 a(w) [y (e = ) xdP ().

By (5) and (6) we see that

xdP,(x) = 2“72101(;1@) and  xdPy(x) =3’u—;2dG2(x),

respectively. Thus,

I(u) = g2 [l = x)dGy () - a(u) v = 0dG, (x).

Substituting the functions /;, I,, I3 from above into (12), we deduce that

1

Cw = gy | [yt 946, + 6o - ytw)

(14)
2
~ [ v = 3)dGy(x) + Go(w) - w(u)]}.

Integrating by parts the integral ]é"w(u — x)dG,(x) and keeping in mind that
0'(u) = —y'(u) for u > 0, we obtain
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[ =0d61(x) = w(w) = 15 Gilw) + 3= 0 Gi(x)d.

Similarly, for the first integral on the right of (14), we derive that

[ =2)d62(x) = () = T Gatw) + [0/ = ) Gox)d.

Using the last two equations, (14) yields after a straightforward computation,

Cu) = Hz/l(u)J[ [ Ga(u — x)dd(x) — a(u) f (u—x)da(x)}

By setting
K@) = 5 [ Giu-x)do), i=1.2, (15)

we have that the functions K; above are for i = 1, 2, the solutions of the defec-
tive renewal equations given in (10), and this completes the proof of the first
part. Equation (11) then follows immediately on noting that w(0) = K;(0) =
K(0)=(1+0)"and a(0)=1. O

We now make a few remarks about the function K,(u) in (15). First, we note

that K;(u) = w(u) for any u = 0. To see this, note that the tail of the length-
biased distribution of P, is always larger than the tail of P, i.e.

Gi(u) = Py(u),

see, e.g. Gupta and Keating (1986). Inserting this bound in (15), we derive that

Ki(w) = 35 [ Gilu = )dox) = 5 [ Pilu— )do(x) = p(w),

as asserted.
Let now for an integrable function f on [0,), a function 7 f be defined by

(L)W = [f(x)dx.

The operator T, is a special case of the Dickson-Hipp operator, see Dickson and
Hipp (2001). Note that the compound distribution Jd(x) can be written as

0 k
o) = 747 ,E()(l ia) P,
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where P;* denotes the k—th Lebesgue—Stieltjes convolution power of P;; for

k=0, P;° is the indicator function on the nonnegative half-line. We also con-

sider the usual convolution between two integrable functions f,g on [0, o),

which we denote by f * g, and it is defined by (f * g)(x) = fox f(x—=0g(0)d.
In view of (15), the last equation gives

_ o e+l o,
Ki(u) = lieGl(quzl(l}rg) Gy~ x)dPi (.

Assume that p;(x) is the density of P;(x). Define also
() =xp(x), x=0.

From (5) we see that

_ [Thax o,
Gi(uw) = = —— = T T fyw).

2

Combining the last two results, after some straightforward calculus we get that
K, (u) can be written as follows:

Ki(u)

1 = N 1\ 2, sk _ 2w
g0+ 3 (i) S T i — v

1 = N 1V 2mn 2p (1o
= TG+ | 3 (1) oG ri)| - 2 v

(note we can interchange the translation transform 7}, with £). We mention
further that from formula (7) in Borovkov and Dickson (2008), the convolution
(P, * pi¥)(w) is explicitly available for any k; in particular, we have that

(B P = 47 P ).

We also note that a formula analogous to (16) holds for K,(u), when p,(x) is
replaced by p,(x) = xp,(x), where p, is a density for the distribution P,.

As already mentioned in Section 1, it is reasonable to expect that the sign
of the covariance between V(T) and V' (T-) might be affected by the presence
of an ageing property by the equilibrium distribution P, associated with the
claim size distribution P. In fact, we shall need the following definition.

Definition 2.1. A distribution F supported on [0,00) is HNWUE (HNBUE), we
call this as ‘harmonic new worse (better) than used in expectation’, if for all x = 0,
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ST Fde = (S)upe,

where uy is the mean of F.

The HNWUE (HNBUE) classes were introduced by Rolski (1975) and have
further been studied by Klefsjo (1981,1982). They seem to be the largest among
the commonly used ageing classes of distributions. In particular, if a distribu-
tion is DFR (IFR), then it is also HNWUE (HNBUE). For further details on
these, and various other reliability classes, we refer e.g. to Willmot an Lin (2001)
or Lai and Xie (2006).

An immediate application of Theorem 2.1 is the following, which shows
that when the initial surplus is zero, membership of P, in the HNWUE or
HNBUE class determines the sign of the covariance between V(7T') and V(7-).

Corollary 2.1. If P, is HNWUE (HNBUE), then C(0) = (<) 0.
Proof. Let P, be HNWUE (HNBUE). Then

[T Piydr = (<) 2/‘_; 2y

Integrating with respect to x over the interval [0, ), we obtain
2
H3 > (<
3uy (= ) 2u 2 ’

and the result is now obvious in view of (11). O

Remark 2.1. Note that the ageing condition in the above result is imposed on the
equilibrium distribution P, rather than the original claim size distribution P.
It is very easy to find examples where P, is in the HNWUE or HNBUE class.
In particular, if P has a decreasing (increasing) failure rate, so does P;, hence
they are both HNWUE (HNBUE) distributions. Indeed, if P is DFR (IFR) dis-
tribution and /p,(x) is the failure rate of the equilibrium distribution, then

foo P(x+ t) _ T’l(x) _ 1
P(x) nx) e (x)

is nondecreasing (nonincreasing), so P; is also DFR (IFR) distribution. For
more details, see Willmot and Lin (2001, Chapter 2).

Despite providing some insight into the way that the variables V(T'), V(T-)
are correlated, a shortcoming of Corollary 2.1 is that it works only in one direc-
tion. There exist distributions which are neither HNWUE nor HNBUE, and
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for such distributions Corollary 2.1 cannot be used. Instead, we give below a
result which has an ‘if and only if” form, and this is based on the notion of the
coefficient of variation (CV) of the equilibrium distribution P;. We denote this
by CVp; if up,, op, are, respectively, the mean and standard deviation of a
random variable having distribution P, then one can verify that

[ s 45
3 2
CVp, = =,u1—4,u1.

Hp, M
2

(17)

Note that when a distribution is HNWUE (HNBUE), then its coefficient of
variation is greater than (less than) or equal to one, see Bhattacharjee and Sen-
gupta (1996).

We further introduce the function

a(u) Ky ()

bw) ==y

u=>0,

where the functions a(«) and K;(u) for i = 1,2 are as in Theorem 2.1. Note in
particular that #(0) = 1. Using the above notation, Theorem 2.1 admits the
following equivalent representation.

Theorem 2.2. For any u = 0, the function C(u) is given by the formula

2
Clu) = ﬁ Iv?(%) 2 (CVE+ 1) = b)) (18)

Moreover, for u=0 we have

2
C(0) = ﬁ(cvpf —1). (19)
1

The following is now an immediate deduction from the above theorem.

Corollary 2.2. For an arbitrary (fixed) u> 0, it holds that b(u) < (>) +(C szl +1)
if and only if C(u) = (<) 0.

Moreover, equation (19) gives the aforementioned characterization for the sign
of the covariance when u = 0, in terms of the coefficient of variation CVp,.

Corollary 2.3. It holds that CVp =1 (0 < CVp = 1) if and only if C(0)= (=) 0.
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We note that the Cauchy-Schwarz inequality implies that u3 < x5, which
means that

By @ o g

3w 4w T 124

see Rao and Feldman (2001). Thus, by (17) we get that CVp, is always greater
than or equal to /3/3. This means that, in fact, the covariance C(0) is non-
positive for 3/3 < CVp =< 1.

In the present context, an interesting question is whether the condition
C(0) = 0 implies that the claim size distribution is exponential. In view of
Corollary 2.3, the answer is negative, since a unit value for the coefficient of
variation does not characterize the exponential distribution, even if we restrict
attention to absolutely continuous distributions (see for example Bhattacharjee
and Sengupta (1996)). When we only consider HNBUE and HNWUE distri-
butions, however, we have the following useful result.

Lemma 2.1. (Basu and Bhattacharjee, 1984). Suppose that a distribution F is
either HNBUE or HNWUE. Then F is exponential if and only if its coefficient
of variation is equal to 1.

In fact, Basu and Bhattacharjee (1984) gave the result only for the HNBUE case,
however it is easy to see that it holds in the form given above. The above discus-
sion (see also Example 2.1, below) and (19) yield the following characterization,
keeping in mind that K,(u) > 0 for any u = 0.

Proposition 2.1. Suppose that the equilibrium distribution P, associated with the
claim size distribution P is either HNBUE or HNWUE. Then, the following are
equivalent:

(i) C(0)=0.

(ii) CVp = 1.

(iii) Py is exponential distribution.
(iv) C(u) =0 for any u = 0.

Note that the claim size distribution P is an exponential distribution with
mean g, if and only if the equilibrium distribution P, is also exponential with
the same mean. Thus, in particular, we see that C(0) = 0 if and only if the claim
sizes are exponential.

We close this section with an example, illustrating the case of exponential
claim sizes.

Example 2.1. (Exponential) If the claim size distribution function is P(x) = 1 —
e ¥, x=>0,¢&>0, then

P(x) = Pi(x) = Po(x) = ¢ <,
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while it is well-known (see for example Rolski ez al. (1999, Chapter 5)) that the
probability of ruin is given by

w(u) = 10 41_0 e Veur0) >,

Consequently, we get that a(u) = 1 for any u = 0, while

Gi(x) = Go(x) = (Ex+1)e =, x>0,

which is the tail of a Gamma(2, ¢) distribution. Moreover, from the last expres-
sion we obtain that we have that K,(u) = K,(«) and this, in turn, yields

b(u)=%=1.

By (8) it then follows that C(u) = 0 for any u = 0.

3. AN ASYMPTOTIC RESULT WHEN THE ADJUSTMENT
COEFFICIENT EXISTS

The expression for the function C(u) in Theorem 2.1 may not always be easy
to obtain explicitly. In this section, we give an asymptotic result for C(u) as the
initial capital u = oo. This is given in terms of the adjustment coefficient, R,
for the risk model, defined as the unique positive solution (provided that such
a solution exists) of the Lundberg equation,

fo “eRidP(1) = 1+ 0.

If the adjustment coefficient exists, then the well-known Cramér-Lundberg
asymptotic result [see, for example, Rolski ez al. (1999, p. 172)] gives that

“eR P (1)dt
D = lim e®y(u) = fow 1 = = 0 ’ 20
Rt Rt ( )
Uu—oo fo te™dP(1) an te™dP (1)

under the condition that fowteRfdPl(t) < oo.

Recall that P,(f) = 1— P,(2) is the tail of the equilibrium distribution asso-
ciated with P, and let P3(¢) = 1 — P;(¢) be the tail of the equilibrium distribution
associated with P,. Then the following is easily checked using integration by
parts.
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Lemma 3.1. For the functions Py(t), Ps(t), it holds that

fmeR,pz([)dt - M Q1)
0 R
and
_ _ 2
eRtI_)3(t)dt — 6460 — 3R — 3R ‘ 22)
o 3
JZEYS

We shall also need the next result, which follows from the last lemma.

Lemma 3.2. For the functions G,(t), G»(t) defined in (5) and (6), it holds that

210 — R 2

*® Rt _
fo R G(Hdt = R "

fo “eR ¢ Py(1)dt, (23)

and

— — 2 g D
6140 —31,R — 113R _,_Mfo eRiPy(nydt.  (24)

*® Rt~ _
fo R Gy(t)dt = v i

Proof. By the definition of the functions G,(f) and G,(¢), integration by parts
yields that

Gi(0) = P+ LB
and

Gy(1) = Pi(1) e sz(l)

respectively. Multiplying by e®" and integrating over (0, ), the result follows
by (21) and (22). O

Our main result in this section concerns the asymptotic behaviour of C(u),
which depends on the asymptotics of the functions

Ki(u) = e®K;(u), i=1,2.

Since for i = 1,2, the functions K;(u) satisfy the renewal equatlons (10), the
limit of K;(u) as u — oo can be obtained from Theorem V.7.1. in Asmussen
(2003) provided we show that the functions e G;(u) are directly Riemann inte-
grable (d.R.i.), see Asmussen (2003) for further details on this.
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Using an argument as in Embrechts et al. (1997, pp. 31-32), we see that if
[0 “xe®dG,(x) < oo, (25)

then ¢® G;(u) is a d.R.i. function for i = 1,2.
We now state the following result.

Theorem 3.1. Assume that (25) holds for i = 1,2. Then

. _ 1 61,0 = 3R — 3 R’ _ 2150 — u3R [ 24 _1
im Cw) = 55, & { 3R 2 LR "0
Ry o pi |5 o [24  1\3 ]
S0 [0 Rt Py(2) (ﬂz =P (26)
Proof. By (8) we obtain
lim C(u) = —~ 115 iy eR”Kz(u)—’u—g lim a(u) lim ™K, (u)}.
U— oo }gge ul//(ll) 6/11 U— oo 4/1% U— oo U— oo
(27)

First we note that, under the assumptions of the theorem, we have that
Jy"te®dP, (1) < oo, s0 that the Cramér-Lundberg result in (20) holds. Further,
the functions e®G,(u) and e®G,(u) are d.R.i., so that Theorem V.7.1. in
Asmussen (2003) applies. More precisely, and if we define for simplicity two
constants D;, D, by

D; = L}lglo R K (u)

for i = 1,2, then we obtain, using also the formulae from Lemma 3.2, that

© py— 210 — R 2py = pop

/(; eRt Gl(t)d[ 7 + W[ e t[Pl(t)dl

Dl = 3 = 3 s (28)
fo teRdPp (1) fo te®dP (1)

and
61,0 — 3R — s R* | 3 [ gy o
fooeRt az(l)dt # 'uZR3 3 +%f0 eR’th(t)dt
D 0 _ H3 (29)

2 = oo - oo
fo teRdp,(1) fo teRdp,(1)
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Next, applying ’'Hopital’s rule and using the equation (20) we see that

fime™ [t = -

Furthermore, by (7) and (9) we obtain

fimatw = fim [0 1

20 €L w0 ll
o SRy

1
0

From the last two expressions we deduce, after a little algebra, that
2 1
I}Iﬁn}o a(u) /,lzR 0 ’

Inserting this result into (27) yields

lim C(u) = {6/1 Dy — 4 i Dl(jzR é)} (30)

By substituting the constants D, D;, D, from (20), (28) and (29) into the last
expression, the result follows after some routine calculations. O

We now present an example to illustrate the asymptotic result of Theorem 3.1.

Example 3.1. (Mixture of two exponentials) We assume that the claim size distri-
bution P is a mixture of two exponential distributions, so that its tail is given by

P(x) = ge "+ (1—q)e ™™, x>0, 0<g<1, b,b,>0.

Then,

Pi(x) = qe "+ (1—gq)e™
and

Py(x) = gy + (1= gy) e
where

qbz %bz
D= gby+ A=—qb, " 27 b+ (1—q)b,
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Moreover, the probability of ruin has the form

wu) = Cie™ "+ Cye ™,

where ry,r, are the roots of Lundberg’s equation and C;, C, are positive con-
stants [see, for example, Dufresne and Gerber (1989)]. Consequently, we derive
that

_ Cl ) —ru CZ I —ru
y/l(u) - C1r2+ Czrl ¢ + C17'2+ C2V1 ¢ ?

while the tails of the distributions G,(x), G,(x) are given respectively by
Gi(x) = g2(1+b1x) e + (1 = o) (1 + byx) e ™
and

éz(x) = ¢ (1 + blx)e*lnx + (1 _ C[3)(1 + bzx)eszx’

where

g5 = 920,
3T b+ (1—q) by

This shows that each of G, G, is a mixture of two Gamma distributions with
parameters (2,b,) and (2, b,) and respective weights ¢, and 1 — ¢, in the former
case and ¢; and 1— ¢ in the latter.

To illustrate the above, we now consider a standard example, see e.g. Ger-
ber et al. (1987). More precisely, we take 6 = 2/5, b, =3, b, =7 and ¢ = 1/2.
Then, r, =1 (r, = R is the adjustment coefficient), r, = 6, C, = 24/35 and
C, = 1/35. We assume that the tail of the claim size distribution is given by

P(x) = %6’3" + %e’”.

We then obtain that
P (x) = 1770673)( + %eqx,
Py(x) = %eik + 5;,8677)6,

while for the functions Gi(x), G.(x), we derive that

Gy (x) = 0.844828 (1 + 3x)e = + 0.155172 (1 + 7x) e ™



COVARIANCE BETWEEN THE SURPLUS PRIOR TO AND AT RUIN 647

C(u)
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0.015

0.01/—
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FIGURE 1: The covariance C(u) when 0 < u < 5.

a(u)

[ay

o O o o
. . . . . .
N B O 00 N WD

1 2 3 4 5 Y

FIGURE 2: The function a(u) when 0 <u < 5.

and
G>(x) = 0.927027 (1 + 3x)e73* + 0.072973 (1 + 7x)e 7~.

Moreover, from (9) we obtain that lim,, ,  a(u) = 1.12069, while for the con-
stants D, D, and D, defined in (20), (28) and (29), we find that D = 0.685714
(=24/35), D, = 1.9064, D, = 2.03166. Plugging these quantities into (26), or
equivalently into (30), we deduce that

lim C(u) = 0.0109127.

Figures 1 and 2 present respectively the functions C(u«) and a(u) for this example.
Notice in particular that the function C(u) first decreases and then increases,
while it takes positive values for all u = 0; the function attains its minimum
value for u = 0.22944.

In the previous section we gave a characterization of the exponential distribu-
tion under the assumption that the distribution P, is either HNBUE or HNWUE.
Using a result by Sundt and dos Reis (2007), another simple characterization
can be given which does not use that assumption.



648 G. PSARRAKOS AND K. POLITIS

More specifically, Sundt and dos Reis (2007) gave the following characteriza-
tion of the distribution P of claim sizes in the classical risk model, assuming
that the Cramér-Lundberg approximation (20) holds exact.

Lemma 3.3. [Sundt and dos Reis, 2007]. Suppose that there exists a k < 1 such
that

w(u) = ke ™® u=>0.

Then the claim size distribution P is an exponential d.f- with mean pi, =[(1 + 0)R] 0
and k= 1+ 0).

Theorem 3.2. The claim size distribution is exponential with mean u; = [(1 + 0)R]'0
if and only if a(u) =1 for any u = 0.

Proof. The ‘only if” part follows by Example 2.1. For the converse, we assume
a(u) = 1, or equivalently,

1 [ v _
5o —1]_1.

Substituting w,(u) = 20y, [, w(t)dtly,, after a little algebra we arrive at the
differential equation

(fu""y/(t)dz)’ + % ([“w@yar) =0,

whose solution is

21,0

= _ My -l
fu w(t)dt = 2/1196 w(+0)

Taking the derivative with respect to u, we derive that

2,[110
Ha(1+0)°

—Ru

w(u) = 1-}-6'6 , where R =

By Lemma 3.3 the claim size distribution is an exponential d.f. with mean
u=[(1+60)R] 0. U
4. THE CORRELATION COEFFICIENT FOR ©# = ) AND NUMERICAL EXAMPLES

We now consider the correlation coefficient between V' (7-) and V(T') for the case
where the initial surplus u = 0. We write p(0) for this correlation coefficient.
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When u = 0, the distribution of the surplus prior to ruin is the same as the
distribution of the deficit at the time of ruin, namely

Pr(|U(T)| < x| T < 00, U(0) = 0) = Pr(U(T—) < x| T < 0, U(0) = 0) = P,(x),

see Gerber and Shiu (1997). Thus, by (11) and (19), the correlation p(0) is

NS i
C(0 6y dpi  CVp —1
o) = <2 - B - =A<t G1)
oh M G
3u 4,u]2

Example 4.1. (Mixture of two exponentials) We assume that the claim size
d.f. is a mixture of two exponential distributions, so that it has a density

p(x) = gbie™ 4+ (1 —q)bye™* x>0,b,b,>0,0<q<1.

Then, the moments u;, u,, 5 are given by

— ,nl _anb —
””_qb?+(1 Q)bg’ for n=1,2,3.

From (31), we see after a little algebra that the correlation coefficient is in this
case

gl —q)(b— bl)2
bibylgb,+ (1 —q)b ]’

p0) = p(0;q,by, b)) =

For b, # b,, we observe that p(0) > 0. We expect this result since, as we have
seen in Example 3.1, the equilibrium distribution of P is also a mixture of two
exponentials, namely P, is DFR, so it is HNWUE. Corollary 2.1 yields C(0) = 0,
so p(0) = 0. For b, = b,, we have p(0) = 0 (the case of exponential). In Figure 3
we consider a mixture of two exponential distributions with ¢ = 1/3, b, € (0, 50]
and b, = 3. We observe that for b, = 3 we have p(0) = 0 (exponential case).

Example 4.2. (Gamma). Let the claim size d.f. be a Gamma(a, b) with a,b > 0
and density

p(x) = Fb(a) x? e x=0.

Then, the moments u,, u,, 13 are given by

ala+1 a(a+ 1(a+2
/11=%a ﬂ2=7(b2 ) and ,U3=—( b)3( )
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p(0)
0.1

0.08
0.06
0.04

0.02

10 20 30 40 50 b1

FIGURE 3: Correlation coefficient for a mixture of two exponential distributions
with ¢ = 1/3, b, €(0,50] and b, = 3.

By (31), after some computations, the correlation is

pO) = p(0:a) = 14,

independent of b. In Figure 4 (left part), we observe that lim, 4, p(0) =
sup,sop(0)=0.2,lim, ., . p(0) = -1 and p(0) = 0 for « = 1 (exponential case).
Moreover, we have p(0) >0 for 0 <a <1 (DFR case, see also Remark 2.1),
whereas p(0) <0 for a > 1 (IFR case). Further, the correlation as a function
of a, is decreasing and convex. Finally, the coefficient of variation is given by

@ = /305y

The right part of Figure 4 shows that CV} () is also decreasing and convex
with lim,, , , CVp,(a) = v/3/3.

cv
2
0(0) 1.75
0.2 1.5
. 1.25
2 4 6 8 10
1
-0.2 0.75
0.5
-0.4
0.25
-0.6 a

2 4 6 8 10

FIGURE 4: Correlation and CVp, in the case where the claim size distribution is Gamma
with shape parameter a € (0, 10].
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Example 4.3. (Mixture of two Gamma densities with a common scale parameter,
see Lai and Xie (2006, p. 49)). Suppose that the claim size d.f. is a mixture of
two Gamma distributions with density function

PO = g gy X e (- )

a,—1 e—bx

>

)x

x20, a,a,, b>0,0<g< 1.

Then, the moments u;,, it,, (5 are given by

a a ay(a; + 1 a(a, + 1
=g+ 1= ﬂzzf]%"‘(l—@%

and

+1 +2 +1 +2
U = q a; (d] b:)y)(al ) + (1 _ q) aZ(az bz(aZ )

Using again (31), some straightforward calculations show that the correlation
coefficient is
24 — 3B

p(O) = p(Oig.ar,a) = °— ok

where
A =[qa,+ (1 =@ a][qa(a; + D) (a; +2) + (1 — @)ay(a, + 1)(ay + 2)]
and

B = gaj(a;+ )+ (1 —q)ay(a, + 1).

We observe that the correlation is independent of b and lim,,_,, p(0) = (1 —a;)/
(a; +5), the case of a Gamma distribution. Figure 5 shows the value of p(0)

P (0) cv
1.15

0.2
1.1
0.1 1.05

0.2 0.4 0 0.8 14 0.2 0.4 0.6.0.8 14

—0.1 0.95
0.9

~0.2

FIGURE 5: Correlation and CVp,, for mixture of two Gamma distributions with a common scale
parameter b, a;, = 1/3, a, =2 and ¢ € (0, 1).
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(left part) and CVjp, (right part), as a function of the weight ¢ in the mixture of
the two Gamma densities for a; = 1/3, a, = 2. As expected, we see that p(0) <0
when CVp, <1 and p(0) >0 when CVp > 1. Moreover, for ¢, = (57 —3410)/
65 = 0.730972 we have p(q,) = 0 and CVp,(gy) = 1.

ACKNOWLEDGEMENT

We thank both referees for some useful suggestions which improved the pres-
entation of our results.

REFERENCES

ASMUSSEN, S. (2003) Applied Probability and queues (2nd edition). Springer, New York.

Basu, S.K. and BHATTACHARJEE, M.C. (1984) On weak convergence within the HNBUE family
of life distributions. Journal of Applied Probability 21, 654-660.

BHATTACHARJEE, A. and SENGUPTA, D. (1996) On the coefficient of variation of the L- and
L-classes. Statistics and Probability Letters 27, 177-180.

Borovkov, K. and Dickson, D.C.M. (2008) On the ruin time distribution for a Sparre Andersen
process with exponential claim sizes. Insurance: Mathematics and Economics 42, 1104-1108.

Boxma, O. (1984) Joint distribution of sojourn time and queue length in the M/G/1 queue with
(in)finite capacity. European Journal of Operation Research 16, 246-256.

DicksoN, D.C.M. and Hipp, C. (2001) On the time to ruin for Erlang(2) risk processes. Insurance:
Mathematics and Economics 29, 333-344.

DUFRESNE, F. and GERBER, H.U. (1989) Three methods to calculate the probability of ruin.
ASTIN Bulletin 19, 71-90.

EMBRECHTS, P., KLUPPELBERG, C. and MIKOSH, T. (1997) Modelling extremal events for insurance
and finance. Springer-Verlag, Berlin.

FELLER, W. (1971) An Introduction to probability theory and its applications. Vol. 11, 2nd edition.
Wiley, New York.

GERBER, H.U., GOOVAERTS, M.J. and KAAs, R. (1987) On the probability and severity of ruin.
ASTIN Bulletin 17, 151-163.

GERBER, H.U. and SHi1u, E.SW. (1997) The joint distribution of the time of ruin, the surplus
immediately before ruin, and the deficit at ruin. Insurance: Mathematics and Economics 21,
129-137.

GERBER, H.U. and SHi1u, E.S.W. (1998) On the time value of ruin. North American Actuarial Jour-
nal 2, 48-78.

GuprTA, R.C. and KEATING, J.P. (1986) Relations for reliability measures under length biased
sampling. Scandinavian Journal of Statistics 13, 49-56.

KLEFs1O, B. (1981) HNBUE survival under some shock models. Scandinavian Journal of Statis-
tics 8, 39-47.

KLEFsIO, B. (1982) The HNBUE and HNWUE classes of life distributions. Naval Research Logis-
tics Quarterly 29, 331-344.

Lar, C.D. and XIE, M. (2006) Ageing and Dependence for Reliability, Springer.

L1, S. and GARRIDO, J. (2002) On the time value of ruin in the discrete time risk model. Working
paper 02-18, Business Economics, University Carlos III of Madrid, 1-28.

LiN, X.S. and WiLLMOT, G. (2000) The moments of the time of ruin, the surplus before ruin and
the deficit at ruin. Insurance: Mathematics and Economics 27, 19-44.

Rao, B.V. and FELDMAN, R.M. (2001) Approximations and bounds for the variance of steady-
state waiting times in a GI/G/1 queue. Operations Research Letters 28, 51-62.

Rovski, T. (1975) Mean residual life. Bulletin of the International Statistical Institute 46, 266-270.

Rovski, T., ScHMIDLI, H., SCHMIDT, V. and TEUGELS, J. (1999) Stochastic Processes for Insurance
and Finance. Wiley, New York.



COVARIANCE BETWEEN THE SURPLUS PRIOR TO AND AT RUIN 653

SunDT, B. and Dos REIs, A.D.E. (2007) Cramér-Lundberg results for the infinite time ruin prob-
ability in the compound binomial model. Bulletin of the Swiss Association of Actuaries,
179-190.

WiLLmort, G.E. and LIN, X.S. (2001) Lundberg approximations for compound distributions with
insurance applications. Springer-Verlag, New York.

GEORGIOS PSARRAKOS

Department of Statistics and Insurance Science
University of Piraeus

80 Karaoli and Demetriou Street

Piraeus 18534

Greece

E-Mail: gpsarr@unipi.gr

KONSTADINOS POLITIS

Department of Statistics and Insurance Science
University of Piraeus

80 Karaoli and Demetriou Street

Piraeus 18534

Greece

E-Mail: kpolitis@unipi.gr




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket true
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 550
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Ghent PDF Workgroup - 2005 Specifications version3 \(x1a: 2001 compliant\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [14173.229 14173.229]
>> setpagedevice




