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Balance sheets, solvency and capital



Balance sheet of an insurer
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Insurer XYZ (31st December 2010)
Assets Liabilities

Investments Reserves for policies written £80M
- bonds £50M (technical provisions)
- stocks £5M Bonds issued £10M
- property £5M
Investments for unit-linked £30M Debt (sum of above) £90M

contracts
Other assets £10M
- property

Equity £10M
Total £100M Total £100M



Solvency of a financial institution
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The balance sheet equation asserts that

value of assets = value of liabilities = debt+ equity .

A company is solvent at a particular time if the equity is nonnegative;
otherwise it is insolvent.
Insolvency should be distinguished from default which occurs if a firm
misses a payment to its debtholders or other creditors.
An otherwise solvent company can default because of liquidity
problems. (Financial crisis of 2008–09)
An insolvent company is very likely to experience liquidity problems
and default.



Capital
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All notions of capital embody the idea of a loss-bearing buffer that ensures
that the financial institution remains solvent.

1. Equity capital can be read from the balance sheet according to
accounting equation and is a measure of the value of the company to
the shareholders.
Usually broken down into positions for shareholder capital, retained
earnings and other items.



Capital (II)
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2. Regulatory capital is capital an institution should have according to
regulatory rules (Basel II/III for banks and Solvency II For European
insurers).
Rules specify amount of capital necessary to continue operating, taking
into account size and riskiness of positions.
Usually specify the quality of the capital and hence the form it should
take on the balance sheet (Tier 1, Tier 2).

3. Economic capital is an internal estimate of the amount of capital that a
financial institution needs in order to control the probability of
becoming insolvent, typically over a one-year horizon.



Economic capital
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Consider an insurer with current equity capital given by Vt = At − Bt. To
ensure solvency in 1 year’s time with high probability α, company may
require extra capital x0 determined by

x0 = inf{x : P(Vt+1 + x(1+ i) ≥ 0) = α},

where i is one-year risk-free interest rate.
If x0 is negative the company is well capitalized and money could be
taken out of the company.



Economic capital (II)
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Some rearrangement shows that

x0 = inf{x : P(−Vt+1 ≤ x(1+ i)) = α}
= inf{x : P(Vt − Vt+1/(1+ i) ≤ x+Vt) = α},

which implies that
Vt + x0 = qα(Vt − Vt+1/(1+ i)),

where qα denotes a quantile.



Economic capital (III)
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The sum Vt + x0 gives the solvency capital requirement (SCR), namely
the available capital corrected by the amount x0, and is a quantile of
the distribution of

Lt+1 = Vt − Vt+1/(1+ i).

For short horizons, or simplicity, we often neglect discounting to
consider Lt+1 = Vt − Vt+1, the decrease in net asset value.
More generally, capital is computed by applying risk measures like qα
to the loss distribution of Lt+1.
Alternative risk measures like expected shortfall may be used.
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Value, mapping and risk factors



Assigning value
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How do we assign a value to assets and liabilities? In solvency II we are
supposed to use fair or market-consistent values where possible. How is
market-consistent value determined in the absence of liquid markets? The
international fair-value accounting standard (IFRS 7) describes a 3-level fair
value hierarchy:

mark-to-market valuation at level 1;
mark-to-model with fully observed market inputs at level 2;
mark-to-model with unobserved inputs at level 3.

Examples: level 1, stocks and shares; level 2, European call option; level 3,
bespoke CDO tranche, annuity portfolio.



Mapping to risk factors
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To describe a market for level 1 and 2 valuation we use the concept of
risk factors.
Denote the risk factors values at time t by Zt = (Zt,1, . . . , Ztd,).
Examples of risk factors include equity prices, exchange rates, interest
rates for different maturities, credit spreads, volatilities, etc.
We will assume that these are observable at time t.



Mapping to risk factors (II)
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Consider a portfolio of assets, liabilities or both. The value of the portfolio
at time t is given in general by the formula

Vt = ft(t,Zt) (1)

where ft is the portfolio mapping. It contains information about the portfolio
composition and incorporates the valuation models that may be needed to
value the more complex (derivative) assets/liabilities with respect to the
underlying risk factors Zt.



Valuing a liability
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An insurer sells a product with stock market participation and a
guarantee.
Let (St)t≥0 denote the value of a stock index at time t.
For an initial premium the insurer guarantees a payout of max(K,ST) at
time T.
The liability at T can be rewritten as XT = ST + (K − ST)+ and consists of
a unit of the index and a guarantee in the form of a put option on (St)
with strike K.
The strike K and/or maturity T are non -standard and liability will be
valued by marking to model.



Valuing a liability (II)
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Suppose the stock index is modelled as a geometric Brownian motion
(St)0≤t≤T with S0 = 1 (Black-Scholes framework).
Market consistent valuation at time t is carried out using a risk-neutral
(martingale) approach in the Black-Scholes model.
Under risk-neutral valuation the value of the liability at t is

Bt = EQ
�

e−r(T−t)XT | Ft
�

= St + PBS(t, St; r, σ,K, T)

where PBS denotes the Black-Scholes put option formula and r and σ
are the interest rate and stock volatility in the model.



Valuing a liability (III)
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The Black Scholes model assumes a constant r and σ.
To apply the formula we need to pick values.
It would be reasonable to take current short-term interest rate rt for r.
It would be common to take the current implied volatility σt for σ.
Implied volatility is a reverse-engineered value for the Black-Scholes
volatility parameter using quoted prices for standard options on the
underlying.
Thus we obtain a level 2 valuation formula using market inputs
Zt = (St, rt, σt):

Bt = St + PBS(t, St; rt, σt, K, T)



Valuing net assets
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Valuing assets at t. The firm could dynamically hedge this liability but
let us assume it simply invests in the stock index so that

At = St(1+ p)

where p = PBS(0,1; r0, σ0, K, T) is the initial price charged for the option
and 1+ p is the money handed over to the insurer.
Valuing net assets at t.

Vt = At − Bt = ft(t,Zt) = pSt − PBS(t, St; rt, σt, K, T)

This involves risk factors Zt = (St, rt, σt) observable at time t.



Projecting the value of net assets
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The value of an portfolio at time t+ 1 will be

Vt+1 = ft+1(t+ 1,Zt+1)

In general the mapping function ft+1 may differ from ft because of
portfolio rebalancing and strategic asset reallocation or hedging.
Modelling stochastic changes to portfolio composition is difficult. In our
examples we will assume the mapping is fixed: ft = ft+1 =: f .
Could use deterministic rebalancing/hedging rules depending on Zt+1.



Example (continued)
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In our example the projected future value is:

Vt+1 = At+1 − Bt+1 = f (t+ 1,Zt+1) = pSt+1 − PBS(t+ 1, St+1; rt+1, σt+1, K, T)

The projected risk factor values are Zt+1 = (St+1, σt+1, rt+1)
′

We need statistical models to project the risk factors forward to t+ 1.
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Computational Issues



Models for valuation and projection
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It is quite common to have differing models for valuation and projection
(although all encompassing models are also possible).
Projections models should be realistic to capture market risk under the
measure P. Can discrete or continuous-time model.
Valuation models usually continuous time.
It helps if they are tractable models with closed-form pricing formulas
like Black Scholes.
Otherwise the valuation of any assets or liabilities that have the
character of contingent-claims will typically require numerical methods.



Approximation using sensitivities
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In banking it is common to use a first or second-order Taylor
approximation to Vt+1 − Vt.
This avoids full revaluation of positions at t+ 1.
It gives formulas involving the sensitivities or Greeks of the positions in
the portfolio.
Popular in banking because time horizons are short, assets in trading
books are very varied and answers are required quickly.
Not really appropriate for the longer time horizons in insurance.



Models for the risk factors under P
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There are two main approaches to this in practice.

1. Non-parametric
We can work with the empirical distribution of past risk factor increments:
Zt − Zt−1,Zt−1 − Zt−2, . . . and resample values from this distribution.
Much more common in banking, where it is called historical simulation.

2. Parametric
Set up a multivariate stochastic process to give future snapshots Zs of the
economy at future times s > t.
May be discrete-time or continuous-time.
Often called an economic scenario generator.

In both cases the distribution of Zt+1 can be estimated by random sampling.



Nested simulations
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Estimation of the distribution of Vt+1 = f (t+ 1,Zt+1) under P can lead to
a nested sampling problem.
Assume that we use risk-neutral pricing so that

f (t,Zt) = EQ
�

e−
∫ T
t ruduXT | Ft

�

in some model for (Xt, rt) under a
martingale measure Q.
Assume that the expectation has no simple closed-form solution.
This requires Monte Carlo simulations under Q nested within Monte
Carlo simulations under P.



Nested simulations (II)
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The steps are:

1. Sample Zt+1 under a plausible model for the real-world dynamics of risk
factors specified by a measure P;

2. Estimate f (t+1,Zt+1) using Monte Carlo integration by simulating paths
of the underlying risk factors under the risk-neutral pricing measure
denoted by Q.



Least squares Monte Carlo
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For realistic portfolios, or whole balance sheets, this can be an
infeasible computational task. There is much interest in efficient
alternatives, particularly in insurance where liabilities are complex
(variable annuities, etc.).

For each outer simulation Zj
t+1 values are estimated using only a

handful of inner risk-neutral simulations.
The function f is approximated by regressing these estimated values
V̂j
t+1 on the corresponding simulated risk factors Zj

t+1.



Least Squares Monte Carlo (II)
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Projection Year

Time

Outer Scenarios Inner Scenarios
(Risk-Neutral)(Real World)

Regression 
at projection 

year

Liability Valuations



Stylized Insurance Example
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The LSMC theory goes back to Longstaff and Schwartz (2001). For
insurance examples see Bauer, Bergmann, and Reuss (2010)
and Cathcart and Morrison (2009).
To understand the principle we return to the simple product in the form
of a stock index guarantee.
Assume that the index follows a Heston model under P so that

dSt = μSt +
p

vtStdW
(S)
t

dvt = κ(θ − vt)dt+ ξ
p

vtdW
(v)
t

where μ, θ, κ, ξ are known parameters.



Stylized Insurance Example (II)
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We will set the interest rate r to be constant and known to obtain a
bivariate problem.
The risk factors are Zt = (St, σt) where σt =

p
vt.

While we could in theory price the contingent claim under Heston, we
will choose a simpler pricing model for illustration and verifiability.
We assume a Black Scholes pricing model, so that fund follows a
geometric Brownian motion under Q.
The drift is modified to r under Q and a fixed volatility σ = σt+1 is used
for pricing at time t+ 1.



Stylized Insurance Example (III)
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In this case an analytical formula is available. For any pair (St+1, σt+1),
we can value the liabilities

Bt+1 = f (t+ 1, (St+1, σt+1)) = St+1 − PBS(St+1, σt+1; t+ 1, r, K, T)

analytically using the closed-form Black-Scholes put formula.
But assume we didn’t have recourse to this formula. For more complex
liabilities we would not typically have simple formulas.



The LSMC Procedure
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1. Calibration Phase. Generate (or construct a regular grid of) risk factor
values

¦

(Sjt+1, σ
j
t+1), j = 1, . . . ,m

©

.

2. For each pair of values generate a small number (kj) of continuations of
the price process (Ss)t+1≤s≤T under the Black Scholes model and
risk-neutral measure.

3. Estimate the value of liability by computing the (average) discounted
pay-off B̂jt+1 = Sjt+1 − k

−1
j

∑kj
i=1 e

−r(T−t−1)max(K − SiT ,0).

4. Carry out regression: B̂jt+1 = α+
∑p

k=1 βkpolyk(S
j
t+1, σ

j
t+1)) + εj.



The LSMC Procedure (II)
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5. Scenario Generation Phase. Generate many more risk factor values
¦

(Sit+1, σ
i
t+1), i = 1, . . . , n

©

.

6. Estimate coresponding values of the liability using

f̂ (t+ 1, (Sit+1, σ
i
t+1)) = α̂+

p
∑

k=1

β̂kpolyk(S
i
t+1, σ

i
t+1)).

Next slide slows comparison of true valuation surface f (t+ 1, (St+1, σt+1))

and valuation surface estimated by regression f̂ (t+ 1, (St+1, σt+1)).
Regression model is cubic in St+1, linear in σt+1 and has interaction
between St+1 and σt+1.



Example
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S

1 2 30.1

0.2

0.3

true.value

0

1

S

1 2 30.1

0.2

0.3

value
0

1



Summary
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Market-consistent valuation is a made difficult by the complexity of
assets and liabilities in a financial firm’s portfolio.
For many instruments there is no deep, liquid and transparent market
and valuation models are required.
This raises the subtle questions about the interplay of P and Q
measures when we attempt to do risk management.
Projection of losses and profits takes place naturally under P while
valuation takes place under Q.
Doing things properly creates difficult computational problems (nested
simulation problem) requiring approximate solutions.
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Contact details:
Alexander J. McNeil (University of York)

address: The York Management School
Freboys Lane, York YO10 5GD, UK

phone: +44 (0)1904 325307
mail: alexander.mcneil@york.ac.uk
web: www.york.ac.uk/management/staff/amcneil

Thank you very much for your attention!
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