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Context: Longevity risk and pension funding
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 Pension plans with defined benefits are facing different risks, and more specifically the longevity one : the risk 
linked to the fact that beneficiaries live longer than expected. 

 Below is the ‘Milliman 100 Pension Funding Index’ that represents the funded status of the 100 largest defined 
benefits pension plan in the United States.

Negative index during the last 8 
years

Level of funding
(Billions $)



Introduction: Mortality data availability
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 To face this problem, there exists solutions to transfer the longevity risk, such as longevity swaps:

 In order to price such products, it is necessary to project the underlying populations through stochastics models, and mortality data:

• Corrected mortality tables enable to improve the projections accuracy by removing the isolated cohort effects;

• However, because of the release dynamic of mortality tables, we identify the following delays:

𝑆(𝜏1) 𝑆(𝜏2) 𝑆(𝜏𝑖) 𝑆(𝜏𝑛)

time

𝐾1 𝐾2 𝐾𝑖 𝐾𝑛

Variable leg

Fixed leg

…

… …

…

Delay1 Delay 2

Last mortality 
table release

Pricing Maturity Payment

Contract period



Introduction: How frequently are the data 
released
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Multi-population model: Presentation and 
characteristics
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 Multi-population models provide a common coherent framework for modeling mortality in several countries

• As such, they allow for a separate assessment of a global dynamics and a country-specific one, as well as of the 
interactions between countries 

• We consider 𝑛 populations and 𝜇𝑖 𝑥, 𝑡 , 𝑖 = 1, … , 𝑛 the death rate for population 𝑖, at age 𝑥 and year 𝑡.

 Key issue to tackle is the number of parameters involved. For ages between 60 and 89, years between 1961 to 2013 and 4 
countries: 445 parameter

 Because of identifiability problems, the parameters are determined only up to an affine transformation. As an example, 

෨𝐵 𝑥 =
𝐵(𝑥)

𝑏
and ෩𝐾 𝑡 = 𝑏𝐾 𝑡 for any 𝑏 ≠ 0 are and alternative set of parameters, therefore identifiability constraints are 

applied:

Model B  :  log 𝜇𝑖 𝑥, 𝑡 = 𝛼𝑖 𝑥 + 𝛽 𝑥 𝜅𝑖 𝑡 + 𝐵 𝑥 𝐾(𝑡)

Country-specific 
age parameter

Country-specific 
period effect

Common age 
parameter

Common period 
effect

Common constraints 
Country specific constraints : for 

each 𝒊
Time specific constraints : for each 

t
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𝑖
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Multi-population model: Likelihood and 
forecasting
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 The log-likelihood is derived under the Poissonnian framework : 𝐷𝑖 𝑥, 𝑡 ~𝑃𝑜𝑖𝑠𝑠𝑜𝑛 𝐸𝑖 𝑥, 𝑡 × 𝜇𝑖 𝑥, 𝑡 where:

• 𝐷𝑖(𝑥, 𝑡) is the deaths count, 𝐸𝑖(𝑥, 𝑡) the exposure-to-risk and 𝜇𝑖(𝑥, 𝑡) the death rate (in country 𝑖 for age 𝑥 in year 𝑡)

 The log-likelihood is given by the following equation :

 Contrary to single population models, the maximization involves all countries at each step due to common parameters

 In order to simulate jointly mortality rates, future values for time specific parameters are needed: an AR(1) process is fitted for the vector 
𝐾 𝑡 , 𝜅1 𝑡 , … , 𝜅𝑛 𝑡 :

𝐾(𝑡 + 1)
𝜅1(𝑡 + 1)

⋮
𝜅𝑛(𝑡 + 1)

=

𝐾(𝑡)
𝜅1(𝑡)
⋮

𝜅𝑛(𝑡)

+

𝛿0
𝛿1
⋮
𝛿𝑛

+ 𝐶
𝜀0(𝑡 + 1)

⋮
𝜀𝑛−1(𝑡 + 1)

=

𝐾(𝑡)
𝜅1(𝑡)
⋮

𝜅𝑛(𝑡)

+

𝛿0
𝛿1
⋮
𝛿𝑛

+

𝑧0(𝑡 + 1)
𝑧1(𝑡 + 1)

⋮
𝑧𝑛(𝑡 + 1)

 Due to identifiability constraints linking all countries, one eigenvalue of the variance-covariance matrix is always 0, the standard Cholesky
decomposition cannot be applied: 𝐶 is an upper triangular matrix of dimension 𝑛 + 1 × 𝑛, which reduces the dimension of the white noises 
vector by 1 (partial Cholesky decomposition)

෍

𝑥,𝑡,𝑖

𝐷𝑖 𝑥, 𝑡 log 𝜇𝑖 𝑥, 𝑡 − 𝐸𝑖 𝑥, 𝑡 𝜇𝑖(𝑥, 𝑡) + 𝑐𝑡𝑒

Model B  :  log 𝜇𝑖 𝑥, 𝑡 = 𝛼𝑖 𝑥 + 𝛽 𝑥 𝜅𝑖 𝑡 + 𝐵 𝑥 𝐾(𝑡)



Multi-population model: estimation and 
projection
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Common age 
parameters

Common period 
parameter

Country specific 
period parameter

Country specific age 
parameter

Forecast : mean trajectory with  
a 95% confidence level

log 𝜇𝑖 𝑥, 𝑡 = 𝛼𝑖 𝑥 + 𝛽 𝑥 𝜅𝑖 𝑡 + 𝐵 𝑥 𝐾(𝑡)



Mortality data completion

4 – 8 June 2018, www.ica2018.org 9

 In their classical use, multi-population models allow to draw insightful conclusions on the relative impact of global mortality improvements 
compared to country-specific ones, as well as to project it in a joint way for several countries

 Since our aim is to provide the best estimate of unreleased mortality for a given country, our idea is to rely on other countries for which the 
information is available 

• This is done by taking advantage of the unified modeling framework

• The following figure illustrates our completion algorithm

Country 1

Country 2

Country 3

𝑇𝑚𝑖𝑛 − 1 𝑇𝑚𝑖𝑛 𝑇𝑚𝑖𝑛 + 1 𝑇𝑚𝑎𝑥 Today

Available

Completion 1

Completion 2

Forecast

Caption



Mortality data completion: example with 2 
countries

4 – 8 June 2018, www.ica2018.org 10

 We consider 2 countries, and assume that mortality data are available for country 2 up to T+1, but only up to T for 
country 1

 Based on information denoted by ℱ = {ln 𝜇1 𝑥, 𝑇 , ln 𝜇2 𝑥, 𝑇 , ln 𝜇2 𝑥, 𝑇 + 1 }, we can estimate the T+1 mortality 
data for country 1, by relying on the mortality rate increase for country 2 denoted by:

𝜉2 𝑥, 𝑇 + 1 = log 𝜇2 𝑥, 𝑇 + 1 − log 𝜇2 𝑥, 𝑇 =𝛽 𝑥 𝑧2 𝑇 + 1 + 𝐵 𝑥 𝑧0 𝑇 + 1 + 𝛽 𝑥 𝛿2 + 𝐵 𝑥 𝛿0

 By using results from Gaussian theory, we can derive the following conditional expectations:

𝔼 𝑧0 𝑇 + 1 ℱ =
𝐵 𝑥 𝑐00

2 + 𝛽 𝑥 𝑐00𝑐20

𝛽2 𝑥 𝑐20
2 + 𝑐21

2 + 𝐵2 𝑥 𝑐00
2 + 2𝛽 𝑥 𝐵 𝑥 𝑐00𝑐20

𝜉2 𝑥, 𝑇 + 1 − 𝛽 𝑥 𝛿2 − 𝐵 𝑥 𝛿0

𝔼 𝑧1 𝑇 + 1 ℱ =
𝐵 𝑥 𝑐00𝑐10 + 𝛽 𝑥 𝑐10𝑐20 + 𝑐11𝑐21

𝛽2 𝑥 𝑐20
2 + 𝑐21

2 + 𝐵2 𝑥 𝑐00
2 + 2𝛽 𝑥 𝐵 𝑥 𝑐00𝑐20

𝜉2 𝑥, 𝑇 + 1 − 𝛽 𝑥 𝛿2 − 𝐵 𝑥 𝛿0

𝔼[log 𝜇1 𝑥, 𝑇 + 1 ℱ =𝛽 𝑥 𝔼 𝑧1 𝑇 + 1 ℱ + 𝐵 𝑥 𝔼 𝑧0 𝑇 + 1 ℱ + 𝛽 𝑥 𝛿1 + 𝐵 𝑥 𝛿0 + log 𝜇1(𝑥, 𝑇 + 1)

Estimation of the 
common parameter in 
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These formulas 
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Mortality data completion: Back testing
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 We estimate the mortality rate in the US in 2013, and compare it to the observed value  Computation of the 
relative change to measure the prediction accuracy.

 We compare the completion formulas to the Lee-Carter model predictions

The completion method produce relatively 
low back testing errors

The model 0 (Lee-Carter) produces the highest 
errors, and underestimates the mortality

Model 1 : multi-population 
{USA+Japan}

Model 2 : multi-population 
{USA+Japan+UK}

Model 3 : multi-population 
{USA+Japan+UK+France}



Mortality data completion: global completion
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 The multi-population model applied to all HMD data lead to a global model. The estimated parameters are shown 
below. By applying the completion method we completed all the database up to  2016 along with a  confidence 
interval.

Common age parameters
Common period 

parameter
Country specific period 

parameter
Country specific age 

parameter



Mortality data completion : Clusters
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 We noticed that the back testing errors depend on the configuration of the multi-population model  Algorithm of clusters to choose the best 
groups

Elementary BIC 
computation

Pair BIC computation

Best pair selection

Extend the model
If there are 
remaining 
countries for 
extension

Individual Lee-Carter 
modeling

If there is no other 
country for 
extension but others 
to build a new pair

If there are no more 
countries to build 
pairs 

Lee-Carter for each 
country

Multi-population model 
for each pair

 Group 1 : Australia, US, Russia ;
 Group 2 : Estonia, Japan, Poland ;
 Group 3 : Germany, Belarus, Portugal ;
 Group 4 : Spain, Latvia, Lithuania ;
 Group 5 : Island, New Zealand, Netherlands ;
 Group 6 : Finland, UK ;
 Group 7 : Luxembourg, Norway ;
 Group 8 : France, Switzerland ;
 Group 9 : Belgium, Czech Republic.
 Remaining countries: Austria, Denmark, Hungary, 

Ireland, Slovakia, Sweden and Ukraine

Key remark: a group is here defined as a set of countries whose interest (from a statistical 
perspective) is to be jointly modelled (in comparison to a separate Lee-Carter modelling); to this 
extent, no interpretation can be assessed related to the possible common demographic nature 

between countries in a given group



Mortality shocks and data completion
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 Mortality and longevity shocks applied as part of Solvency II directive can be computed in the light of the multi-population mortality 
modelling and data completion. 

 As illustrated in figure below, we assume that mortality data are available up to year T, and T+1 for the remaining countries, and we consider 
the following approaches:

• Approach 1: Extreme deviation computed in T+1, as an example to capture some insights

• Approach 2: Shock computed in T+2, by completing the data in T+1

 We also consider the 3 configurations of the multi-population model : model 1, 2 and 3

t

Last available year in the 
mortality table

Current year = 
valuation date

Year at which the shock 
has to be computed

T T+1 T+2

Data completion



Mortality shocks: US results
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 We consider data up to  T = 2012 for the USA, and ℱ = {ln𝜇𝑖 𝑥, 𝑇 , ln 𝜇𝑗 𝑥, 𝑇 + 1 𝑗 ≠ 1} the available 

information
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 The 0,5% shock computed through the multi-population model are lower than those of the Lee-Carter
 This is firstly due to the fact that a residual variance is lower, as it benefits from additional information about other countries
 Secondly, we also noticed that the pure (unconditional) volatility induced by a multi-population model is in general lower than 

a single population one



Longevity risk transfer
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 The pricing of a securitization product for longevity risk transfer (S-forward) can be done in the light of multi-population model and data 
completion:

• We consider an S-forward contract with 1 year maturity, where the fixed leg is priced using the fair premium principle: the value of the fixed 
leg is the expected value, under the historical probability, of the survival function denoted by

𝑺𝒙 𝟏 = 𝒆−𝝁(𝒙,𝒕𝟎+𝟏),

• Example with mortality data in France, completed through 2014 Swiss data. We compare the completion results to the ones obtained by 
simulating a Lee-Carter model:

Lee-Carter Completion
Relative change

Age Mean* Sd* Price Mean* Sd* Price

60 -3,85 0,0008   0,98   -4,64   0,0005 0,99   1,16%

70 -3,00   0,0011   0,95   -4,01   0,0000 0,98   3,20%

80 -2,17   0,0010   0,89   -3,02   0,0002 0,95   6,82%

These relative change values can convert into high impacts at 
portfolio level, depending on the set of generations covered

*: The mean and the standard 
deviation are given for the 
logarithm of the death rate



Conclusion
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 The use of multi-population models gives a unified and coherent framework to model and project 
jointly the mortality, by capturing the correlations between countries, specifically through common 
parameters

 This modelling enables to better estimate the unreleased mortality data for countries of interest, 
through Gaussian conditioning formulas and available data for other countries.

 The application of this approach, on one hand, to the review of shocks, and on the other hand for pricing 
longevity risk transfer products, produces more precise results because the residual uncertainty is 
reduced.

 As improvement suggestion, we consider the following elements :

• Generalize vector 𝐾 𝑡 , 𝜅1 𝑡 ,… , 𝜅𝑛 𝑡 dynamic to ARMA(p,q) processes, and develop the 
corresponding formulas, while testing the statistical significance.

• The improvement of the algorithm for clusters by modulating the selection criteria to change the  size 
of the groups. This enables to improve the forecast accuracy, by modelling jointly countries that share 
similar mortality trends.
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