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1) Mortality/longevity risks make the market incomplete then there
is not an unique risk neutral measure for the valuation of the SCR.

2) Potential model misspecifications and uncertainty about
economic/mortality parameters.

Contributions of this article:

a) Analytical formulas for the calculation of BE & NAV of
participating life insurances with death benefits. Approximations of
the SCR.

b) Model misspecifications and uncertainty managed by considering
the worst case in a set of equivalent risk neutral measures,
constrained by the entropy of the change of measure.
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Financial Market

Financial market: d assets S; = (S2,S},...,S771)T. The asset
S9is a bond (discount factor). If BS = (B?,...,B¢™1) are BM,

dS:

—t = psdt+¥sdB?,
St
where us = (po, oy ptd—1) and s is a (d — 1) x (d — 1) matrix.
Investment strategy: constant proportion: s = (g, ...,04-1)".
The total asset, denoted by A;, is equal to H;St and its dynamics is
defined by:
dA;

= 01 pusdt + 05T sdB? .
t
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Mortality rates

Individual of age x. The probability of survival till age x + t is
equal to the next expression:

tpx = P(r>t)=E (e*fot s \.7-"0) :

If 1g(s) is function of time where the hazard rate is a random
process led by the following dynamics (Bs = (B?, ..., BY))

O'TO'
dAs = <Md(5) -

) ds + o dBs,

We define a “mortality account”, SM, with a growth rate equal to
the hazard rate:

sM.— elo dXs

H . . . M
SM is a geometric Brownian motion dssﬂf,, = pug(t)dt + o) dB; and
t
M
is such that 7_¢py1r = E (%T/”]:t) '
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Liabilities
Saving contract purchased at age x

@ Minimum guarantee rate g

@ p participation rate to the appreciation of A, credited every
periods of length A (times t1,...,t, = T)

Survival: lump sum Lt paid at expiry T :

. A
— | I A tk A
LT - ¢ (eg [pAtk1_eg] )
k=1 +

Death guarantee: if t;_; <7 < t; , a multiple a of the saved
capital is paid:

J
A
Ltj = aC H <egA + [PAttk — egA] )
1 +

k=1 k—
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Best estimate

If the risk neutral measure is denoted @, the Best Estimate at time

tj is given by
i 50 A
BES = C[] = (egA+ {PA . fegA} ) x (1)
k=1 Ttk t—1 "
o5 ] (e e %)
j=i+1 k=i+1 StAk/IAt,-,i Sg St’\f 52(
A n J
(egA+ o e ) lfo> > 11
et + j=it1 k=it1

s, S A
EQ k—1 k—1 egA + [p [T egA:| |]:, .
( ank/’ S8, Aty + t

Problem: the market is incomplete (d + 1 BM , d assets,
mortality) + uncertainty on parameters.
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Risk neutral measures

We rewrite the joint dynamics of financial assets and the mortality
account as follows:

ds;

5 _ ( Hs >dt+( s 04-1 ) ( dB? )
ds; 1a(t) 0d(0:d—1) 0Od(d) dBy
S ;

o p dB;
ds;

St

Any equivalent measure Q to the real one, is defined by the
following Radon Nikodym derivative

t t
J9Q = exp (—1/ TIT.ds — / 'Y‘sTst> ,
t 2 0 0

—1
if we choose T := < s (M‘Z_ rlq) ) then discounted assets prices

dP

% are martingales under @ whatever the parameter v € R and

t
r € R™! Uncertainty on both (v, r) and r # po...

D. Hainaut Robust SCR in SII



Risk neutral measures

Under @ , we have

rl
d
L pa(t) +og T | dt + zdw,.
> ()

=pm(t

We consider as eligible pairs (v, r), those for which the entropy of
Z—g is bounded by

d
EQ In £

dP
where U € RT is a parameter chosen by the insurer and directly
related to its level of risk aversion.

1
Fo> §§U2t vVt e RT.
t

This constraint is equivalent to impose a bound on the integral
1 [fer 12 +
— [ T, Teds < U<t Vvt e R™.
2 o 2
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Risk neutral measures

Set of equivalent measures

If the entropy is bounded, admissible pairs (r, v) are in the domain

A={v,r)|v <v<ov",r (v)<r<ri(v)}

where

vt = — (1T (555) s — 1)

N 2] (SsE) M1+ /Do)
) = 217 (Es5J) "1

D(v) = 4 (,,L} (ZSZJ)_I 1)2 4 (1T (ZSZST)_I 1)
x (,g (zszg)fl s — U? + Uz) :
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Risk neutral measures

The robust best estimate is defined by the maximum of non
robust BE's over the set A:

BE = max BERY i=0,1,..T (2)
NS

25 T T T 0.6

0.5
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Robust Best Estimate

(v.r)

The robust BE is easy to determine because BE,-Q admits a

closed from expression.

Let us define

. Sty . St_ A
Wi(r,v,i, k) =E? (JE°< ;Msg : [pAt:kl —egﬂ |Feoeea | 1T
k k -

4L

_ o (R Rl ) (pelr0T>" ()0 (d3(9)) — €20 (d2(0)))

. 1 A
wz(r: ik) = E€ (531EQ <50 {P% - egA:| |]:tk_1> |}—t;>
i ty—1 +

= e (pe(“gTzzTe")A<1> (a(9)) — 5“0 (62(9))) '
Where

no—(g—1s—c2 no(e—r—20TssToroTssT
d1(0):| p—(g—na—c3)a c(6) = Inp—(g 2075576040 55T eg)A

6TEs TOvVA ?
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Robust Best Estimate

BE Cont'd

And d2(0) = di(0) — oAV, @(8) = c1(9) — VOTEZT6v/A . The best
estimate is then

S?
BE, = CH rea { AAi—egA} x V(i)
thk—1 +

where V(i) is defined as follows:

P (e e
V(i) = a e k=1
(i) Jmax e > [T (

j=it+1 k=i+1

+ (V0,0 KL eeyy + V2(r i) ey)

_ai ﬁ ( Afrk 1 Hm(s) S—i-\U(r’U,I,k))

J=it+1 k=i+1

z —r - tk s)ds
+ H <e(g )A frk71 Hpm(s)d: +\U1(r,v,0,k)>:| )

k=i+1
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Robust NAV & SCR

The NAV is then a measure of profitability defined by:
NAV, = Ay — BE (3)
The SCR for a level of confidence 8 = 0.5% is
P (NAVo — NAV;, > SCRI) = 3.

This is simply an approached value of the 0.5% Value at Risk
(VaR) of the NAV:

P (E(NAV,, | Fo) — NAV,, > SCRy) = 8.

under the assumption that NAVy = E (NAV,, | Fo). A natural
definition for the SCR & prospective SCR is then

P (E (NAV,, | F,) — NAV;,, > SCR,) = 1—(1-8Y",
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Robust NAV & SCR

Distribution of the NAV is unknown but we can approximate it by
matching a random to its moments, that admits closed form
expressions

NAV Moments
The NAV moment of order u at time t;:

E (NAVY|Fo) = Z [(;) (=Cx V)" A" ﬁ [i

k=1 1=0

(e Bl orsensna]

where h(k, u, I, m, p) is the following expectation under the real
measure:

sM A u=mtp [ G0 @ I{170}
h() = E|—Z5~ (= ) . | F
2 ( St (Atk—:l s {pA:tfl >egA} [Fo
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Robust NAV & SCR

The function h(k, u,l, m, p) admits a closed form expression. E.g.
If 1 #0, h(k,u,l,m, p) |sequa|to

h(.) = exp ((u —m+p) (95Tu5 - %972279) A—m <uo - %eJZZTe()) A)

t 1 1
X exp (—/ ud(s)ds + fed ZZTedA) X exp (Eﬁ/) (1 — ®(Xmin — Yypoxy))
t—1

where ®(.) is the cdf of a N(0,1) and 7y, pxy , Xmin are constant
and equal to

Vo= \/((u—m—f—p)@—meo—ed)TZZT((u—m—i—p)G—meo—ed)\/Z.

. [GTZZT ((u—m+p)d — mey — eq)] VA
P o= A VOTIE 0 '
—Inp— (s us —307EET0) A
Xmin 1=
VOTZYT0VA
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Robust NAV & SCR

The distribution of the NAV for the SCR calculation is approached:
© By a Gaussian law

NAV, ~ N( gausjajgaus)

(matching of the 2 first NAV moments for determining
gaus _gaus
Hj 0] )-
@ By a NIG law

’ J

NAV,, ~ /\//G( gous 18 o 5n,g)

(matching of the 4 first NAV moments for determining
gaus nig nig cnig
pEe, a8, 01%)
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Numerical illustration

2 assets: SO cash and S!.

Value Value
0, 0,
s < éé: > Std. Dev. ( 125<2 >
wq(t) Gompertz-Makeham od 0.10%
SO 1 —020 0.05
Correlation st = —-0.20 1 0.05
sM 005 005 1
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Numerical illustration

Parameters of the participating policy:

Parameters Value Parameters Value

g 1% ! 1
p 90% C 100
X 50 T 10
01 60% 0> 40%
Ao 110 U 0.75

The non robust BE and NAV are evaluated with the assumptions
that r = risk free rate and v =0
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Numerical illustration

Robust NAV and BE (NAV, ~ 10 , BEp = 100) are more conservative
than their non robust equivalents (NAVy ~ 18 , BEy = 92)

% Robust & Non Robust NAV 108 Robust & Non Robust BE

BEU) Robust
BE,)

Ry

5 90
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Numerical illustration

The impact of Robustness on SCR is limited. The Gaussian
approximation underestimates the SCR.

NIG approximation Non Robust | Gaussian approximation
t R2CR(%) R.SCR(€) | SCR(€) | B3R (%) R.SCR(€)
1 20.89 21.12 21.65 16.71 16.90
2 25.21 25.69 26.10 21.90 22.32
3 28.02 28.75 29.15 25.70 26.37
4 30.20 31.20 31.60 28.87 29.84
5 32.08 35.38 33.75 31.69 32.96
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Numerical illustration

ALM strategy: the performance,%, and risk, %, can be

adjusted by the asset allocation. Here measured at year 1 and 5 (%

of S1).
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Conclusions

e Misspecifications and uncertainty are managed by considering
a set of equivalent measures, with bounded entropy.

@ This bound can be calibrated to match BE and SCR estimates
from a more complex internal model.

@ The relative simplicity of the model allows us to obtain closed
form expressions for most of quantities of interest as BE and
NAV moments.

o Potential shortcomings induced by the Brownian dynamics are
partly compensated by the robustness of the procedure.

@ Using A robust model leads to a prudent estimate of the NAV.

@ However, this does not systematically increase the solvency
capital requirement.

e Efficient tool to optimize the asset allocation strategy.
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Thanks for your attention!

References: Robust SCR valuation of participating life insurance
policies in the Solvency Il Framework. Insurance: Mathematics &
Economics, Volume 79, March 2018, Pages 107-123

D. Hainaut Robust SCR in SII



