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Introduction

= GAO on a limited amount (Limit)

_'1'1_
Annuity conversion options 11'.
(Unit-linked) deferred annuities Different annuity conversion options BERLIN 2018
fund investment annuity » Guaranteed annuity option (GAO)
during ] conversion

accumulation

» Guaranteed minimum income benefit (GMIB)

Annuity conversion options are influenced by various risk
sources such as

= equity, interest rate, and mortality

= Money is allocated in some fund during a deferment period.

= At the end of the deferment period, the
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Introduction
Annuity conversion options

= measure the total risk by advanced stochastic models

= typically no decomposition of the total risk into risk factors

= (1) Theory:

— How can the randomness of liabilities be allocated to
different risk sources?

= (2) Application to annuity conversion options:

— What is the dominating risk in annuity conversion
options?

— What is the relative importance of different risk sources?
= (3) Risk management of annuity conversion options:

— How can the single risks be managed by product design
or internal hedging?

Our contributions
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Risk analysis of annuity conversion options in a
stochastic mortality environment

— Katja Schilling, Alexander Kling, Jochen RuB3 (2014)
— ASTIN Bulletin 44 (2), 197 - 236.
Decomposing life insurance liabilities into risk factors

— Katja Schilling, Daniel Bauer, Marcus C. Christiansen,
Alexander Kling (2018)

— under review: Management Science

Comparing financial and biometric risks in annuity
conversion options via the MRT decomposition

— Katja Schilling (2018)

— under review: Insurance: Mathematics and Economics
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Risk analysis of annuity conversion options "-3
Different annuity conversion options 1
NN P

Notation BERLIN 2018

= minimum conversion rate g for converting the account value = T: deferment period/retirement date
into a lifelong annuity at time T

x: policyholder’s age at inception of the contract (t = 0)
1
L5401 = Ipisry g Ar-max{ar —5,0} = 7,: remaining lifetime
= A;: account value at the end of the deferment period

o _ _ = q;: present value of an immediate annuity of amount 1 p.a.
= upper bound L (limit) to which the conversion rate g at

most applies

o 1
[hmit = I isgy g - min{Ar; L} - max{ar — 7’ 0}

» fixed minimum annuity amount M(=g - G)

GMIB,i __
LS I

= Yei>Ty max{g - G - ar — Ar, 0}
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Risk analysis of annuity conversion options
Insurer’s strategies and stochastic model

Risk management strategies

No option fee Strategy A

= Strategy A

Strategy C

— Insurer charges no option fee and does not hedge.

Strategy B

— Insurer charges an option fee which is simply invested in
money market instruments (no hedging).

Strategy C

— Insurer charges an option fee to buy a static hedge
against the financial risk during the deferment period.

— Assumption: option fee = hedging costs

_"l':_
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Stochastic model BERLIN 2018
Fund
= Geometric Brownian motion
dS(t) = (r(t) + As) - S(t)dt + o5 - S(t)dWs(¢t), S(0)>0
Interest rate
= Cox-Ingersoll-Ross model
dr(t) =k - (6 —r(0))dt + g, - T () dW,.(2), r(0) > 0
Stochastic mortality
= 6-factor forward model (cf. Bauer et al., 2008)
du(t,T,x) = a(t,T,x)dt +o(t, T, x) d%(t), u(0,T,x) >0
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Risk analysis of annuity conversion options e
Sample results 1
1CA Cla it
Risk of different annuity conversion options without hedging  Cumulative distribution function of insurer’s loss BERLIN 2018
(under strategy A)

10

| a0 | ume | omm

0.7362 0.2214 0.7739  os!

0.0167 0.0096 0.1361

= Loss probability for GMIB much higher than for the other 0'6_”""5 """"""" """"""" """"""" """" +GAOA
annuity conversion options —Limit, |

= Risk (TVaRyy) similar for GMIB and GAO 04l A (SO ST S T CMIB, |
— Limit has a much lower risk | : : | | : |

= Option Yalue dges not reflect the risk of the annuity A R T I . T
conversion option 5 5 5 5 | 5 |

0 b—ol j . | | | |

-04 -0.2 0 0.2 0.4 0.6 0.8 1
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Risk analysis of annuity conversion options e

Sample results 1
ICh Cin bt
Risk of guarantee under different risk management Cumulative distribution function of insurer’s loss BERLIN 2018

strategies

_ strategy A strategy B strategy C
0.7739 0.5962 0.2385 o8l
0.1361 01708 0.1708

= Loss probability and risk can significantly be reduced by risk
management (strategies B and C)

1_

» Risk under strategy B (option fee but no hedging) still
significant

0.4

= Significant risk reduction for strategy C (option fee and
hedging) 0.2F

= Option value is increased if a guarantee fee is charged
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Risk decomposition methods from literature _,,vj_

Variance decomposition approach 1'!'.
ICA Gl
Definition (given two sources of risk X; and X,) Simple example BERLIN 2018
The of the risk R is defined Let the insurer’s risk be equal to R = X;(T)X,(T), where X, X, are
as two independent (standard) Brownian motions.
R =EP(R|X)) + [R — EP(RIX))], Then the variance decomposition yields
and

1) R = EP(R|X1) = X1(T)EP(X2(T)) =0

where the risk factors R, and R, are supposed to capture the R, =R —EP(R|Xy) = X{(T)X,(T) — 0 = X, (T)X,(T)
randomness caused by the sources of risk X; = (X;(t))o<:<r @and
Xz = (X2(t))osesr, respectively. 2) R, =EP"(RIX;) = Xp(T)EF(X1(T)) = 0

Ry = R—E"(RIX;) = X1 (T)Xx(T) — 0 = X1 (1) X,(T)

It follows the well-known result (not focused here): => Variance decomposition is !
Var(R) = Var(R,) + Var(R,)
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Risk decomposition methods from literature _,,vj_
Overview 111
g

mme

Properties of risk decomposition methods from existing literature BERLIN 2018

random- attri- order in- | scale in- a:d':';’_e
ness bution variance variance [ 99!
gation

g &
4 X X
X X X
X X

Variance decomposition
cf. BiUhlmann (1995)

Hoeffding decomposition

cf. Rosen & Saunders (2010)

Taylor expansion «
cf. Christiansen (2007)

Solvency II approach

cf. Gatzert & Wesker (2014)

MRT decomposition -

X
i
'
i
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MRT decomposition _n']_

Modeling framework 11'.
Let all be modeled by a (k — 1)-dimensional Itd process: BERLIN 2018

dX(t) = 0(t)dt + o (t)dW(t), t€[0,T], X(0)=x, € RF1
The is modeled by a doubly stochastic counting process m — N(t)

. (N(t))te[OT] number of deaths with jump intensity (“(t))te[or]

Notation
= (O, F, FP)probability space
= T time horizon

= W d-dimensional Brownian motion with filtration G = (g(t))te[OT G is a sub-filtration of F

= m € N denotes the initial number of policyholders

= 7. remaining life time of insured i = 1,...,m
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MRT decomposition _n']_

Definition and properties 11'.
ICA Gl
Definition Theorem BERLIN 2018
The of R =L —EP(L) is defined as Let L be Fr,-measurable and square integrable, k —1 =d, and
-1 . , det(a(t)) # 0 for all ¢.
R = ZJ NEGrIEG _|_J YN ()dMN (t) Then the MRT decomposition of R = L — EP(L) and
— Jo 0 satisfies (i.e. randomness, attribution,

uniqueness, order invariance, scale invariance, aggregation,
additive aggregation).

for some F-predictable processes /" (t) and y" (). Further properties
The processes M}V (t) and MM (t) denote the martingale part of . : Explicit formulas for the integrands
X;(t) and N(t), respectively. YY), .., (W (), YN (t) are derived (within a life insurance
context)
. : Unsystematic mortality risk factor (Ry,) is

diversifiable; all other risk factors converge to a non-zero
limit as the portfolio size increases
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Application of MRT decomposition to annuity conversion options
MRT decomposition for a GAO

[ra:!'-im’

For the insurer’s (discounted) loss L = e‘foTr(s)dS(m — N(T))gArmax{ay —g,O} from a GAO it holds (given a slightly
modified stochastic model compared to slide 10):

= There exists a such that h(S(T), (T), u(T)) = gArmax{ar — é,o

= The function £(t,S(t),7(t), u(t)) = EP (e_ftT (r©+u@)sp(5(T), (1), w(T)|G¢ ) is in

The of the insurer’s risk R = L — EP(L) =R, + R, + R; + R, are given by
Ry = fl(m—N(t—)) e hor®ds 2L (£, X (D)) oS (£)dWs(t) (fund risk)
Ry = [ (m—N(t—) e~ Jyrsyas ;Tf (t, X (1)) o/ T(£)dW;.(t) (interest risk)

Ry = fOT(m — N(t-)) el T(s)ds:Tf(t,X(t))ch(t)w/u(t)dVI/“(t) (systematic mortality risk)

_ (T —ftr(s)ds N i i ;
Ry = [, e f(t, X(@©)dMN (t) (unsystematic mortality risk)
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Application of MRT decomposition to annuity conversion options

— AN
. Lt
Numerical results for a GMIB n/ .1'!'.
of the total risk and the of the four BERLIN 2018
four risk factors sources of risk under different risk measures
1_
Standard
0.7} 8.3 % 3.0 %
0.67 ' Syst. mortality 1.2 % 0.4 %
| 5 | : — R (fund) 5
o F i e | =T, (interest) Unsyst. mortality 0.7 % 0.1 %
: : | =T (syst. mort.) |
0'4_ ---------- --------- ---------------------- ----------- _F4 (Ullb‘}fb't. 11101‘t.)
03 S U E— S e S ] SR
| | | » Fund risk dominates total risk
0.2F ot B

» Interest risk is slightly relevant in the tail

0t e Al
| é é | é | é é é = Mortality risks are negligible

81501 005 0 005 01 015 02 025 03
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Application of MRT decomposition to annuity conversion options _n-]_

Numerical results for a GAO 11'.
of the four sources of risk BERLIN 2018
under TVaR, (in %) for different safety levels a
100, _
—— R, (fund)
—— R, (interest)
80r ~>= L3 (syst. mort.) = Interest risk dominates total risk

—— R, (unsyst. mort.)

» Systematic mortality is significant

GOM\ » Fund risk is particularly responsible for high risk outcomes

= Unsystematic mortality risk is negligible
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Contact details _n"]_

BERLIN 2018
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