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Preface

The monograph is devoted to investigation so-called Extreme Economics
Model constructed by author and its parameters reducing to the algebraic
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and corresponding with it   tree of numbers is

proposed and investigated Polynomial Model in form of curves high degrees
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example’s which may be   considering model economics   in the form  of
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Abstract

For constructed Extreme Economics model and its parameters reducing

to the algebraic representations 

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and corresponding with it   tree of

numbers is proposed and investigated Polynomial Model in form of curves high
degrees
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example’s which may be   considering model economics   in the form  of

     0 0, , 0 , 0 , , 0 ,k
dK dLAf K L t t K K L L L
dt dt
      

1
0(1 ) , ( 0 ) ,d u vM P C P P

d y y



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and on  base it introducing necessary and sufficient criteria’s of arising
economic crisis problem      , , , ,L L L            

       
0 0 0

1 1 1, , , ,t dt L t dt L A t f L dt
  



  
         

where K=K (t) is size of the capital in time t, L=L (t) is size of a labor
determined as      max

0
, , , , ,

a

G

L t x a t N x a t dxda    is a share of the national income

going to capital investments, C is size of consumption, A=A (t) is a
technological level, P=P(t) is a price function ,  B=B(a) is function of stability of

a labor determined as    
 




a

df

eaa 0
0

0



, B0(a) is function of  birth rate of
manpower labor, F0 (a) is function of death rate, N=N (x, a, t) is a solution of
population  problem  with regard to time-age – spaces  distributions.

         
max

2
0 1 0

0

: 1, , , , , 1 , , 0 ,
a

a dAa e da Af K L C a A a A A A
dt

             
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§1. Representation of a complex object by Polynomial model in
extreme regime

Theorem. Let any object (or process) operates so that the next time
maximizes his condition, then its state is described by a polynomial.

Proof. Let the function  ,, txuu  0,  tEx m ,
 ,,...,, 21 mxxxx  Gx  ,

mEG  characterizes the state of an object (or

process, or a substance) in a point x in time t and jLL, mj ,1 some of the
operators realizing the change of state of the object (or process) in general, and
direction ix . Then uL j is the state of a direction jx , uLj a change of state of an
object in general. It is natural to assume that the sum is formed, where, 10  j

and 


 
m

j

sn
n

j
1

1 , sn  , 0s  . We state the following principle, which has

important practical interpretation: Any system (or object) operates so that its
status as a whole was extreme (i.e. the best in some sense) in the future.

Based on this principle, we get:

1

1
max ( ) , 0,j jj

sm sL u L u s
M




 
   

 
 (1)

where 1 1
( ,..., ): 0 1, 1m j j

nm n sM j    


  
 
  

     , 0n s  given numbers.

Lemma 1. Equation (1) describes the best performance of the system (or
object) and it equivalent to equations of type

 
1 1

( )
m m

p n p n
j m j

j j
Lu L u или N a

 

  
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


k

i
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np
k YY

1
(2)
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moreover, we have
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The Proof: The necessity. We shall introduce a designation ,kYZ 

,jkY
j

X  kj ,1 . Let the condition (2) takes place then (p=n)




m nn
j jXZ

1
(3)

Let's show, validity (1) i.e.
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M j
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1 


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
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





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(3)

Let  ZkXXX ,,...,, 21 is the decision of the equation (3), then having

entered a designation
n

sn

nZ

nX j
j













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
 , from (3’) we have the following

system:

0,0...11  ssn
s

j
s
j

ss
kk

s ZXZXX  
, (3’)

As  ZkXXX ,,...,, 21 is the decision (3’) it is easy to see

11
1




  

 n

k n
k sn

n

Z

X
j j

j j
, as, hence, determinant of system (3’) is equal to zero
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j j Really, we apply a method of a mathematical induction,

and as

1213,112   sn
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 , k=2,3,4…. Let us show it’s validity at 1k , is valid,

decomposing determinant on k+1 elements of a line is received:
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As it was shown and as M , where 1
1




k

j
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n
j , i.e. it means 01k .

From 1st equation (3’’’) we have:
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
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0 т.е., from here for 


k n
j

sns
j

XZZ
1

any

n
sn

k n

n

j
k n

j
n

j j

j
j X

X
XZM








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




















1
1

0,,  .  And in this equality the

maximum is reached. Thus we have
sk s

jj
X

M
Z

1
max

1 

















.

The sufficiency: The equation (1’) let takes place. Let's prove validity

(3’). Let's designate MXZ
sk s

jjj
 












   ,

1
)(

1
. It is easy to see, that

from a condition 0
jд

д

 the system of the equations follow

kjs
k

sn
s

sn
s

k
s XX jj ,1,0 


  and from here s

k

s
jsn

s
sn

s
k X

X
j 


 or

n
k

n
jsn

n
j

sn
n

k X
X

  .  To sum last equality on j from up 1 to k, then we have,

.1
n
k

k n
j

sn
n

k X

X
j


  and then






k n
j

n
jsn

n
j

j
X

X

1

0 is a point of a maximum of

function )( , M as )0''(  . Let's calculate the value of function

).0( It is easy to see, that
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i.e. 


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j
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j

XZZ
1

. And hence
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j

n
j

 

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1

. It is easy to see that

 
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s
j

k
n
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k n
j

n
j

j
j
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0 1
1 



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



















































 
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sn

n
j

s

k
n

sn

k n
j
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j

n
j
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j

Z

1
1

11
1


































































 












 , and   ,1
0 1





k n
jsn

ss
jZZ 

from here   ,
1

0 1

nk n
j jZ 












  i.e. it takes place (3’). Thus

nk n
j

s

k s

n
sn

k n
j

n

jj

j

j XX
X

X
Z

1

1

)0(
11

1



































































 



 
. The lemma is proved.

Thus, the equation (2), (3) is optimum in sense (1’), and the tree of
numbers appropriate by this equation represented on fig. 1 also is an optimum
tree.

Lemma 2. The tree of numbers to the appropriate equations (2) and
(3’) let is given. Then there is transformation K which translates the solutions
(3’) at 1 mk on the solution (3’) at mk  , i.e.



10

KXY  , (4)

0 0 0 0
0 0 0 0

, ,
0 0 0 0
0 0 0 0
0 0 0 0

n n p

x
x

K x y z
x

y
z

 
 
 
 
 
   
 
 
 
 
 




     
     





,),,,,...,(

1
1

1
1111,11,1

nm

j

n
immmmmmm aNNNaaX 







 




 .),,,...,,(

1

1
121

nm

j

n
immmmmm aNNaaaY 







 



The proof. Let be (x,y,z) the solution , 2, 2n n px y z p n    .

Transformation (3’) in the form of ,1 imim xaa ,1
p
m

n
mm Nya  1 mm zNN ,

;1,...,2,1  mi ...3,2k Let ),,...,( 1111  mmmim Naa is the solution (2) at 1 mk . As

p
m

im

j

n
jm Na 1

1
1 




  multiplying by nx we have p

m
n

m

j

n
jm

n Nxax 1

1

1
1 




  . Here





 

1

1
11 )()(

m

j

p
m

npn
jm Nyzxa , and hence p

m

m

j

n
jm Na 

1
. Based on this

transformation, we have

 
n

m

i

n
ip

imnmp
m zyxxN 
















2

)2(
1

(4)

Formula (4) is a formula for a growing tree and can be applied in various fields
of natural science. Transformation (3’) with p = 1

transforms a solution 1

1

1
1 




  m

m

i

n
im Na to solutions m

m

i

n
im Na 

1
and then (4)

takes follows:

 
n

m

i

n
i

imnm
m zyxxN 
















2

2
1

1 1 1, 1, 1, , , ,n nn
im im mm m m ma xa i m a y N N zN where x y z        
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Thus, for any complex object described by a differential operator of equation
(1), or (2) using the vector (a1 … … am) ∈Em, which is determined from the

representation 



m

i

n
mi

p
m a

1
is reduced to its description by a finite

number of elementary objects   2, yx such as a polynomial (4 ) for xn, i.e.

curves of higher degrees such as



 
m

i

imnipnmnp
m xzyxN

2

)()2()1(

(Possibly elliptical) used for data protection or form
2)1(2

3





   mmi
m

i

imp
m YXXZXYN

where Z = X + Y and all the solutions of the equation
 zyx nn

for p = n are

represented as   ).1,0(,,1,
11

 tnptzyztx nn Note that p
m

p
m NyxP ),( is a

polynomial of degree (m-1) and xn are the class of no degenerate curves higher
degrees, which is very well used to protect information.

Remark. The basic result of the given work consists in the description of
any complex object of Economics type:

1
1

( ) , , ( ,..., ) ; 1, 0, 0 1
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

by means of a vector (a1 … … am) Em which is defined from representation (*)

1
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
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and it is reduced to its description by means of final number of elementary

objects of type   2, yx as a polynomial be relative xn:
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
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i.e. curve high degrees

( 1 ) ( )

2
2

, ( * * * )

, , ,

m
P m m i

i
i

n n p i
i

N X A X

X x Y y Z z A Y Z

 





 

   



§2.  The construction of Extreme Economics Model

It is known ([1-13]) that active penetration of scientific methods into
practice of modern economy, both in sphere of manufacture of the industry, and
in sphere of an agricultural production became prominent feature of our time. It
is especially shown by consideration of some questions, in which the decision is
connected with creation of the strict, scientifically proven methods in problems
of economy and economic development. The decision of these hot questions is
impossible without attraction of modern methods of a mathematical science.
Creation of the scientific device for research and forecasting a condition of
economic resources all over the world is one of the major state problems.
Development of methods of qualitative research and, hence, the quantitative
forecast of systems of economic development, naturally, demands all-round
studying of parameters of a business economics, cities and the countries, at those
or other values of parameters anthropogenous and social factors. Thus,
experiments with real systems are rather expensive, long and frequently
inadmissible, therefore there is a necessity of development of a various sort of
mathematical models. By means of mathematical models, there was possible a
qualitative and experimental studying of consequences of those or other planned
actions touching functioning of economic systems, direct experiments with
which are in admissible. The problem of studying of optimum values of
resources (size of the capital and a labor) is a key question and to market
economy and not having decided it, it is impossible to adjust effective activity of
the best economy. Especially, the problem consists in forecasting size of the
capital agrees the best manufactures before many countries, and in particular
before the countries of the CIS as the condition of economy of many countries
of the CIS now is at a low stage of economic development. Huge economic
recession should mention a labor market. Forecasting of resources the extensive
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bibliography is devoted to mathematical questions. Since K. Marks's work, and
also Mankyw N.G.'s work, Zanga V.B., Mitina N.A., PetrovA.A., Chernovekov
D.S., Starkov N.I., Sh. Cherbakova A.V., Alikariev N.S., and of some other
scientists studies various aspects mathematical modeling of economic systems
and forecasting of their condition. One of the first mathematical models of
Capital size is the model of the capital in view of manufacture Cobb-Douglas
and manpower - model Malthus. In particular model of the capital in view of
this or that production function not considered questions of optimization of
manufacture on parameters of manufacture and it is accepted in model Malthus,
that growth rate proportionally number and in it(her) is not taken into account
factors of age and space. In view of time, time - age and time - age - spatial
distribution works Volterra, Jeffries, Vebb, Alekseev, Svirezhev, Moisseev and
many others are devoted to development of models of dynamics of a population.
To one of the significant phenomena of a science of last time began the
phenomenological theory of growth of the population of the world S.P. Kapitsa
in which, with good accuracy the population of the Earth during rather long time
it interpreted growth as hyperbolic growth owing to square-law dependence of
growth rate on number. In these and other works bases of construction of the
device qualitative and quantitative investigations of population’s numbers are
incorporated. Development of models in view of age and spatial distribution of a
population and the problems connected to protection of rare biological kinds, are
considered in works. In these works, questions of a correctness of models of
biological populations are considered in view of age structure and spatial
distribution. Some ideas from the specified works were used for the description
of a condition of size of a labor, i.e. manpower within the framework of power
models of manpower. For a wide class time–age-spaces distributions models
described by the integral-differential equations in partial derivatives, questions
of modeling of sizes of the capital and manpower in rather general cases are
studied. One of achievements of our work is optimization of industrial models
and connected with them of economic systems such as «the capital - production
». The purpose of the given book consists in development of models and
methods of research of economic systems in view of time age distribution of
manpower and research of problem optimization productions, manpower within
the framework of models with extreme properties. In it the following questions
are considered. The solution of a problem of optimization of productions and
economic systems is defined on parameter uses of resources. Construction the
best models of manufacture also are connected with them economic systems.
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Research of the connected problems connected to describing condition of size of
the capital and a labor resource and on the basis of simulated functional of size
of a labor as integral from a number of labor. A substantiation of the received
equation for functional of a labor in cases when number of a human population
depends on age and spatial factors is held. A mathematical substantiation initial
the mathematical models connected from sizes of the capital and a labor.
Mathematical modeling of dynamics of manpower has long enough history. One
of the first works in this a direction should count model Malthus about
exponential growth of number of the human population which has served by a
basic point on creation of mathematical models. It is natural to name the
following stage of mathematical models logic model which has formed a basis
for a lot of remarkable works Volterra, Kostisin and so on. In these and
subsequent works the big attention is given the development of a problem of
construction and stability of dot models. Thus, the basic mathematical devices of
modeling in these works are the nonlinear equations of dynamics of manpower
and a population. Also it is necessary to specify K. Marks's economic works
which has carefully studied a condition of economy with the help of Kene
diagrams. Models Malthus, the logic model, and some other models have
experimental acknowledgement at studying dynamics of a population. At the
same time, not enough attention is fair was given modeling of dynamics of a
manpower in view of age structure in a class of the differential equations. For
economic systems in view of age structure and spatial distributions in our works,
there are some ideas on a question of construction of mathematical models in
view of time age distribution. In the offered book the general method the
decision of the appropriate mathematical problems with the help special entered
functional is offered and proved.

We shall propose our model Economics which is considered in our works [14-
40].

1. Productions model. It is known, that economy this manufacture and

distribution of material benefits. We shall designate through Y quantity made

production (or the national income in scale of the country) and it is function of

the capital-N, labor-L, and productivity of technical progress - A:

Y = A f (K, L) (1)
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where Y,K,L,f(.)are non negative function.according to the given law the quantity
made production grows with growth of size of the capital, work and a measure
of the current level of technical progress and these factors are primary factors of

growth of economy. As, Y = Y + (1- ) Y, the part of the received
income is designated through I = and refers to in size the investment, and
other part is designated, through and refers to as consumption.
Besides, the certain part of the aggregate profit of the country which should go
on state purchases G. To aggregate profits, it is necessary to add size of pure
export - Nх. Thus, we have the following equation of balance of distribution of
material benefits:

у = С+I+G+N X. ( 2 )
It is necessary as to note, that the size of consumption depends on the available
income that is C = C(y-T). Here Тsize of taxes which go on social security
payments poor, and payments of social insurance elderly etc. For construction of
the equation of mathematical economy we shall take advantage of modeling
manufacture (1) and the balance equation (2).

Let conditions take place:
1). All economic functions and parameters depend from sets of

parameters (t, r, e, a,x, …), where t-time, the r-real rate of interest, e-a rate of
an external exchange, a is an age of labor, x-spatial variable, x = (x1, x2...
xn)R, the R-sum of regions.

2). Rates of manufacture are defined by rates of distribution:
dydY

d d  (1’)
2. Model of the capital. Let K= K (.) size of the capital (instruments of

production, it is used by workers, monetary resources) at value of parameter t
equals K(t+ t) at t= t+ t. Then K= K(t+ t) - K (t) means a gain of the
capital for an interval of parameters t. Hence, K= I t and from here, with the
account (1) we receive the equation of the capital

, (3)
at what here it is designated

,
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For example, if that we shall receive the classical equation of the capital:

and if that we have the equation of the capital in the
following kind:

3. Model of a Labor. Work of those people who have devoted them to
work, those are quantity fulfilled workers of hours. Now in modeling, economy

for definition of parameter of work the model is used: where is rate
of growth of the population equation. Clearly, that within the framework of the
given model many important factors as the erudition, age, a floor, a nationality
are not taken into account. In this connection we shall assume, that work is
defined as functional manpower:

(4)

here is potential function of working, N=N (x, a, t) - number of

working in a point xR, age and, 0 < a < , at the moment of time t;
- accordingly the minimal and maximal age of the working in sphere of
manufacture. As shown in our works, function N=N (x, a, t) is the decision of
the following problem:

,

(5)

Here - according to function of death rate and birth rate of the

labor population , S is a border

of area R; R = region. Potential function of working,

is the decision connected to (5) problems [14] - [40]. In the
mentioned works it is shown, that the function of work determined with the

help (4) satisfies the equation where rates of growth of the
population are the decision of the following so-called equation of survival
rate:
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(6)

Here - is function of survival rate, is a factor

of birth rate, - a mortality rate coefficient, 0 < a < . The equation (6)

has one maximal material root and accounting number in a

complex - connected roots i=1,2 …. For the maximal root

takes place

> 0,     if         h =

0,      if             h=1,
< 0, if        h < 1,

where h is the potential of a labor. Hence
4. Model of technology productivity level (the Measure of the current

technological level). As

,                                                          (7)
and

,that with the account

, from (7) we have:
u,

where u =- , MPC = .
From here, in view of the equation (3), (4) and values of parameters МРК, 1-

we have:

(8)

where . Thus, the equations for
the capital, work, and productivity of technical progress have the following
kind:
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I=0 Y, C = (1-0) Y,                                                                     (9)

,

,
where is the decision (6). To the equation (9) it is necessary to add also the
equations:

.                                               (10)
The right parts of the equation (10) are rates of growth of sizes (T, G, Nx, ).
They are necessary for defining from a condition of maximization of some
economic criterion (or from a condition of minimization cost functional and
so on):
max y(u0, u1, u2, u3).

In system (9), (10) the following designation is accepted:

. In order that if at

anyone It means that , that, if ,

that is , and balance of economy

. It turns out only due to a choice of rates
changes of taxes, rates of the state purchases and pure export, and as rate of a
share of the income going on capital investments. If that occurs
increase or reduction of the national income depending on a mark of function
u. Depending on set of values of parameter = (t, r, e, x, …) the system of
the equation (9) - (10) will be transformed or in system of the ordinary
differential equations, or in system of the equations in private(individual)
derivatives. For example, if , we shall receive system of the ordinary
differential equations of 1st order:
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,                                                             (11)

.
5. Properties of Productions. Under productions we shall understand

system of elements (basic and turnaround, information and labor resources) in
result of joint functioning of which " the capital and labor " will be transformed
to a final product (or national income). The transformation of which carries out
this transition refers to as by production function and is designated through
Y=Af(K, L), where the K-size of the capital (fixed capital), L–functional of labor
resources, which depends from potential of labor resources, educationists,
serviceability, floor and age, and also number of the workers, A is technological
label. At the moment all over the world distinguish three as modeling of
productions.
a). Productions as Cobb-Douglas
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where Y0 the national income at the appropriate capital K0 and labor resource
L0. b). Productions with elastically of replacement CES (Solow):
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c). The constant proportion productions CP (Leontev )
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It is shown in works [1,2] from CES productions at 0 follows Cobb-
Douglas productions and at  the constant proportion productions CP and
from µ-production at s0 or nall productions.

It is shall out, that all types of production, i.e. the production functions
should satisfy to following conditions:

1). ],[],[),( max0max0
2 LLKKCLKf  , i.e. entrance variables smoothly are

chaining and results of activity of manufacture - the national income rather
smoothly varies at changes quantity of used resources. It is natural at
forecasting large systems, for example, economy of country.
2). F (0, L) =0, f (K, 0) =0, i.e. at absence though of one industrial resource
of manufacture it is impossible. 0),(





K

LKf , 0),(





L
LKf .

3). At К> 0 and L> 0, it means, that growth of used quantity of fixed capital
and growth of number of the workers results in growth of the national
income.

4) ,02
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
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
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f ,02

2



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L
f I.e. in conditions of pure economic growth of

manufacture (without technical progress) grows of expenses only of one
industrial resource results in decrease(reduction) of efficiency it using.

5). ),(),( LKfLKf  at 1 or    LKfLKf m ,,   at 1 , and 1m .
6). This condition provides that at proportional growth the quantity of used
resources occurs proportional growth made products or national income. We
shall notice, that all above mentioned functions submit to these conditions.

6. The basic parameters of production. The basic parameters of
manufacture are: K=K(t) is the size of the capital at the moment of time t,
i.e. K=K (t); L=L (t) is functional of a labor resource, = dK/dL is limiting

norm of replacement,
LKd

LKd
/

)/( 


  is elasticity replacement of

resources, ,
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f

f
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
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f

f
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 are coefficients of elasticity of issue on

resources, ,
K
f

k  L
f

L  are medium capital productivity. We shall notice,

that for example shows how many fixed capital an expense of labor per
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unit of and on the contrary for the preservation of the national income at a
former level f (K, L) =fс can be released at increase. Parameter defines
speeds of change of limiting norm of replacement of resources. Factors of
elasticity of issue on resources EK, EL show on how many of percent will
change manufactures of the national income at change of expenses of the
appropriate resource of manufacture on one percent. It is necessary to
note, that if to enter concept of value k=K/ L in productions, we have:
y=F (), where Y=Y/Y0, F (.) =f (,1), and F’() > 0, F”() < 0.

7. Model of the basic resources. Following our work we shall write general
economic model for definition of sizes of the basic industrial resources
K=K (t), L=L (t) and consumption C=C (t):
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Here the share of the national income Y=Af (K, L) going on process of
manufacture, amin, amax are minimum and maximum age of the workers, (a, t) -
potential function of the workers is defined as the decision of the following
problem
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A(.), B(.), f (.)  are given functions, N=N (a, t) is the number of the workers of
age at the moment of time t:
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,

     BNF ,, 0 are given functions of the arguments, and F (.) - means the death-
function of the workers, and B (.) function of their birth rate, N0 (a) - initial
number of the workers. Solving a problem we find functions = (a, t) and N=N
(a, t), and then we shall define functional of labor resources L=L (t). At a known
kind of manufacture Y=Af (K, L) from a problem (1) we shall define dynamics
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of the size of fixed capital, i.e. a size of the capital K=K (t), 0< t<tk, and    a size
consumption C=C (t) in any moment of time.

Definition. Economic system connected with manufacture Y=A f (K, L), we
shall name system consisting from the following elements: (K (t), L (t), C
(t),I(t)), where C=C (t), K=K (t), L=L (t) are the decision of system (1”).

8. General model productions: µ-production. As marked above from CES
productions, Cobb-Douglas productions follow in particular at  0 and a
constant proportion productions at . In our work by us it was offered
following modeling productions(A=1, f=Y):
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We shall notice that is higher resulted modeling productions special cases of the
given manufacture are. From production function (12) at n follows function
CES which as have noted is more general than Cobb-Douglas functions and a
constant proportion functions. Thus from production function of (12) are follow
all known production functions. We shall calculate parameters of manufacture.
Easily to see, that
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The meanings of elasticity replacement are defined as follows: 





1
1

.

Coefficients of elasticity of issue on resources are defined accordingly under the
formulas:
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We shall consider offered manufactures (12) at 0 . As F (K) =f (K, 1), it is
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the statement that the function Cobb-Douglas at 0 (and n) is a special
case our function. Similarly, at ( and n) we have
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, i.e. have
received function with a constant proportion. We shall define limiting meaning
of economic parameters (s=1)
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Optimal model of productions. Easily to see, that ranked production functions
Cobb-Douglas, CES, from a constant proportion but one parameter is not
optimized, i.e. the condition of the appropriate productions cannot be improved.
The µ- function offered us on parameter is optimized. Easily to see, that
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Substituting = * in the formula (4) we shall receive:
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Model production as (5) we shall name best model production and appropriate
economic system (K, L, C) connected with manufacture (13) best economic
system. From (13) we have
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The optimal economic systems. A triad (K * (t), L * (t), C * (t)) y =y *, where
K=K* (t),L=L*(t) is the decision (1) with production function f (K*, L*) = y *
and consumption C * (t) = (1-  ) y * we shall name as the optimal economic
system.
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The appropriate economic parameters for optimum manufacture (13) are
represented as:
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СЕS, from constant proportions there are no best condition and necessary
introduced some regularization.

§3. The optimal model productions in a class of regularization
productions of Cobb-Douglas

Occurrence of the theory of production functions is accepted for carrying by
1927 when article of the American scientists of the economist of item has
appeared. Douglas (P. Douglas) and D. Cobb's mathematics (D. Cobb) « the
Theory of manufacture ». In this article, attempt was undertaken, in the
empirical way to define influence of the spent capital and work on output in a
manufacturing industry of USA. As is known, modeling manufacture Cobb-

Douglas looks like: ),,( LKfAY  where
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where the and A is theological level, K is a size of the capital, L is a size labor
resources, 0,0,0 LKf positive constants, ),(0 LKff  at

2,1,10,121,0,0  jjLLKK  . Here parameters j characterized degrees

use of resources during manufacture. It is necessary to note, that modeling
manufacture (1) is "rigid" manufacture and does not accept the maximal
condition on one parameter. In this connection there is a question on change of
area of change of entrance parameters, functions (1). For example, areas of
change of a degree of use of resources (the capital and a labor) during
manufacture the set of straight lines лини in an individual square is
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)(max 
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 . Thus, the initial problem consists in a presence of parameter 1

and 2 a degree of use of resources during manufacture and the maximal

condition of modeling manufacture Z.
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As is known [3-6], the equation (4) we have accounting number of decisions.
Including the whole decisions of a kind from here knowing x, y, z definition size
K, L, Y for optimal modeling manufacture Cобб - Douglas is represented in the
form
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Optimization of size of the capital under law Cobb – Douglass .The given

paragraph it is devoted to optimization of process of formation of the capital

according to law Cobb – Douglass and formation of a labor on

экспоненциальному to the law. As is known sizes of the capital it is formed
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the given positive numbers 10,10   characterize economic parameters.

For example, the size  means degrees of use of resources. We shall assume,

that 10  , 12  i , where ,1     12 . Size L is characterized a

manpower and within the framework of the given work we shall assume, that

tLL 0 where  mean rate of growth of manpower, t is a time.
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of the capital it agrees the law of optimization by Cobb-Douglas and for media
manpower under law Malthus. As (3) is nonlinear model for definition size of
capital according to model ( 3 ), we use a method of broken lines Eelier, i.e.
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The optimal model productions in a class of manufactures of Cobb-Douglas
in a case m resources. In the given paragraph the model optimization of size of
the capital in a class of manufactures Cobb - Douglas in a case m resource is
offered. As is known the size of the capital in a case m resources is formed
according to the law:
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, where ,0,, f iLK ,0,0 the given positive

numbers 10,10  i characterize economic parameters, iK the size i-a
resource, i means degrees of use i-a resource. We shall assume, that 10  i ,
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, where n > s > 0.
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The statement 4.Model is optimized on : 10  i , 1  sn
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maximize function )( on set A in view of the entered designations we shall
receive the proof of the given statement and we have
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§4. On the energetic theory of population growth

The new model of growth of the population, so-called energetic model of
growth of the population is offered. It is shown; that power model it is
possible to receive from lines of groups of initial models in view of age
structure and spatial distributions.

To questions of modeling and forecasting of growth of the population numerous

works (for example, [14-40]), since known Malthus model n
dt
dn  are devoted,

to logistical model, model in view of immigration and to emigration, model in

view of age structures and spatial distributions, and also S.P. Kapitsa’s  to model

in last time. In many models or assume proportionality of growth rate to number

to the population (Malthus model), or to a square of their number (model

Kapitsa).  These assumptions impose also on some age and пространственных

models of growth of number of a population. In our work, proceeding from

some initial groups of the models, describing growth of a population in view of
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age structure and spatial distributions the new model so-called by us power will

be received. Initial group of models of growth of the population we shall write

in the following kind:
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Here N is a number population,   taNN , for a case а) and   taxNN ,, for a

cases a)-b),  ktt ,0 is time,   ,0a is an age, ],0[ LGx  , 0)(,0)( 00  aBaF

are  factors death rates and birth rate, p is parameter, 0 < p< .

a). Model in view of age distribution. Let's enter function

p
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 , 0 < p < ,                                                     (2)

where )(а is some non-negative function with a condition 



0

1)( daa . The basic

result of the given work we shall formulate as the following theorem.

The theorem. Let function ),( taNN  is a solution of a problem (1) in

case а). Then there will be a function 0)( а , 



0

1)( daa for which function

)(tL is a solution of  the equation:
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is function of survival rate of the population.
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The proof of the theorem.  We consider the case а) from (1). The first

equation а) we shall increase on - 1pN then we shall receive identity

pp NaFN
atp

)()(1
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 . The given equation we shall increase on function
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transformations we shall receive:
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we receive the proof of the theorem.

Definition. Model (1), (2) we shall name power model, and the problem

appropriate to this model power (p=2). Function (3) we shall name potential of

the population.

b). Polynomials model. The decision of a power problem is represented

as
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The remark. For definition of a population in view of age structure we

shall receive the following formula )(
)(

)(),(
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

 where )(a it is

defined under the formula and )0( from a condition 



0

1)( daa .

c). Model in view of age and spatial distribution. As is known, the concept of

potential of the population was entered in works [1-6] in case of time, age

distribution. Distinctive feature of the present work is that during change of

manpower spatial parameters are taken into account. We shall enter function
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0 0
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where function (.) characterizes the function describing   serviceability,

erudition of the population and   0,,  tax 



0

1)( daa ,  taxNN ,, is a

population of age a in a point  Lx ,0 at the moment time t also satisfies (1), б).
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where t is time, a-age, x is spatial coordinate, r=r (x) is the given function

describing speeds of change of number on a direction x, )(0 aF is a mortality

rate coefficient )(0 aB is factor of birth rate.  Using our the theorem for definition

of function (.) from (.) we have next equation
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In (4) we shall put a =0 then having taken, xatcetx  ),0,( we have the

equation of type 1)(:,
0

 
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 daeaBL
dt
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d). Model of the population for n countries in view of age distribution.

Let's assume, that the population n of the countries satisfies to the equation
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where 00 ),( FaB are the given matrixes n of the order with elements
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populations. Let's enter function     ,,,,,)(
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e). Computer experiments. For the first series of computer experiments

initial functions we take in the following kind:
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For definition of factors of decomposition (@) we shall write as
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where m=1,2,3 …, and it is solved this equation on the basis of initial the
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2 )0( ccL  we shall receive the decision the

equation 2
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3 )0( CCCL  etc. up to the decision of the required equation
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j
jm mCL . The written algorithm was programmed in language

Borland Delphi and a series of computing experiments is carried out.
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§5. Polynomials Models of Development of Losses in the Worst
Condition by Kinds with Long Settlement - a modification method of the
nearest neighbor

Now we consider questions of construction and investigating a new
method of calculation a size of losses by kinds with long settlement: a
modification method of the nearest neighbor. The proposition method is to
define a size of losses in the worst condition of system and is based on using of
so-called model of numbers tree. By using this method for a model, the data
showed and carried out some computational experiments. It is noticed that the
propose method  basis on numbers tree model, is a simple and universal method
for definition of value of Losses in the Worst Condition by Kinds with Long
Settlement and it is easy programmed on all computer languages. The receiving
formulas are controlled our calculations. As the methodology actuaries
calculations uses the probability theory, given and the long-term statistical data,
financial calculations that on faculty are in full read to a demography rates
connected with System mathematical and the statistical regularities establishing
mutual relation between the insurer and the insurant. They reflect as
mathematical formulas the mechanism of formation (education) and an
expenditure of insurance fund in long-term insurance operations. To them also
carry calculations of tariffs on any kind of insurance: life’s pensions, from
accidents, property, work capacity. The methodology actuary’s calculations use
the probability theory, given to demography and the long-term statistical data,
financial calculations. By means of the last in tariffs the income which is
received by the insurer from use as credit resources of the accumulated
payments of insurance is taken into account. Except for that rates on actuaries
are read to calculations which is connected to one of the widespread
problems(tasks) of such -statistical calculations connected to definition of norms
and conditions of insurance, is, that the sum of insurance payments minus
relying payments guaranteed reception by insurance firm (or the state
organization) expected results. Making "tree" of decisions, it is necessary to
draw "trunk" and the "branches" displaying structure of a problem. "Trees" from
left to right settle down."Branches" designate possible alternative decisions
which can be accepted, and the possible outcomes arising as a result of these
decisions. On the circuit we use two kinds of "branches": The first - the dashed
lines connecting squares possible decision, the second - the continuous lines
connecting circles of possible outcomes. Square "units" designate places where
it is made a decision, round "units" - occurrence of outcomes. As accepting the
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decision cannot influence occurrence of outcomes, it needs to calculate
probability of their occurrence only. When all decisions and their outcomes are
specified on "tree", each of variants is counted, and in the end its monetary
income is put down. All charges caused by the decision, are put down
appropriate "branch". As is known, the forecast of the future losses, using
observably average development of the nearest neighbors, usually define under
the following circuit:

On the basis of given to the circuit the model of the nearest neighbor assumes

the following (ICA 2010, CA, Cape Town): i
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and   1
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ik ,   n>s>0, k=2,3,4…….The first equation  is the equation of a

degree s with k+1 unknown and has infinite number of decisions. For allocation
of the necessary decisions it is necessary that we use echo the equation (@).
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The equation (4) we shall call “Model of the worst development of losses”
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§6. Extreme Economics and Economic Crisis

1. Model of an economic crisis. We shall consider following modeling

Economy offered in works:
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where K=K (t) - size of the capital at the moment of time t, L=L (t) - size of a
manpower,  a share of the national income - Y going on capital investments, C-
size of consumption, A=A (t) is a technological level, B-B (a) function of
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stability of a manpower determined as    
 




a

df

eaa 0
0

0



, B0 (a) function of
birth rate of manpower resources, F0 (a) - function of death rate. It is necessary
to note, that function L=L (t) is represented as
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Here  ta,  is the decision of the connected problem and refers to potential to
function of manpower resources.

Definition 1. Let entrance functions of a problem  (1) are given in ranges
of definition of the parameters, and also known entrance parameters

 0,,, 000 fAL  some production function then a vector function  ACYL ,,,,

determined as the decision of a problem(task) (1) we name modeling economy
the appropriate production function f (K, L). Thus production function  LKfA ,

we shall name modeling to manufactures.

Definition 2. We shall tell, that the modeling economy (1) is in a
condition of crisis if there are such constant positive numbers K *, L* and  for
which have places of an inequality
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during manufacture, 10   . It is easy to see, that if there is a pair   LK ,

satisfy (3)     ,1,1

00

   LdttLKdtK



i.e. has places of an inequality (4).

The statement 1. For anyone modeling manufacture of type  LKAf ,

the condition (3) is necessary and sufficient. Really, by definition of production

0, 0,f f
x l
 
 

  and ,)(0 maxmin AtAA  we have

(5)

From here, if are executed condition (3),     0,,   LKfLKf  and
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

 0

1 LdttL . The proof of the given inequality also follows from an

inequality (5). Thus, necessary and sufficient conditions of crisis of modeling
economy are inequalities (4). It is necessary to note, that numbers   LK , are
defined from the decision of the differential equation. For a presence of the

decision of the equation L
dt
dL  , we should solve the equations

  1max

0
  daea aa  all over again. Generally, if   0 a , this equation has one

maximal material root max  and accounting numbers of in a complex
connected roots of type jjj i  so we have:   ...,2,1,0,  kectL t
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of the given decomposition. For legality of the given decomposition, we should
consider a class of function   0 a for which system of function  t,cos is
ортонормированной. Numbers j also j we shall define from system
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From here, it is easy to see, that ,0)sin( 
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 

22
0

2
1 



aa

ea



 then j are

defined from the decision of the equation 20
22

0


















a
e

a
F where ,0a

parameters of  F a .

The proof.  We shall enter replacement ,0




aa
t


 т.е taa   2

0 , and

 





22
,

2
22

0

2
22

0
ttattadtdx 




22
1

2

2
22

0

22 tat  

Then we have ,1
2
1 22

22

0

0

2
















a
a

t

edte ,
2
1 22

22

0
0

2 














aa t

edte as was to be

shown we shall notice, that if to enter replacement ,0 



a
x that we shall

receive  


 0
2

2
022

1

,0,1)(0,
2

2
02 axaxxfexf

a
x














,

and therefore  








,,
2
000 aaa

x .  Similarly, we shall receive



43
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These values are used at definition of crisis values.

2. Polynomials model of economic crisis. We shall consider
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Thus maximization occurs on parameter of technology. How to exhaust an
alignment, we represent the basic equation of model a tree of numbers. Each
member of the sum of the right part (or some of them) are decomposed as the
sum less composed in the same are sedate, and members of the right parts of last
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Case 2. In this case we maximize sizes y on size of the capital т.е
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This equation such is the basic equation a tree of numbers. Solving it we find
i,

 and then sizes ,if т.е the sizes capitals and general forces.

§7. Model of monetary circulation
Monetary circulation, as is known, according to the quantitative theory
of money for cumulative demand (dependence between quantity of made
production on which purchasing demand is showed and general a price
level) takes place:
M V = P Y (1)

Here M is the offer of money, V is a speed of the manipulation of money, a P is
a price level, and Yia the quantity of the made goods and services. This equation
approves, that the offer of money defines volume of manufacture in nominal
expression which in turn, depends from price levels and quantity of made

production: М=к0Ру, к0 =
V
1 . From here Р =к0 ,,1

V
MK

y
 and therefore

between a price level and to volumes of manufacture there is an inverse
relationship. As the volume of manufacture is defined by various kinds made
production Y = (У1, У2, … .Уn) and the vector of price level Р is connected to it
P= (Р1, Р2 … Рn) the basic equation will be defined(determined) in the

following kind: (Y, Р) =МV,  where (p, y) = 


u

i
iiУP

1

. Besides we shall assume,

that price levels and volume of manufacture Р, at are functions of some
parameter ),,,,( xert where t-time, r-the real rate of interest, е-the exchange
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rate, х-the spatial factor. Then basically the equation (1) scalar product (Р, у) is

defined as:  
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If will designate through )(min t and )(max t - accordingly minimal and  maximum
levels of the prices at the moment of time t from the basic equation (1) we shall
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. The attitude of the minimal offer of money on a

minimum level of the prices equally to the attitude of the maximal offer of
money on maximal price levels. This attitude refers to as a stock of money.
Thus, at a constancy of volume of manufacture on parameters (r, e, x) stocks of
money does not change. Using the theorem of average for average value price

levels on (r, e, x) we have: )()(,
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)( min tt
ty

VMt cpср  , and therefore,

)()()( maxmin ttt cp  .The received results are fair for average values Р, M, at
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,maxmin MM cp  where feature above in sizes means averaging on time of
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Fig 3.covers, all possible cases which can arise in reality
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Depending upon that in which part of figure to be point М0 = M (У0, Р0), those
who offers money, it is necessary for a society, conduct appropriate a policy of
change of value of volume of manufacture and price levels. For example, for a
constant level of volume of manufacture У0 of the price can vary from a
minimum level up to maximal. Similarly, we can hold price levels on some
favorably all level Р0, and volume of manufacture to reduce or increase (from
Уmin up to Уmax). In result, the reasonable policy under the attitude the offer of
money is defined. At any price level, the offer will result increase in increase of
a stock of money and reduction will result the offer of money in its reduction. In
the first case when the volume of manufacture is increased, and in the second is
decreases. If the economy in the beginning of supervision is in condition М0 that
at decrease of cumulative demand connected with reduction from the offer of
money there is a transition from point М0 to point D in which the volume of
manufacture of below real level, and then in process of reduction of prices
occurs growth of economy up to level У0. In the same figure other picture is
observed also. At volume of manufacture equal У0, all over again a price level it
is increased up to Рmax, that is up to a point And, and then it is smoothly reduced
up to a point In. In result, there is a jump in economy, which is manufactures to

become maximal.     As MV=Pу, 

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a choice of their change, that is change of rates of the offer of money and speed
of the reference of money. These rates are allowable by management, and they

are defined from the decision of some of a typical problem of optimum
control. At ,t from receiving equation we shall receive the formulas:

From which at a constancy u, yAv ,, we have: 1
0 (1 ) 0MPC     

This formula characterizes time change price levels at a constancy of other
parameters (see fig. 4).

Fig4.  Dependence price levels from the real rate of interest at constant parameters

const
dt
dr

u
v

 0
0

1 ,( 


)

Fig 5. Dependence price levels from the real rate of interest at constant parameters
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If ),,( rt that we receive the equations in private derivatives of 1-st
order of next type:
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At t , the solution of this equation (with a condition 10/  r ) is submitted on
Fig 3. For solution of this equation we shall set also initial conditions

)(00/ rt   and boundary conditions such as formation (education) price levels
depending on parameter r, that is
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The received problem represents an example of problems with functional entry
conditions which are entered and investigated in works of the author [14]. It is
easy to see that the solution of equation in this case represents as:
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The equations restoration represents non-uniform integrated the equations of
type. At t we shall receive:





 max

0

0
max

0max1
00 1)()(

r

r

du
Y
u

d
Y
u

de
y
verr r

r

r 








,

where

0

)(1

1

)(
max

0

maxmax

00
max max

0

0

0

0














r ddu

Y
u

r

r

du
Y
ur

r

r

r

r

Y
u

r

















.



49

From this formula, at constants Y, u
v
1 , we have
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 . The received formula is interpreted as the

following figure.

Fig.6.Dependence price levels from the real rate of interest at constant parameters
.),( 0max0 





  const

dt
drr 

Let's notice, that figures 1,2 are identical, though is present different
boundary conditions. Similarly, we consider the case, when x  , and

).,,,( xert

§8. Model of interaction of countries with different economic
level of development

It is known, that in epoch of stable and steady growth of economics the method on the
basis of statistical processing various economic parameters yielded normal results. But
the situation has sharply changed with the beginning of an economic crisis. The
forecast on the basis of the analysis of long-term tendencies became unusable. Burst
world financial and economic crisis, which approach became for many
unexpectedness, has sharply raised the question about opportunities of economic
forecasting, about ability of a science adequately to describe complex social processes
and to predict their development. And the decision in such cases is with the help of
other methods.

Methods of nonlinear dynamics (changes) concern to these methods, economic
synergetrics, aimed on the description of none equilibrium processes, on the analysis
laws destructions old and formations of new social and economic structures. Thus, we
consider the use of nonlinear dynamics for research of economic and sociopolitical
processes in scale the separate country and the world as a whole, the basic attention
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having given the analysis: laws of formation of steady social and economic structures;
laws of transients, crises, and phase transitions from one structure to another. For
development of economy of the countries, there are countries with HP and the
countries with LP with following the circuit of development:

Fig 7.The countries with high production (HP) and low production (LP).

and mathematical model of type

2

1
( ),

n
i

i i ij i j ij j
j

dx a x a x b y
dt




   2

1
( ),

n
i

i i ij i j ij j
j

dy a y b y a x
dt




  

,1,1,0;...,1  
j

j
j

jkttni  where ;,...,1,, niyx ii  - gross national

product per capita cooperating countries with high production (HP) and low
production (LP), aij - the factor describing intensity of interaction, x 0, y 0initial
conditions (xi0> y i0, that is yi - countries - leaders, xi - catching up countries).
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Example. We shall consider a case when we have system “one catching up
country with two leaders” then the written model is higher looks like

2
1 1 2 1 3( ),idx ax d x d y d z

dt
    

2
1 1 2 2 3( ),idy by d x d y d z

dt
    

2
2 1 2 2 3( ),idz cz d x d y d z

dt
    

where x(0)=x0< y(0)=y0, x0< z(0)=z0, αj,βj,γj,a,b,c,dj are parameters of  the
equation. It is easy to see, that in the field of values

(x,y,z) ≥0:
β1d2y+γ1d3z≤d1

2/4a,
α1d 1 y+γ2d3z≤d2

2/4b,
α2d 1 x+ β2d2y≤d3

2/4c

the given system  has two equilibrium conditions of type fig. 1.
Using differential system of this example it is possible to show, that all of its
solutions satisfy to a condition for total national income

where C0 - means the left part (2) at t=0, i.e. the Gross National Product (GNP)
countries at the initial moment of time. It is necessary to note, that the left part
(2) represents GNP all countries at the moment of time t, and the right part
(integral) is energy of system (« energy of economy »). For the decision of the
received problem we shall take advantage system Borland DELPI c modeling
given on

 
t

zyx
0

0
222 ,Cdt)zc+by+(ax
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Fig.8. Results of computer experiments at a =0,1. Fig. 9. Results of computer experiments at a
=0,5.

fig. 8 then we shall receive results were catching up country very strongly lags
behind the countries of leaders.  Let's operate now the given system with the
help of parameter, a from an interval (0,1). We shall take for example parameter
a =0.5 then we have (fig 9).Thus, as a result of successful management with the
help of parameter a, we shall receive transitions of the country from crisis state
approximately in 2047 on a highway of advanced production.

§9. MODEL OF POPULATION TURBULENCE AND CATASTROPHE IN
EXTREME ECONOMICS

This item deals with a study of turbulence models of population with the
time-space distribution of age-related changes in the parameters (diffusion
coefficient) in a defined area of nonlinear equations. Consider a model
population with the time-space-age distributions :
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where )t,a,x(NN  is the size of the population at the point x, age a, at time t,

0 0 ( )F F a is death rate, 0 ( )B B a is birth rate, 0 0 ( , )N N x a is the population
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size at the initial time. On the base of our replacement
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Using the idea of the method of separation of variables for the problems (2)
formulate two classes of possible solutions:
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The definition. A population "turbulence" in the framework of the
model (2) (or (1)), we call this state population, which at a certain value of the
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The following theorem:

Theorem 1.The Equation s/s

M
)X,(Z max 1


 and the equation 




m

j

n
j

n XZ
1

are equivalent. Now we consider the equation

s/s

M x
u

a
u max

1

2

2


































(5)
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equivalent.  Indeed, under the conditions of 1.2 (5) is transformed into the
equation of the type that corresponds to the maximization of the functional (3).
Thus, equation (6)  ,xZ n

j
n is the equation of the "turbulence", i.e addressed

by the functional (3) takes the maximum value. Solve the equation (6) in the
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Theorem 3. The solution of equation (6) in the class of possible simple
solutions can be represented as
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Proof. For simplicity, the proof proceeds in the case where m = 2 and D = 1.
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 we obtain (7). Formula (7) corresponds to the maximization

problem (3) that sum of the second derivatives, which corresponds to the
"population of turbulence." Now consider the case where the population in the
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process of turbulence at which point the field reached the maximum number of
populations. From ),,a,x,x(Umax
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From this polynomial, it follows that in the case of turbulence population
behavior "forgotten" the initial conditions.
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Theorem 4. Let the representation (7 ') 3210u ,,,j,j  is a known quantity
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§10. Computational experiments

Crisis.  In next figure we show results of computational experiments with
economical crisis parameters and we defined the structure of the crisis.

Fig. 10.The structure of the crisis

Population turbulence.  Now, here are some computer simulations with
the following model data: u0 = 5000; u1 = 0.1; u2 = 0.1; u3 = -0.1; n = 2; c = 1;
x = -1: .1: 1; y = -1: .1: 1; c1 = ((c ^ n-(c ^ (2 * n) -4 * u3 ^ 2) ^ (1/2)) / 2) ^ (1 /
n); c2 * c2 = u3 ^ 2; c1 ^ n + c2 ^ n = c ^ n. For these data, the following are
some of the results of numerical experiments.
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u3=-0.1

Fig. 10. Dependence of the population turbulence

u3=0.1

size for different value parameters
u3=-0.000000004

Fig. 11. Dependence of the population turbulence

u3=0.000000004

size for different value parameters

From the given results it is visible, that at change parameters there is
"turbulence" population number.

Experiments with capital size in different case. Now we consider some results
of computational experiments with capital size in time extreme regime at next
model data =0.7,a0=1,a1=0.000001,a2=0.00000001,

f0=1,de=-0.5,be=10, l0=70 al=0.1al=0.2
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al=0.1                        a) al=0.2                         b)

al=0.3c) al=0.4                                                  d)

Fig. 12.Dependence of the capital size on time for different value parameters (case of a)-d) )

The Conclusion
Any type of Economics in different periods may by pass through the

development crises. In a broad sense, it is a process that threatens the existence
of the Extreme Economics in some organizations. Crises often come to the
organization's management suddenly. However, in practice, the emergence of
the crisis shows many symptoms: loss of income from the sale of goods (works,
services), reduction of other indicators of financial and economic activities of
the organization. Many companies are not able to overcome such crises develop
and leave the market. The very possibility of a crisis is defined risky
development of any organization that is always there. Therefore, it is advisable
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to consider the typology of crises in the development of the organization, the
causes and patterns of their occurrence, the criteria specific to the crisis. Any
complex objects (country, organization) in the different periods may by-pass
through the development crises. In a broad sense, it is a process that threatens
the existence of the organization. Crises often come to the organization's
management suddenly. However, in practice, the emergence of the crisis shows
many symptoms: loss of income from the sale of goods (works, services),
reduction of other indicators of financial and economic activities of the
organization. Many companies are not able to overcome such crises develop and
leave the market. The maximum possibility of a crisis is defined risky
development of any organization that is always there. Therefore, it is advisable
to consider the typology of crises in the development of the organization, the
causes and patterns of their occurrence, the criteria specific to the crisis.

Appendix 1. Polynomial model information security
It is possible it used at protection of the information or a kind
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where Z=X+Y and all decisions of the equation
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at p=n are
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p
m

p
m NyxP ),( is a polynomial of a degree (m-1) on xn and it is a class curve higher

degrees which are very well used at protection of the information. For example,
we shall write a class of such curves in special cases with the help of displays:

,1 m
m zN ,, 2

2
1

1
  m

m
m

m yxaxa ;...,,1,
2

mixyza imp
n

i

im  


I.e. curves

YXyxP p ),(2 , YZYXXyxP p  2
3 ),( and

223
4 ),( YZYZXYXXyxP p  , ….,

and also type YZYZXYXXN 2232
4  , Z=X+Y, which belongs to a class

elliptic curves. Pairs (x, y) is usual to name "point" which can "be put" about
other similar point of an elliptic curve. « The sum » two points, in turn, too
"lays" on an elliptic curve. Except for the points laying on an elliptic curve, « the
zero point » is considered also. The sum of two points A with coordinates (XA
is considered, that, YA) and B with coordinates (XB, YB) is equal O, if XA =
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XB, YA = - YB (mod p). The zero point does not lay on an elliptic curve, but,
nevertheless, participates in calculations; it can be considered as indefinitely
removed from a curve. Set of points of an elliptic curve together with a zero
point and with the entered operation of addition, we shall name them "group".
For each elliptic curve the number of points in group certainly, but is great
enough. The important role in algorithms of the signature with use of elliptic
curves is played with "multiple" points. Point Q refers to as a point of frequency
rate k if for some point P k time it is executed equality: P = Q + Q + Q +. + Q =
kQ. If for some point P there is such number k, that kP = 0, this number is
named the order of point P. Multiple points of an elliptic curve are analogue of
degrees of numbers in a simple field. The problem of calculation of frequency
rate of a point is equivalent to a problem of calculation of the discrete logarithm.
Follows noticed that reliability of the digital signature is based on complexity of
calculation of "frequency rate" of a point of an elliptic curve and. Though
equivalence of a problem discrete logarithm and problems of calculation of
frequency rate also is proved, the second has the big complexity. For this reason
at construction of algorithms of the signature in group of points of an elliptic
curve appeared possible to do without shorter keys in comparison with a simple
field at maintenance of the greater stability. A confidential key, consider some
random number. The open key considers coordinates of some point on elliptic
curve P which is defined as P = xQ where Q - special image the chosen point of
an elliptic curve named « a base point. Coordinates of point Q together with
factors of the equation specifying a curve, are parameters of the circuit of the
signature and they should be known to all participants of an exchange messages.
From here follows, that anyone "modern" cryptosystem can "be shifted" on
elliptic curves.

Appendix 2. Algebraic representation of tree numbers of some differential
models

The Model of Tree Numbers

Definition of numbers tree and its representation. Let N is some natural
number. We shall tell, that the number N forms a tree of numbers if there will
be natural numbers 2, mn and integers maaa ,...,, 21 for which

n
m

nnn aaaN  ...21 , (1)

and in turn some ja (or all) represented  as
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mmaaaa n
jm
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j

n
j

n
j  121 ,...

1
(2)

and some ija of (2) also can be submitted as

121 ,...
2

mmaaa n
ijm

n
ij

n
ij  ,…,

and at last decomposition takes place

n
jijj

n
jijj

n
jijj kkmkm

aaa ...2...1... 111
 , (3)

in which members of the right part (3) cannot beat are submitted as the final
sum composed n-th degrees of some integers so-called by a basis (basis) of a
tree.

Conceptual Model of Numbers Tree in general case is given in fig. 1.

Fig.1. Conceptual Model of Numbers Tree in general case

So last a level the tree consists of the sum such as (3).base elements can enter into each level a tree,
therefore from each level we take only those elements,

which not представимы as (2), (3). Then in result the number N is uniquely represented as

,...1
q

qq
j

n
jijjj

n akN (4)

where
qj

k - number of occurrence of a basic element
qjijja ...1

in a tree of numbers.
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We shall consider a problem for number N and a vector 2),,...( 1  kaaa k from the
equation

,),(max aN
M
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
 where
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The set M represents a measured curvilinear spheroid and at 2,1  ns turns in
usual m-a measured spheroid. Using theorems 1 from work [12] we shall
receive:
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Thus, this equation is optimum in sense (4), and the tree of numbers
appropriate by this equation represented on rice. 1 also is an optimum tree.

Now, we consider  questions of the best representation some character of
any objects (elements) with the help of some properties (elements) given object
and its applications in some cases where distributions processes of growth
processes,  heats and waves processes, diffusion processes, at some parameters
values take place in the maximal regimes. Extreme regimes of such physical
processes are arising in the case when the values of their parameters are
chaining in some given set. They can be an accumulation of the warmth,
particles, wave energy in some areas where the considered physical processes
are arising. Series computational experiments also carried out with models data
for some considering heat transfer processes under complex conditions and in
extreme regime. LetНand L - some normalized spaces and the set of M is given
.Let's assume, that for any objects (elements) Hz and any properties of objects

mjLjx ,1,  norms ,HzP  ,
Ljxjh  1,,1  mmj and also ways of display

of properties of the considered objects are determined. For example, we can
define their norms in the appropriate spaces, i.e.
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Definition. We shall tell, that any object (element) Hz is in the best
way submitted with the help of some properties (elements) ,Ljx  mj ,1 ,

if for some element M0 fairly a parity
ss
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For anyone 0s and

. ns .

The Theorem 1. That the object (element) Hz  the best is submitted
(maximal) image through properties ,Ljx  mj ,1 , it was necessary and enough

that had places about parity:
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Example 1. Distribution problem of resources. As an example it is possible to
result a problem of representation of a monetary stream, or a word at coding etc.
as the sum m numbers:
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Last equation for anyone m > 2, n > 1 has accounting number of integer
decisions mhhh ,...., 21 and P .

Example 2. Growth of plant.  Let us consider model of growth of plants
with m, m2 parts (for example, roots, trunk, leaves, buds). Let first part makes
means of production biomass 1x , which can be spent for development of all

other parts of plant. Let
______

,2),( mjtx j  are biomass of part now of time t.
Development of plant we shall set to the following model:

___
00

11111 ,2,)0(,)0(,),,( mjxxxxxxlxfx jjjjj 


 ,
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max)),(()(  kt ttxI
k

 , kttMm  0,),...,1(  ,

where mjjx ....,1,00  are given numbers, (.)ff  the law of formation of a

new biomass, l - size of  photosynthesis parameters.   On the base of our
theorem Bellman function

correspondents to optimal control problem   satisfy next equation
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Example 3. Differential equations with extreme properties. Many
processes (distributions processes of heats and waves, diffusion processes)
belong to so-called model equations with extreme properties. In the general case
such equations may be represented in the form of:
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are given operators, which characterize the considered physical processes.

Let it is given area mEG  with border Г: jГГ  , and then it is known, that

the temperature mode inside area G and wave process  satisfy to next
equations[2]:
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mjjkk j ,1),(  are coefficients of heat conductivity (or wave velocity)

characterizing a version of environment. We shall make the following
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  ....1 Mm   The equation of heat conductivity (1) corresponds (meets) a

case when s=1, i.e. heat exchange occurs under the usual law of Newton.
Therefore at a choice of a set of parameters  m ...1 from M ats=1. Then we

have the equations with extreme properties
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And therefore, on the basis of the basic theorem we shall receive the nonlinear
equations of type
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The right parts of last equations corresponds to a maximum quantity of heat and
a wave in area G, formed as a result of maximization of the previous equations
(2) on a set 1 sM .  For the solutions of last equations (for example, the first

equation (3)) is necessary to set a class of possible solutions or simple type,
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The Lemma 1. Let area G is a rectangular with the sides: l1, l2 , And in  the
first equation (3) is given (similarly for the second), and also are given initial

and boundary conditions:     Gxxxxutu  2,1,2,100 , 2,1,00  j
jljxu

jxu . Then the

solution is represented in the following kind:

  ,2
2

2sin1
1

1sin21
12,1 1121

2,2,1 x
l

n
x

l

ntnnc
e

nn nnD
ll

txxu





 where
21nnD are coefficients

Fourier of function  2,10 xxu , and parameters cnnc 
21

are the solutions of the

coordination equation ncncnc  21
, 2,1,...,3,2,,

2

2

1

1
21




























 jjn

n

l

nn

l

n
nnnc

 .
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The Lemma 2. Let 2EG  is a rectangular with the sides l1,l2 and next initial
and boundary conditions are given

    ,00,2,120,2,100  ixuxxuttuxxutu Then the solution of the

second equation (3) is represented as

  














121

sin
21

cos
21

,2,1 2121nn
tnncnnBtnncnnAtxxu    

22
2122

sin
12

1112
sin

l

xn

l

xn   ,

where
21 nnc =     nn

l

xn

l

xn
n 












 













 

22
212

12
1112 2  ,

21
,

21 nnBnnA are defined

from initial conditions.

Example 4. The function  . Let there is a bunch of particles with the
certain pulse and some energy. It is known, that such bunch of particles is
described by wave function , i.e. amplitude of probability. This wave falls on
the screen in a crack, and is further from these cracks leaves as a spherical wave
and on the following screen, these waves are unreferenced. Summing wave from

the top and bottom cracks of the screen is organized as a wave kj

k

j
kj  




1

, ,

where 2k for one particle and mk 2 for m particles, kj accordingly shares
of waves leaving cracks in general summing waves. We shall assume, that




 
k

j

sn
n

kj
1

,1 where kj
n the appropriate probabilities, sn, parameters of the

environment of distribution (for example 1,2  sn ). Then considering
integrated approach wave function, i.e. kjkjkj ihhiPP   *, on the basis of
a principle of optimum representation we have:









k

j

sn
kj

s
kj

sn
k

s
k

k

j

n
kj

n
k hhextrPextrPhextrP

1

**

1
, ,where extr=(max  at n>s, and min at

n<s). The first formula is characterized probability of particles detection, and the
second is interference picture. Using  - transformation

kPextrykkhkihxkih 
'

11,'
1 , kPextrzkP 

'
1 we are easily established

connections by conditions for various particles. Here (x, y, z) is some solutions
of the equation nnn zyx  .

Example 5. Some properties of  function and it application. Let's
consider so-called  function:
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,0,
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
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where х, y - positive numbers, n, s - natural numbers, .10 

Properties 1. Function 10),(   in a point
n
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nynx

nx















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has maximal, and at ns  minimal values equal ,
1

nnynxz 




 

i.e. ,nznynx  where )(
10

max xz 
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 at ns  and )(
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min xz 
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 at ns  .
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,

1

1
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n

sn

sn
n
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

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








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








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














 

that from a condition 0
*





d
d we have

n
sn

nynx

nx















* , 10   . It is easy to see, that ,0

*
2

2





d
d at ns  and

,0
*

2

2





d
d at ns  . Hence, the point 1*0*,   at ns  is unique

point of a maximum of function  : *)()(
10

max 





 xz and at ns  is a

unique point of a minimum of function  : *)()(
10

min 





 xz . Besides

nnynxz
1





  and .nznynx 

Properties 2. If (x, y, z) is the decision of the equation nznynx  at

some n the point
n

sn

nynx

nx


















 is a unique point extreme of the functions

.10),(  

Really, let (x, y, z) is the decision of the equation nznynx  . As
szsnzsysnysxsnx  , having entered designations

sn

z
ysn

z
x 
















  ,

, we shall receive system of the equation be relative (x, y,
z):
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Last system is relative ( szsysx ,, ) has the unique decision (it is a positive) as the

determinant of system is equal to zero .01det   sn
n

sn
n

 . From here

n
sn

sn
n




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Properties 3. All decisions of the equation
nznynx  are represented in

the following parametrical formulas:   10,1,
11

 ttzytzx nn
,        (*)

where t and z any positive numbers, and sn
s

t   , 10  , nkz
1

 . Really, using
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
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
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of the algebraic equations be relative (
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As the determinant of system is equal to zero it has the not trivial decision
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   and having entered designations



70

sn
s

t   all decisions of the equation nznynx  we shall copy as (*).

The remark. For any decisions (*) are fair estimations

1). 2 ,,
1

2 nsszn
s

sysxsz 


 2). ,,
1

2 snszsysxszn
s



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also for them takes place formulas:
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
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Corollary. At n > 2 decisions (*) are not the whole positive numbers. It is
necessary to note, that at n=2 decisions (*) can be integers and no integers. For

example, all decisions of type (*) at
2

2 1
2











j

jt are integer’s numbers and they

are represented as:
2

12
,

2
12

, 





jzjyjx at odd j and






 





  12,122 jzjyjx at even j,              j=1,2,3,4, ….

2. Some examples of Numbers Tree

Now we shall consider now examples of Numbers Tree for different
numbers.

1). Let 2,25  nN , then we have

Fig.2. Model of Numbers Tree for 2,25  nN

25

2
2

2 2
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2

2
2

2 2
2

Root

Level 1
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- means quantity (amount) of an element of the given top of a tree, and
number on edges paw decomposition. From here follows, that representation (4)
takes the following kind:

2222 16122925  .

2). Now we shall consider number 50N .

Fig.3. Model of Numbers Tree for 50N ( 2222 322421850  )

3). 75N .

Fig.4. Model of Numbers Tree for 75N ( 2222 423622775  )

4). 100N .

Fig.5. Model of Numbers Tree for 100N and therefore
2222 6448236100  .

k
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Root
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1 Root
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3
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(48, 64)

1 Root
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3

2
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5). 125N .

(48, 64)

Fig.6. Model of Numbers Tree for 125N ,
22222 6448336327125 

(45, 60, 100)

125

(27, 36) (36, 48) (38,48, 80)
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2
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3

2
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or



73

6). 2,625  nN .

Fig.7. Model of Numbers Tree for 2,625  nN

( 222222 25619241446108481625  ).
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75

7). Similarly, for 3125N we shall receive representation

Fig.8. Model of Numbers Tree for 3125N

222222222 102476855769496432837232442433125  .
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For cases when 2n not always it is possible to construct graceful
examples. We shall result one example. Let 3,35  nN , then

Fig.9

From the given example follows, that we have not received a tree, but only
it(him) ветку. We shall name such "trees" not growing trees.  For growth of such
tree it is necessary to make "cuttings" from another (for example) 2n a tree and
to insert them into not growing trees. For example

Level 2

Fig.10. 22244 8412198  .

4. Economical interpretation, structure of a tree of solutions. The tree of
decisions represents one of ways of splitting of set of the data on classes or
categories. The root of a tree implicitly contains all classified data, and leaves - the
certain classes after performance of classification. Intermediate units of a tree
represent items (points) of decision making on a choice or performance of testing
procedures with attributes of elements of the data which serve for the further
division of the data in this unit. Usually] the tree of decisions is determined as
structure which consists from Units - leaves, each of which represents the certain

(2, 3)

35

3

3

3

1

(1, 2, 3)

(1, 4, 8)

or

4

2

1 Root

Level 1

2

3

3

4
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class; Units of acceptance of decisions, специфицирующих the certain test
procedures which should be executed in relation to one of values of attributes; the
unit of acceptance of decisions is left with branches which quantity corresponds to
quantity (amount) of possible(probable) outcomes of testing procedure. It is
possible to consider a tree of decisions and from other point of view: intermediate
units of a tree correspond to attributes of classified objects, and arches - to possible
alternative values of these attributes. The example of a tree is submitted on figure.
On this tree intermediate units represent attributes supervision, humidity, is windy.
Leaves of a tree are marked by one of two classes P or Н. It is possible to count,
that P corresponds to a class of positive copies consultation, and Н - to a class
negative. For example, P can represent a class " to leave on walk ", and Н- the
class " to sit at home ". Though it is obvious, that the tree of decisions is the way of
representation which is distinct from inducing rules, the tree can compare the
certain rule of classification which gives for each object having the appropriate set
of attributes it is submitted by set of intermediate units of a tree), the decision to
what from classes to attribute (relate) this object (a set of classes is submitted by
set of values of leaves of a tree). In the given example the rule will carry objects to
class P or Н.
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