RANDOMLY INDEXED CENTRAL ORDER STATISTICS
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Abstract. In our paper from 2012 we have considered the upper order
statistics with central rank of sample with deterministic size. Here we
investigate the asymptotic behavior of randomly indexed upper order
statistics using regular norming time-space changes.
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1. Introduction

On a given probability space (€2, .4, P), sufficiently rich, let a point pro-
cess N = {(Ty, Xi) : k > 1} be defined in the following way:
i) The random arrival process {7} consists of increasing time points 0 <
T < Ty < ... < T, — o0o. In order to use the results of the Central Limit
Problem (C.L.P.), we suppose that the inter-arrival times Y := T}, — Tj_1,

k > 1, Ty = 0 are independent rv’s. Obviously 7,, = >  Y,. The corre-
k=1
sponding counting process N(t) := > [ {T} <t} = max{k : T <t} isright
k

continuous.
ii) The random state process { X} is built by positive iid rv’s X} with con-
tinuous df Fly.
iii) Both sequences {7} and {X}} are independent.

In this initial model, at every fixed moment ¢ > 0, we are supplied a
sample {Xl, Xo, .oy XN(t)} of random size N(t). Our interest is focused on
the upper order statistics (u.0.s.) of this sample

Xnw:neg < Xnw—1:n@) < o < Xpve) < oo < Xivg) (1)
Definition 1. We call ), : Q x (0,00) — (0,00), Yi(t) := Xy.n) the k-th

U.0.5. Process.
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The asymptotic behavior of Yj(t) for ¢t — oo and k fixed, under linear
norming, is considered e.g in Embrechts, Kluppelberg, Mikosch [1], Chap-
N(t)
ter 4.3. For k = 1 the process Yi(t) = \(/ X 1s an extremal process,
k=1
investigated e.g. in Balkema, Pancheva [2] and Pancheva [3]. Here 7\/”
denotes the maximum operation. The extremal process Yi(-) has indepen-
dent max-increments I(s,t] for all 0 < s < t and allows the decomposition
Yi(t) = Yi(s) VI (s,t]. Consequently, as a solution of the C.L.P. one ob-
tains the class of the max-infinitely divisible processes and its subclasses.
Our process Yx(t) seems not to have the nice property of decomposition in
independent components.
In this paper we discuss the asymptotic behavior of the k-th u.o.s. pro-
cess Yi(t) using monotone normalization. We assume that there exists a
sequence of time-space changes on (0, 00) x (0, 00)

Cn (1, 2) = (Ta(t), un(2)) , (2)

To(t) and w,(z) continuous and strictly increasing, such that the normalized
k-th u.o.s. process converges in law to a non-degenerate random process
Y®) (1), ie.

Yn(k) (Zf) = unfl oY, o Tn(t) = unil (Xk:N(Tn(t))) L y (k) (t) (3)

Further on we suppose that the norming sequence {(,} is regular in the
following sense: Vs > 0 there exist mappings U(s,z) and T (s,t), strictly
increasing and continuous in z, respectively in ¢, such that for n — oo

7}1_{1;0 u[;é] oup(x) =U(s,x) (4a)
Tim 7'[;;] oTy(x) =T(s,x). (4b)

Moreover, the mappings s — U(s, ) and s — T (s, ) are one-to-one. Some-
times we write Us(z) and T4(t) instead of U(s,x) and T (s,t).
The process Y, ® (t) is associated with the point process

N = (T = 11 (D) X = u (X)) s k> 1} ,n > 1.

Let No(t) = max{k: Ty, <t} = max{k: T, <7,(t)} = N(7,(t)) be the
counting process of N,. Consider the u.o.s. of the n-th sample series
{Xl,na XQ,na ceey XN(t),n}a na’mely

XN @)Na@®n < oo < XeNp@ym < - < XtNp@)m (5)
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where Xpn, 0 = Ut (XkN(r()) = Y, ®(t) is the k-th w.o.s. in the n-th
sample series of size N, (t). In this way, with n — oo, the sample size N, (t)
increases whereas the value of the state points X} ,, decreases.

For the limit process Y ¥)(¢) in (3) we ask the following questions:
(Q1: When does it exist?
(Q2: Which class does it belong to?
The answers depend essentially on the character of the rank k. We consider
two cases:

- k is fixed (Section 2)

- k = k(n) is increasing so that @ — 60 € (0,1) (Sections 3 and 4). In
this case one speaks of central order statistics (c.o0.s.).

Thus, our main results, Theorems 1 and 3, concern the asymptotic be-
havior of randomly indexed upper order statistics using regular norming
time-space changes.

2. Fixed rank case

We start with some preliminaries for extremes. Let X, X, ... be iid rv’s
with df F. Assume that there exists a regular (see (4a)) norming sequence
of space changes, u, : (0,00) — (0,00), continuous and strictly increasing
mappings, such that for n — oo

P (\/ Xj, < un(x)> = F™(up(2)) % G(x) (6)

w

for G(z) non-degenerate df. Relation (6) is equivalent to nF (u,(z)) —
—log G(z), when n — oo, for F' := 1 — F. Then the limit df G:
a) satisfies the functional equation

G*(z) = G (Us(x)) Vs >0,

which determines it as max-stable. The limit mappings in (4a), {Us(:) : s > 0},
form a continuous one-parameter group with respect to (w.r.t.) the compo-
sition, U, o Uy = Uy;

b) has the explicit form G(z) = exp {—e‘g(x)} with g : suppG —
(—00, 00) continuous and strictly increasing and Us(z) = g~* (g(z) — log s).
(For details see Pancheva [4].) Here suppG is an abbreviation for the support
of G.

If (6) holds we say that F' belongs to the general max-domain of attrac-
tion of G, briefly F' € max —DA(G).
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Let us return to the initial model of Section 1. Denote by Xj., the
k-th u.o.s. of the sample {X;, Xs,..., X,;} with a continuous df Fx. The
asymptotic behavior of the normalized X}., is stated in the following:

Proposition 1. Suppose Fx € max —DA of a maz-stable df G w.r.t. a
reqular norming sequence {u,(-)}. Then for fired k and n — oo

P (Xpn < un(7)) = H(x) = T (—log G(x)),
where T'y(z) = ﬁ [tFte7tdt is the Gamma df.
0

Proof. The proof of Proposition 1 is similar to the proof of Theorem 4.2.3
and Corollary 4.2.4 in Embrechts, Kluppelberg, Mikosch [1]. Let Fx belong
to the max —DA(G) w.r.t. a regular norming sequence {u,}. It means that

nFx (uy(z)) — —log G(x). For fixed x the the rv B,, = > I {X; > u,(x)}
=1

is Binomial, i.e. B, ~ Bi (n, Fx(u,(z))). Observe that the event {B,, < k}
is equivalent to the event {Xj., < u,(z)}. Since
EB, = np, = nFx (uy(z)) — —log G(x),
for n — 00, by the Poisson theorem, one obtains B, — P,(N\), A = —log G(x).
Finally,
P (X < un(z)) = P (B,
k—1

= P(Bn:j):ILZ:

)
; )F%un(a:))F"f(un(x))

— Y, LRI G) 2 ol [ e tdt =Ti(~log Gla)). O

J=0 —log G(z)

> —~ A

The equality 2 is a known result from the analysis and can be easily
obtained by multiple partial integration.

When using linear norming mappings u,(z) = a,x + by, a, > 0, b, real,
the limit df G in (6) belongs to one of the three types of the well known
extreme value distributions:

P, (x) =€ ", >0, a>0, Frechet df;

Uo(z) =e 2" 2 <0, a >0, Weibull df;

A(z) = exp{—e"}, x € R, Gumbel df.

In the more general setting of monotone normalization, using regular norm-
ing sequences {u,(+)}, the limit df in (6) might be any continuous and strictly
increasing df G (see Pancheva [4]).
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Before analyzing the limit class of the processes obtained in (3), we need
to agree on the asymptotic behavior of the counting process N, (t). Let us
assume that V¢ > 0

Nul) a, (1)

n
Here A; with df Fj is random time change.

Definition 2. Under random time change we understand a strictly increas-
ing and continuous random function A : (0,00) — (0,00), A(0) = 0 and
A(t) — oo fort — oo.

Now we are ready to formulate our first result on randomly indexed u.o.s.

Theorem 1. Suppose Fx € max —DA(G) w.r.t. a regular norming sequence
{un,}. Assume that the counting process N, (t) satisfies (7). Then for fized
k and n — oo

P (Xpnnr) < un(x)) — / H (U(s,x)) dFpuy(s) = EH oU(Ay, ) (8)

where H(z) = Ty(—log G(x)) is the limit distribution from Proposition 1
and U(s,z) = lim u[;é] o Uy ().
n—oo

In order to prove Theorem 1 we need the following analytical result:

Lemma 1. Assume {Q,} is a sequence of dfs on (0,00) such that Q,—Q
uniformly. Let {f,} be a sequence of functions on (0,00) converging to f
Q-almost everywhere. Suppose |f,(2)] < 1. Then f is Q-integrable and

Jim / fu(2)dQu (= / F(2)dQ(=

2dQu(z) — | f(2)d

0

Proof.

ffndQ—ffdQ‘:]1+Ig—>0,n—>oo.
0 0

Namely, I; < [d(Q, — Q) — 0 due to the uniform convergence of @Q,, and
0

I, — 0 using Lebesque’s theorem for Dominated convergence. O
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Proof of Theorem 1. Formally written, since N, (t) is integer valued, we
have

P (Xin, ) < un(2)) = fP (Xps < un(x )\Nn(t):s)dP(N”T“)zg)_

S

Substituting here 2 = 2 and taking into account the property iii) of the
initial model, we continue the above chain of equalities by

_ f P (Xppne) < Un(x)) dP <N_<t> _ Z)_
The last integral is of the form f fu(2)dQ,(z), where for n — oo,

Qu(e) = P (%0 < 2) = S P (Vi) =)

=1

P (A < 2)=Fy (2 ) :Q(2),

—1

Fu(2) = P (Xin < tn(a)) z([ ])‘j<un<x>>w-f<un<x>>

= P (Xigoes < sy (1) 0 unl2)) ) 5T (= log G U(z,2))) = [(2), V=

Lemma 1 guarantees the convergence of [ f,(2)dQ,(z)— [ f(z)dQ(z) on

a set where the convergence @),,— (@ is uniform. We observe that @, (z) is

continuous in z and converges monotonically in n to the continuous Q(z).

By Dini’s theorem (see Rudin [5]), the convergence @Q,—@ is uniform

on compact subsets of (0,00). Then for arbitrary §, R > 0 and § < R,
R

R
[ f2dQn,— [ fdQ, by Lemma 1. Further we estimate
5 5

4 4 1) 4
1)
< —Q)’+ dQ—ffdQ’:]1+12-
0

5
Now I; < [d(Q, — Q) — 0,n — 00, because of the convergence Q,,—Q

0
and the fact that ) does not have mass in 0. Also I, — 0, due to the
5 5

Dominated convergence theorem, and hence [ f,,dQ,— [ fdQ. Just anal-
0 0

ogously, ffndQn—>ffdQ Consequently ffn )dQn( )—>}Of(z)dQ(z)
0
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Returning to the previous notations, for n — oo, we finally get the
statement

[ P(Xina] < tn(2))dP (NT(t) _ Z)
0

= {P <Xk:[nz] < Uy (u[;zlz] oun(:v)>> dP (N’;Lt) = Z>

— :fOH (U(z,2)) dFpwy(2) = EH U(Ay, x)) = ETy (—log G (U(Ay, 2))). O

Remark. In the asymptotic results for randomly indexed samples with
size N,,, known in the literature, the authors usually suppose convergence in
probability = LoA A positive rv, e.g. Galambos [6], Theorem 6.2.1, Bil-
ingsley [7], Theorem 17.2. In our model, we assume the sequences {N,,} and
{X,} are independent and A is random time change. Those are the reasons

why it is enough to suppose only convergence in distribution ( N Ay

Corollary to Theorem 1. Let £k =1, then

Nn(t)

P \/ X; <un(z) | =5 EGol(A,x) = EGM(x).

Theorem 1 gives answer to our ﬁrst question Qu: If F™ (uy(2)) = G(z),

where {u,} is regular, and if No(t) —>At, A; random time change, then

there exists a random process Y ) (¢) with df P (Y®)(t) < z) =: g(t,z) =

ETy (—1log G (U(Ay, 2))), such that Yi¥ () = u;! (Xew, ) — Y (1).
Next, using the regularity of the norming sequence {7,}, we give an

dd
answer to question (J5. Let & denote equivalence of the finite dimensional
distributions.

Theorem 2. The limit process Y*) in (3) is self-similar w.r.t. the con-
tinuous one-parameter group {ns(t, x) (Ts(t),Us(x)) = s > 0} of time-space

changes, 1i.e.

fidbls_l o Y®) o T(t), Vs > 0. (9)

y () (t)
Proof. Observe that Y () (t) iL{S‘l o Y®) o Ty(t) is equivalent to g(t,z) =
g (Ts(t),Us(x)). For s > 0, by Theorem 1,
P (Xpen(e) < s (7)) = P (Xienaty < tin (17" 0 s (2)))
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S EH ol (A, U (5,7)) = g (t,U7(x)).
On the other hand, substituting m = [ns] and v = 1/s, we get
P (Xk:Nn(t) < u[ns](x» =P <Xk;N(T[m’y](t)) < Um($)>

Sy BH o U (A (Ti(8),2)) = g (Ti(1), ).
In the last step we have used that N (7jy1(t)) = N (7in (T2 © Tjmy ()
and 7., 0T () —T 1 (v,¢) = T (s, 1), for m — oo. Comparing both limit
relations for P (X kiNn(8) < Ulns] (x)), we conclude the statement. O

3. Increasing rank case
In the previous section we investigated the k-th u.o.s. process Yn(k) (t) =
uy o Xy n, (1) for fixed k and n large enough so that k < N, (t) = N(7,(t)). In

this section we consider the central n.o.s. process Y, (t) = u7' o X}, , Na(t)s
where the rank k = k,, increases with n in such a way that

k.

= 0€(0,1) (10)
and
Nn(t) d Ata
n

A; random time change.

We ask for the asymptotic behavior of Y\ (¢) as n — oo. To this end,
let us preliminarily consider a sample with non-random size [,,, [, — o0
as n — oo, namely {X1, Xy, ..., X; }. We form the c.o.s. Xy, , with the
property ';—: — A € (0,1). As norming mappings we again use the regular
sequence {u,(-)} of space changes u, : (0,00) — (0,00). Denote p,(-) =
P(X; > u,(-)). Just analogously to Theorem 2.5.2 in Leadbetter, Lindgren,
Rootzen [8], where u,(x) are linear, one can prove the following statement:

Proposition 2. Suppose k, — oo, k, < I,, l;—: — A€ (0,1) and 1,(1 —
Pn())pn(s) = 00, as n — oo. Let
Vnpn (@) (1 = pu())

s (). (11)

Then for n — oo
P (X, 0, < up(z)) — @ (15(2)) (12)

where ®(x) is the standard normal df.
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Sometimes we use the notation 7(\,z) instead of 7y(x). In order to
obtain a unique limit distribution in (12), usually one assumes the second
order condition v/n(% — X) — 0, for n — oo.

An equivalent version of Proposition 2 is proved in Pancheva, Gacovska
[9]. Moreover, there we have shown that 7y satisfies the functional equation

Vzm(0,2) = 7 (0,U.(x)) (13)

Vz > 0, x continuity points of 7 and U, (x) from (4a). As a consequence one
deduces that the limit class in (12) contains thirteen possible types.
More results on the asymptotic behavior of randomly indexed ordered
statistics can be found in Barakat, El-Shandidy [10] and in Surkov [11].
Let us return to the randomly indexed c.0.s. Xy, .y, ) satisfying (7) and
(10). On the basis of the previous Proposition 2, we now state the main
result:

Theorem 3. Suppose k, — oo and (10) is satisfied. Assume there exists a
reqular norming sequence {u,(-)} such that nF (u,(x)) F (u,(z)) = oo and

0 —F (un()) w
\/ﬁw —>7'9(37), (14)

for n — oco. If additionally (7) holds true, then ¥t > 0

_ d
uyt o Xy Nty — Yo(t)

where the limit process has df

oo

90 () = /CI) o7 (L,Us(x))dFpu)(2) = E[@oT (OA Unipy(2)) I {A; > 6}]
0
and U(-,-) is defined in (4a).
Proof. Formally written
P(Xpnnt) < un(2)) = [ P (Xpwno@) < un(x) | No(t) = s) dP <Nn(t) _ %>
0

n

and substituting here 2 = 2z we continue with
= f P (an;[nz] < un(x)) dP (N:Z(t) _ 2)7
An

where A, = {z : z > 2} Obviously A, - A4 = {z: 2> 6} and conse-
quently A, A — A. In order to apply Proposition 2, we have to check

if condition (11) holds for I, = [nz], p,(z) = F(u,(x)). Denote by A° =
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interior A. Then, for z € A, [ A° just as in the proof of Theorem 2.5.1 in
Leadbetter, Lindgren, Rootzen [8], we observe that for n — oo

b= ] () o = T () Jﬂ>v§‘7_<gyx)'
V) F (@) F () 2.(1-9) ?

The last consequence is due to condition (14). Since 7 satisfies the functional
equation (13), for all = continuity points of 7 and z > 6, we have
vz 1 (42) =7 (4 U ().
Let us apply Lemma 1 to [ P (X, :n: < un(z)) dP (N"(t z)
An
We again define f,(z) := P(an;[m} < un(:z;)), Qn(z) = P(N"T(t) < z),

Q(z) == P(Ay < 2) and f(z) :== ® o7 (%, U.(x)). Note, in fact f is de-
fined on A° and f,, is defined on the set A,. Further more, for any z € A°
there exists a number ny = ng(z), such that z € A, () A° for all n > ny.

As in the proof of Theorem 1, @, (2)—@(z) uniformly on compact sub-
sets of (0,00), @ continuous. By Proposition 2,

Ful2) = P (X < tnl2)) —® 07 (LUu(2)) = F(2),
for all z > @ and z continuity points of 7. Recall, 7(z) has at the most three
jumps, at the left end point of the suppH, at the right end point of the
suppH and at the median of H, where H = ® o 7 (c.f. Pancheva, Gacovska
[9]). Since @ is continuous, we again have f,—f Q-almost everywhere on
the set A°.

Now we can apply Lemma 1 in a slightly different form

T fndczn / £dQ.

Returning to the previous notation, we gain the final statement
: BB E Nu(t) _
nll_)IIQlo P( Xk Ny < un(x)) = nll_{rolo[i P (Xpins < un(z)) dP ( Z)

= [0 or (LU@)dFy (o
= E[® o1 (A" Unpy()) I {As > 0}] = golt, ). O

Theorem 3 gives an answer to question (); for the case of increasing rank
k. In order to give an answer to question )3 we still have to characterize
the limit process Yj.
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Theorem 4. The limit process Yy is self-similar w.r.t. the continuous one-
parameter group {ns(t,x) = (Ts(t),Us(x)) : s > 0}, so Vit >0

gO(tv‘T) =90 (7;(15),2/{5(1')), Vs > 0. (15)

Proof. Let {my,} be a subsequence of {n} such that ”» — s > 0. For n — oo
we have

P (aniN(Tmn(t)) < Un(l‘)) =P <an:N(Tn<Tglonn(t))) < U’”(x)>

— P (Yo (T7H(1) < @) = g0 (T,7H(8), ).
On the other hand

P (XN (o, ) < (@) = P (X, ) < thm, (U, © un()))

— P (Yo(t) < Us(x)) = golt, Us()).
Comparing both limit relations, we have go (7,7(¢), ) = go(t,Us(z)) which
is equivalent to (15). O

A nice consequence of the selfsimilarity of a random process Y, i.e.
Us oY (t) Lyo Ts(1), is the possibility to determine its fdd’s knowing the df
g(1,z) := P(Y(1) < z) only. Denote by s(t) the unite solution of T4(¢) = 1.

Consequently Y () ius—(,}) oY(1), Vt > 0. Then

P(Y(t)) <xy,....Y(ty) <zp) = P(Y(1) < min(us(tl)(xl), ---,Us(tk)($k)))-

4. Example

In this section we specify the initial model by some additional assump-
tions:

For i): We assume that the inter-arrival times {Yy}, Yy = Ty — Tp_1,
are iid rv’s which df Fy has a regularly varying tail, namely Fy € RV_g,
p € (0,1). Consequently, by the stable CLT there exists a sequence {b(n)},
b(n) > 0, such that

n

Tn Yk d
= = D 16
o)~ 2 )0 (16)
where Dg is a S-stable rv. Then V¢ > 0, by the functional stable CLT,
[nt]
Ting) Yi 4 d
Dy(t) = —— = —— —D(t), D(1) =Ds. (17)
b(n) Z b(n) 0

Here D(t) is an one-sided [-stable random process.
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The counting process N () associated with the arrival time process {7},}
is determined by

n

N(t):max{n:Tngt}:max{nzzbzf—;;)§%n)}.

k=1

Let us denote by E(t) the inverse process to D(t), the so called hitting
time process for D(t):

E(t) =inf{s:D(s) > t}.
Now the equivalence of the random events
{N(t) >n} = {T, <t} (18)
implies the equivalence
{D(z) >t} < {E(t) < x}.
Denote by b(n) the asymptotically inverse sequence to b(n) in the sense that

b (5(71)) ~ M. (19)

n
Since T,, = > Y}, is strictly increasing, one takes at hoc b(n) strictly increas-
k=1

ing in n, too. Thus, by, (b(n)) ~ n is also true. In view of (17), (18) and (19)
one may conclude that
N(nt)

b(n)

L E(). (20)

Indeed;
P<%<x)— ( (nt) < b(n)z) = P (T > nt)

7 ([p 6] T > o ()] )

P(D(x) > 1) = (() ) = Fp(p(2).

Here the limit process E(t) is a (-self-similar process in the sense that

E(ct) 2 PE®), Ve > o.
This and other properties of the hitting time process E(t) are studied in
Meerschaert, Scheffler [12]. Note that (20) is equivalent to
N(b(n)t
N(b(n)t) L E®). (21)

n
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Here E(t) = t° E(1) is stochastically continuous and strictly increasing. The
last limit relation is nothing else but condition (7) in the previous section.
Thus, in the transformed model N,, we are left to choose 7,(t) = b(n)t.

For ii) we assume that the state points X are iid, standard Pareto
distributed rv’s, i.e. Fx(z)=1—2 2> 1.

For iii) there are no additional assumptions.

Next we have to determine the space changes u,(z) for the transformed
model N,, = {(Tkn, Xn) : & > 1}. In the Pareto case, Proposition 2 says
that for [, =n, 2 — § € (0,1) and n — oo,

P (Xppom < un(2)) =2 H(z) = @ (p()) if v/n - 9\/1/1%(; s ().

Let us consider the particular case where H(x) is continuous and strictly

increasing on its support. Then 7y satisfies the functional equation
7, ' (v/z - 19(2)) = U.(z) (equivalent to (13)), where U, is the limit mapping

n (4a). We may take 7p(z) =

_vn
0v/n—/z"

zx = U, (1). Thus, P (Xp,.n < tn(7)) — ® (

ﬁ, for x € suppH and observe that

~ \/% . This suggests to determine the space changes as u,(x) =

—_ [m]

Doing so, we obtain u,,*(z) = n(: — 0)2 and u[:fz] oun(zr) = = —

e(fie)

We apply the last result to randomly indexed c.o.s. in the transformed

model N,,:
P ( Xk < un(2)) = P (XN (onyt) < tn())

= [ P (Koo < un(@) | N(b(n)t) = s) dP (X400 — =)
0

5 [ B (v (£,U-(2))) dFs (2).

8

>

Since in our model 7 (¢, U.(z)) = we can continue with

23z
0(z—0) 9)’

= [# (/7% )aFeo(2) = mit.a) = P(afe) < o).

In this way, the univariate distributions go(¢, ) of the limit process are being
determined.

At the end, let us discuss the asymptotic character of the space changes
U ():
a) Assume k is fixed. The properties of {u,(x)} are a consequence of the
condition Fyy € maz — DA(G), i.e. Fx (un(z)) ~ —2logG(z). Then for
n — 00, U, (x)—>rp, where rp is the right end point of the suppFx.



14 A. GACOVSKA™ AND E. I. PANCHEVA™*

b) Assume k = k, increases to oo in such a way that *2 — ¢ € (0,1). In
this case the properties of {u,(z)} are determined by condition (14). Then
Fx & max — DA of any max-stable df and § — Fx(u,(z))—0. Hence,
up(z)—>x1_g, the (1 — ) quantile of F.
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