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e The problem

e How does Algorithmic Differentiation work?
a Example of our AD approach
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Unknown:
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Do you really think this car drives efficient, and into the intended direction?
Note: There is one shared and limited resource — one common fuel-tank

Very foggy / no view

Alignment on:
» Steering incentives

» Direction
* Impact of any business
decision

Chief Actuary CFO CRO Chief Investment
Officer



Knowing all sensitivities could help!

Can we meet the sensitivity challenge?
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The problem




The Problem

e Underlying Question:

— How does ,my*“ value (e.g. Market Consistent Embedded Value ...) change if | slightly change a specific input factor
(e.g. 1 year EUR interest rate, EUR/USD, mortality of customer segment y, probability of default ...)?

e In technical terms:
— Calculate the sensitivity to a parameter in a given market scenario or stress scenario.

e In mathematical terms:

— Calculation of the partial derivative %(x) of a target function f at a given x = (%4, ... Xy ).

In real life we want to calculate many (!) sensitivities of a financial measure to its
parameters.

Traditionally, this is a computationally costly challenge.
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Standard Approaches & why th.ééky
- Bumping

®N_ 0

Approach 1: Bumping
Estimate by perturbing x slightly.

f/(x) zf(x) _Z(x-l_h)

(note h=(0, 0, 0,...,¢,....., 0) for higher dimensions)

Challenges & causes of failure:
e How large is h? 10bp,3bn ...?
e For one sensitivity the base function f need to be calculated two times, i.e. f(x), f(x + h)

e So, if it takes 10 min to calculate the target function, then
— one (1) sensitivity calculation takes 20 minutes,
— 15 sensitivities (to different parameters) takes 10min *(15+1) = 160 minutes.
— 100 sensitivities (to different parameters) takes 10min*(100+1) = 1°010 minutes =~ 17h
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Standard Approaches & why the%féiil; :
- Calculation of the derivative fuaction.- ——

Approach : Calculate the (partial) derivative function and calculate:

a—f(x) of a target function f(x) at a given X = (X, ... Xy)
axi

3_sin(x)+x-20

Example: f(x) = >x (2+5)

+ In(x + 2)

f'(x) = ... remember effort you spent at school ...
Challenges & causes of failure:

» Error prone to calculate all derivatives (assume x = (x4, ...Xy)) then you need to calculate N patrtial
derivatives

» Big efforts to program and in particular to program into existing code

o -Substantial maintenance efforts, assume you modify base function f(x)
11
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What we need is a “constant pe’r%pljmance apbroac

We want the magic.
The magic exists and is called Algorithmic Differentiation
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Number of Sensitivities
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Examples of different kind & AD }Approach
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Example: Fair value valuation of 1°000°000 insurance policies.
e Assume there are 50 input parameters x = (x4, ..., X5¢)
e These 50 input parameters are representing risk free interest rate curve tenor » %75 credit
e # input parameters << # output values

Question: Sensitivity to each of the 1 million trade portfolio to the 1Y GPB risk free interest rate tenor

Example: Calculation of MCEV
» Assume there are 2’000 input parameters x = (xy, ..., X2000)
e E.g. 2°000 input parameters (risk factors) and only one single output figure
e # input parameters >> # output value sample

Question: Sensitivity of MCEV to each of the 2’000 risk factors 13



How does Algorithmic
Differentiation work?
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Observation — Elementary functions

Calculations in actual code are simpler than the actual complex math. Complex calculations in software code becomes a
sequence of simple calculations (elementary functions)

Trick No. 1: Decompose

Derive a smart sequence (chain) of the simple elementary functions

Observation — Chain Rule:

A basic mathematical rule — the chain rule — can be applied

Trick No. 2: Calculate the (partial) derivative by:
a. Clever reuse of intermediate results of the above elementary function.
b. Multiplication and aggregation of results along the trace of the chain

15
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Example 1: Split into elementary functions. We want to calculate 7 = %

Step 1:
Calculate 5+3 and we get: 7 * ? =7 *g

Step 2:

Now calculateg and we get 7 = Ti =7x%2

I\%tv(\?%a‘?’cmate 7% 2 andwe get7 x2 = 14:

OBSERVATION:
You can easily decompose calculations into a chain of elementary calculations

dependent on (mostly) 1 or 2 parameters only.
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Some basic ideas relevant for AL foht‘hmlc
Differentiation

OBSERVATION — SEQUENCE OF ELEMENTARY FUNCTIONS:

Looking at the actual ,program code” of a calculation you realize, there is actually a sequence of the following elementary functions:
+, —_

*

power (x¥), radical (}/x)
e*,In(x)
sinx, cos x

max, if

17



Trick No. 1: Decompose

Remember Example 1:

543 . +b
7 % == now make it d 22

Example 2:
flabc,d) =d == with @ + b = w, we get:
f(wstepld:= d * % with % = w, we get:
f(WSt@b = d * Wy with d * w, = w3 we(gek:

f(wStep 813

18



Trick No. 1: Decompose

Again f(a,b,c,d) =d * aT”’ , With wy, w,, w; defined as in previous slide

In mathematical terms f(a, b, c,d) became the chain function f (w3(w2(w1))):
f(a,b,c,d) =f (W3 (Wz (Wl)))

= f(wy(a,b),c,d) with wi(a,b) =a+ b

= f(wy(w;(a, b), c),d. 1w, (wy,c) = %

= f(W3 (wy(wy(a, b), c)ydsy with ws(w,,d) = d * w,

19



Modification of Example 2

Example 2:
flab,c,d) =d ==
was very specific, as the number of components of the calculation was very small,

compared to the number of parameters (a,b,c,d).

Example 3:
f(a,b,c,d) =d*“2+a+c+sin(b) —d?
In this example the number of components increased by 6,

the number of parameters (a,b,c,d) remained the same.

20



So what’s the point so far?

e We can decompose a calculation in e.g. C# code into small elementary functions

e The elementary functions (+, -, *, +, ¥/x, 17, €%,..) depend on a few parameters only

e In mathematical terms the sequential calculation is expressed as a chain function

In more mathematical terms we aim at:

y = f(xq, ., xy) = Wy, wy,ws, ...,wg) with K>> N (i.e. K much greater than N)

and f(wy,wy,ws, ..., Wg) is some chain function

L J

L J L J
eg. f(W3 (W (wy), W4(Wl2 (w1), WKZWK—l(!-- ) or f{(W(wy), ws (W4%W3v' Wg(:/Vs (W3), ] r‘WK ('/VK—lj(.--.-'- )) !

There is not necessarily one big sequence!
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Remember we are interested in the derivative (i.e. sensitivities)
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Observation: Chain Rule

* You may remember the chain rule from school, university ...:

[F(g))] =F(g) *g'®)

e For longer chains this translates to:
[f (g (h(r(x))))]' =f (g (h(r(x)))) v g (h(r®)) « K (r(0) «r'(x)

= (@) *g'(h) ' (r) *1'(x)

0,0 9, 0
= — k¥ — k — ¥ ——
agf ond “or™  ox"
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Where is the trick in trick No. 2,}/; :
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Trick No. 1 — Elementary Functions:

L0, 0 0,0
" ag ond o ox

These are all elementary functions (+, -, * ...)
dependent on very few (1,2) variables

Trick No. 2 — Chain Rule - Recursive calculations with results of base calculation

Flathae) = £ (g (h(r))) g/ (h(02)) « K 0) # 70

[F(gCha @D = £ (g(n())*g' (7))

24
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lllustrate the sequence of elementary functions as a tree structure

Leaves of the tree represent initial parameters x4, x,, ...

Boxes represent elementary functions

Arrows represent the sequence of calculations (dependency / chain)

NOTE:

[, v = e 0,0 () + o, 0V ()

25



chains?

What happens if one parameter 43 |h ~d’|f‘-’ferent = ——

[0, v )] = o a0 () s a1 1))

f(WK(WK—1(W1(x1,x2),Wz(xz,X3)),WK_Z(W3(x4),WK_P (x1,%2)), ... )

u v

26
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Forward calculation

Wg—1
W1 * Wy
W1 = WZ = W3
X, + X T 5 n(x,)
X1 X2 X3

» Leaves of the tree represents initial parameters x, x,, ...
« Boxes represent elementary functions

« Arrows represent the sequence of calculations (dependency/ chain)

Xg

Wg—»
w3 + Wk_p
se®
Wg—p-1 Wg_p
.- XN-2/XN-1 XN—2 — XN
FEE O XN-2 XN-1 XN
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Assume we want to calculate the sensitivity to x; at: x; = 5;x, = 4;x3 = 2

Wk g =

Wi 1=
W1 * Wy W1 * Wy
Wi = Wy = wy =9 Wy = 3
X1+ X X * X3 X1+ X2 X * X3
X1 Xy X3 5 4 2

1

Calculate elementary functions
(we need to calculate them for base function anyway)

28



at lowest level

Wk—1 =
Wq * Wy
W1=9 W2=8
X1+xZ Xy * X3
5 4 2

1

Calculate
derivatives

Wg—1 =
Wy * Wy
W1:9 Wz =8
X1 +x2 Xy * X3
4 2

an _
ox;

OWZ
0x;

d
E)_xl(xl +x,) =1

d

d0xq
29



Wy * Wy Wy * Wy
W1=9 W2=8 W1=9 W2=8
X1+ % X * X3 %zl ow,
0, x, D
4 2 I

ow, d Store & clean up

_— = — = 1

9%, oy (x1 + x2)

aWZ 0

x, 6_1(x2 *x3) =0

Wg—1 = Wg-1 =

30



Q

o
&

Calculate elementary fun’c)t}ons on next
higher level ,

Wi 1.= Wic_3.=.72

Wy * Wy Wy * W3
W1=9 W2=8 \ W1=9 W2=8
ool Maw, MWy dwp_
axl axl axl axl

Calculate next level elementary function
(need to calculate it for base function anyway)

.Qm
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Calculate derivative of ele%entary

|

functions on next higherAdevel of: -

Wi =

Wg—1.— 72
Wy * Wy Wy * W3
T R \ Qo=
% =1 % =0 .
axl axl
GWK_l a .
Step 1: Calculate derivatives of elementary =——(wy xw;) =w, =8 :
. an an
functions: 5 5
Wk -1
a—WZ—a—Z(Wl*Wz)—W1—9 :
T "
Step 2: Calculate derivative to initial OWk—1 _ OWg-—10W;  Owg—q OWy _ 81
parameter x; leveraging step 1 (Chain dx, owy; 0xq dw, 0x;
function)

32



Store & clean up calculafrB

Wi * Wy Owg—1 _
ax,
Wi = 9 Wy = 8
axl axl

|

Store & clean up

33



Wy = Wi—1.=-22
Wy * W, OWg_1 Wy * W3
= WZ = 8
an
6WK_1 _ -9
ow, -
— wy = : wy =9 ianed
X1 + X3 Xy * X3 X1+ X2 X * X3
an -1 % —
axl a‘xl
- “ ” 5 4 2
According to the chain rule: OWk_1  Owg_q 0wy leg=38
— = % =
axl aW axl

34



Why is the — Tangent AD -

e We have calculated the base function f (%4, ... Xy) = (¥4, ... ¥) @s we would have done
without algorithmic differentiation.

= We have no increase of calculation costs for the base calculation!

» While calculating base function, we used the interim results to calculate the values of
partial derivatives of the elementary functions.

= We increase the calculation cost by at most twice that of base calculation

In total we have calculated:
~ ~ a a . . .
f(%y,...xy) and Vi = a_xkf(xl’ ..xy) foreachj=1,..., M

= So regardless of how big M is, the calculation costs are less than 3 times the b
calculation.

= We have calculated exact partial derivatives - no approximation of those.

35
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Example: Fair value valuation of 1°000°000 insurance policies.
e Assume there are 50 input parameters x = (x4, ..., X5q)
e These 50 input parameters are representing risk free interest rate curve tenor poizs. <\ dit
e # input parameters << # output values

Question: Sensitivity to each of the 1 million loans to the 1Y GBP risk free interest rate tenor

Example: Calculation of MCEV

e Assume there are 2’000 input parameters e » X2000)
e E.g. 22000 input parameters (Risk Factors) and only one single output figure
e # input parameters >> # output value sample

Question: Sensitivity of MCEV to each of the 2’000 risk factors

37



—w andiw
- WK-1 aw, VK1

of the elementary function

w
and we know w; and w, K
d
So we know 5o Wi—iat (W, wy)
gwi
Wg-2
w3 =F Wk_p
su®
wy = Wy = w3 Wg=p=1 Wk-p
X1+ xy Xy * X3 ln(x4,) amm xN_z/xN_l XN—2 — XN
X1 X2 X3 X4 "EE XN-2 XN-1 XN

38



we know the partlal derlvatlves

0
B_WK 1 and

of the elementary function
But we do not know w; and w,

So we do not know LWK_lat (wy, wy)
1

X1

wqp =
x1+x2

WK 1

ow

Wy =
Xy * X3

w3
In(xy)

Wk

Wk —2
w3 aF Wk_p

Wg—_p—1 Wg—p
.- XN—2/XN-1 XN—2 — XN

"R X2 XN-1 XN
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Problem:

If we start from the top we know the partial derivatives

d d .
— wg_1 and — wg_; of the elementary function
owq ow,

]
But we do not know w;and w, , so we do not know 5o Wi-1at (wy, wy)
1

Solution:
However, we can calculate all w; (incl.w;and w,) in a first sweep.
If we store all w; then we can calculate the partial derivatives of the elementary functions,

i.e. we can again calculate s V- 1at (wy, wy).

Then we multiply all partial derlvatlves of the elementary functions (wy) on a path from top
to bottom x; and add up all such multiplications reaching this x;. This equals %f(a?l, XN
l

What have we achieved by this approach?
Since we do not know easily at which x; we end up, we calculate %f(a?l, .xy) fori=1,...N.

It can be shown that this calculation is ~5 times the cost of the base calculation.
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Comparison tangent and adjoint

We do both, we solved the memory consumption and tracing challenge

Tangent mode Adjoint mode
| |
I 1 I
Calculates Trick Calculates Trick
Sensitivities Sensitivities
- Elementary functions - Elementary functions
- Fast calculation of ) - Fast calculation of i
partial derivatives - Chain rule partial derivatives - Chain rule
. Constant performance - Forward calculation . Constant performance  * Backward calculation,
(*2) in number of (*5) in number of 2 sweeps!
dimensions of outputs dimensions of inputs
Special Challenge Special Challenge
- Get it implemented - Get it implemented

- Memory consumption
and tracing

S
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Example of our AD
approach




Our AAD Approach

e Fully vectorized AAD.

+ We have a smart memory compression technique to deal with the high
memory requirements.

* We introduce AAD in such a way that we leave most of our code base intact.

This not only means we can bring AAD to market quicker, but also that clients
can develop AAD-ready models via our extensibility APl in the usual way.

« Discontinuities are not a problem.

43



Measured Performance

20
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—— AAD

Runtime Factor
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0 500 1000 1500 2000
Number of Sensitivities

Calculation time of AAD does not increase with the number of
sensitivities.
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The optimum for a given target function is between AAD and TAD.

Deriving the optimum is an NP hard problem

But you can approximate the optimum

Implication: An AD solution need to cover both AAD and TAD
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Conclusion




Conclusion

e Thereis an ongoing push for stress tests from both management and regulator(s)

e Stress test results are interesting, but accurate steering impulses are still impossible

Sensitivity analysis input parameters / steering variables is required.

Calculation of a sensitivity to a single parameter comes traditionally at the cost of the base
calculation.

SO, is meeting the challenge only a dream?

47



Can we meet the sensitivity challenge?

Yes, but only with AAD and TAD.

... and we can think of many AAD/TAD use
cases ...
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