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Pure Mathematics - Applied Mathematics

A. Crelle: Journal fiir die reine und angewandte Mathematik

Definition of beauty/elegance in mathematics

» simplicity of proof (the BOOK..)
» simplicity of result
» unexpected links between fields

Definition of creativity

Practice sometimes asks the right questions!



The timing of questioning and answering




"Wenn einer es weiss, weiss es keiner!”
Ludwig Wittgenstein (1889-1951)

("If only one person knows it, nobody knows it")
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» Each paper should contain a message to the actuary!
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Challenges and Potential

» Dialogue is essential: language!

» Impact Factor

» Models: if complex: " Just simulate”?
» Sensitivity, feeling for factors
» Help shape intuition

Good example: Probability models vs. scenarios (cf. Schnieper EAJ (2018))

» Applying 'techniques’:
» Context (changing over time!)
» Limits (e.g. dependence modelling, financial crisis etc.)
» Rationale

» Discussion Platform Invitation: Contribute!



Example: White Papers
Swiss Risk and Insurance Forum (EPFL,ETH,UNIL,USG,UZH,SwissRe)

> brings together experts from academia, insurance industry,
regulatory bodies and consulting companies

» discuss (typically technical) topics that are relevant to the
insurance industry

» provides platform for interaction academia/industry

» knowledge transfer both ways
Old-age provision: past, present and future (2016)
ALM for Long-Term Insurance Business (2018)
Summary and Key Findings: (multi-author) refereed EAJ paper

— Review and Research Agenda!
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Aggregate claim approximations with heavy tails

(joint with C. Hipp and D. Kortschak)

Collective risk model S = ZlNzl X,', N..# claims, X; i.i.d. with cdf F
P(S > x) Z P(N — F*(x))

FeS: 1—F"(x)~n(l—-F(x))asx—ooV¥n>2
(e.g. Pareto, Lognormal, heavy-tailed Weibull)

Classical Approximation:

P(S > x) ~ E(N)(1 — F(x)) + E[N(N — 1)]uf(x) + O(f'(x))
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upper bound

F(x) = x~33, N ~Poisson(2), *

Panjer (A = 0.01)
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Practitioner: P(S > x) ~ E(N)F(x — E(S)) works quite well..

Heuristic:

Gx) = io P(N = n)nF (x—k)+f(x—k) io P(N = n)n[(n—1)pu—K]+O(F'(x))

Optimal: k = (%’Xf)) - 1) " Poisson: k = \u
Cx)=nF (X - ('2((’)\’/2)) - 1) u) +O(F'(x))

» Extensions
» Applications in Stochastic Simulation: variance reduction!

control variate MC estimator:
_ 1<
Xy ==Y (X = Y)) +E(Y),

n <
i=1

(Xi, Y:) are independent copies of (X, Y).
Var(Xy) = % (Var(X) + Var(Y) — 2 Cov(X, Y))

Variance reduction w.r.t. CMC, if 2 Cov(X, Y) — Var(Y) > 0.
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Classical Cramér-Lundberg risk process
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1o = inf{t > 0: C(t) <0}, ruin probability ¥(u) =P,(17y < o0)

What if we observe surplus only at discrete times { Ty }xen?

Assume: { T }ken.. epochs of independent Poisson process with rate

7o = min{T; : C(T;) < 0}, ruin probability {[;\(u) =Pu(75 < )
For a general Lévy process X(t):

(A. & lvanovs (2017))

W(u) =E(¥(u+U)) and (u) =E($(u+ D))

m]

=

DA
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ét = inf{X575 € [07 t]}y Xf = sup{Xs,s € [07 t]}
Wiener-Hopf factorization:

d d ~ ~
(KT17XT1 _KTI) =(D,VU) = (XTl _XT17XT1)7

Compare (0, D1 + Ui, Do + U, D3 + Us, ) and (D17 Ui + D, Us + D3, )

(5+D,i>0)2(S5,i>0) and (5,i>1)< (S +U,i>0).

D(u) =E@(u+ U)) and (u) = E(d(u+ D))

— Extensions



lllustration: Compound Poisson process with Exp(7) claims
Blu) = B(p(u + U)

N(t)

Cy Ct:U+Ct—ZYn
n=1
y N(t)...Poisson process ()
/ /// P(u) = %e‘R"“ with Ry =n—\/c
/
1% time
log e#(C(H=CO)
\ 7 /
N R, LI>W 0

SN Lévy process:
-~ q)ﬂ’ )\ —Rou
u) = —e
=5 R o

cf. A. & Cheung & Thonhauser (2013)
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How do tax payments change the ruin probability?

(joint work with C. Hipp)

Definition of “profit” of insurance company?

(equalization reserves, IFRS)

Model: Tax rate 0 <y < 1 in “profitable” times:

reserve R(t) claims ~ F(y)
—— premia
tax payments
/
My +
/ ruin
Wy Wo
| o 0‘2 i time ¢
Compound Poisson Model by (u) =1 — 9, (v)

— Simple power relation | ¢ (u) = (¢o(u))T™>




A Queueing Approach

(joint work with S. Borst, O. Boxma, J. Resing)
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> Net profit condition ¢ > AE(X;) < traffic intensity p < 1

» Cut out excursions from running maximum that “survive” (u<t)



A Queueing Approach

(joint work with S. Borst, O. Boxma, J. Resing)

*
i N = — P i witl ...hom. Poisson process c
Rescale time: Rf = u+t g Xi h N;*...hom. P A
reserve Ry(t) claims ~ F(y)
—— premia
Ms | e S
M+ = - \
u
w W, 1
timet timet

» Link between qZSo(U) and Viax . . .maximum workload during busy period of M/G/1 queue
> Net profit condition ¢ > AE(X;) < traffic intensity p < 1

» Cut out excursions from running maximum that “survive” (u<t)



A Queueing Approach

(joint work with S. Borst, O. Boxma, J. Resing)

*
i N = — P i witl ...hom. Poisson process c
Rescale time: Rf = u+t g Xi h N;*...hom. P A
reserve Ry(t) claims ~ F(y)
—— premia
Ms | e S
M+ = - \
u
w W, 1
timet timet

Interpretation: ¢o(u) = P(no events during "time" interval [u, c0) of an inhom.
Poisson process with time-dependent rate
o(t) = 2 P(Vinax > t)



A Queueing Approach

(joint work with S. Borst, O. Boxma, J. Resing)

Rescale time: R: =u+t-— Zi:tl X,' (with N;"...hom. Poisson process (A/c))
reserve Ry(t) claims ~ F(y)
— premia

AN

timet N timet
Interpretation: ¢o(u) = P(no events during "time" interval [u, c0) of an inhom.
Poisson process with time-dependent rate
a(t) = 2 P(Vinax > t)

¢o(u) = exp(— /uoo a(t) dt) = exp(— % /uOO P(Vimax > t) dt)

= P(Vimax > u) = %Iogqﬁo(u) Yu>0.

>0
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reserve Ry(t) claims~F(y)

—— premia

timet
Interpretation: ¢(u) = P(no events during "time" interval [u, oo) of an inhom.

Poisson process with time-dependent rate a(t) = 1 e P(Vimax > t)

_1
1—v

o~ (u) = exp ( — /uoo a~(t) dt) = [exp (/uoo ap(t) dt)] = (¢o(u))/1™

Surplus-dependent tax level

- A 00 P(Vimax > t) ool (%0 _r
= ¢r(u) = exp (—: : 177’\/(1‘)(#) = P( /u (dt|g¢0(t)> =0 dt>

» Extension to Lévy processes, Markov-additive processes etc.

> Attention in Stochastic Process Community
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Heavy-tailed insurance claims

i.i.d. data points Xi,..., X,

(sample) CoV(X) = sﬂ%)

Typical claim distribution:
Pareto: P(X; > x) = (14 %)% (o, k > 0)
Operational risk: & < 1 — E(X) = oo

Floods, Storms: 1 < & < 2 — E(X) < oo, but Var(X) = oo

Simulation: 60\\/(X) from Pareto(0.5):
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Asymptotic Analysis of Measure of Variation

(joint work with J. Teugels)

n . ] ] X2 X2 X2
{X:}r_, iid pos. r.v. (d.f. F): Th = Raxaxs

2
nT,=CoV(X) +1

L= F(x) ~ x79Ux), limoe 38 =1 V>0,

0fe’SXdF(x s>0—E (#) = ﬁ o757 p(s) ds

(Fuchs et al. (2001))

with B(n7 k17 e kr) = Fgél) foo s2k71w(2k1)(5) R 90(2/(,)(5) sOnfr(s) ds.
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Theorem. Let X € DA(a); (0 < a < 1).
K

1 . .
VkeN: lim E(TS) = const. = ———— > (=1) ap o/,
) M2 0™

n— oo .
Jj=0
X 1
with ajg-- coefficient of t/z¥ in expansion of continued fraction M(t,z) = G+
- z
1
t+ 2)z
L _(t+2)
(t+3)z
1— ...
m > oa.

(—1)"alf(m— a)s*~™(1/s) fors | 0O,

Sketch of Proof: ()~

nay e (1—a) > 1 = limysoo 0"(2) = e=*% vs > 0.

b = O ) e () (1) e ()

an

B(n, ki, ...

; k k! k o ? ro T2ki—a)
lim E(T,) = == s pard : %
e ( n) 2k—1)! Zr:l rT(l—a)’ Zkfl-*—kli,zzlk szl kj!

M(t, z) == z 9 In S~ F2n+8) (2/2)"
Tt oz r(t) nl '

Jackson/Visentin (1990): M(t, z) . . . generating function for all rooted maps on orientable surfaces,
without regard to genus, wrt edges and vertices

n=0

Arqués/Beraud (2000): M(t, z) is also solution of a Riccati differential equation with solution (*)



Theorem. Let X € DA(a); (0 < a < 1).

k
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with aj .. coefficient of /2% in expansion of continued fraction M(t,z) = (tlA )
! N (t+2)z

. . X2 X234 4X2 )\ _
lim E(T,) = lim E (m) —1-a

n— oo
- 2y _ 1(1 _ _
n!}n;oIE(Tn) =3(1-a)3-2a)
lim E(T7) = (1 —a)(15 — 17a +54a?),
n— oo

lim E(T;) = (1 — @)(105 — 155 a 4+ 79 ° — 14 a°),

n—o00



Reinsurance

» Book Project:
A. & Beirlant & Teugels: Reinsurance: Actuarial and
Statistical Aspects, Wiley 2017.

Exchange with practitioners..
» identification of objectives / constraints
» claim-size dependent retentions
» randomization
» cost of capital
» censoring / truncation: catastrophic claims

» time diversification
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Conclusion

» Interaction between Actuaries and Academics

» important
> interesting
» mutually beneficial

> pleasant!

» EAJ can play a nice role in this process!

» Enrich perspectives



1. Orosz

Integrating views!



Thank you for your attention!



