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Working layers for long tailed lines of business are usually priced using a burning
cost approach by developing the corresponding layer loss triangle.

This approach is unsuitable for extrapolation and/or frequency severity
approaches.

Developing frequency for various threshold can define a frequency / severity
model, but instability of the developing factors for high losses (few data points)
makes it not practicable.

We propose a secondary uncertainty approach that circumvents the difficulties.
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The assumptions are:
= Fach loss point has an inherent a priori uncertainty,

= The counting of experience losses at a given threshold are a realization of a
Poisson process of unknown parameter.

The result is a frequency / severity model for the ultimate losses with a dispersion
estimator for the frequency and uncertainty bands around the severity.
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Consider a set of n losses characterized by stochastic variables X with
distribution functions F®, In order to count losses above a threshold t we define

N = J1ifX® >t
0 else

Nare Bernoulli processes with
E (Ngi)) —1-FO@) = FO@) , Var (N§i>) _ FO(1)FO (1)

LetS; == Yi_; Ngi) be the number of losses above the threshold t. Then
ES,) =Y, FO@) , Var(S,) = ¥, FOFD (o)
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We assume that the claims count above threshold is a Poisson process so that the probability
k
to have k claims is %e‘ﬂ. This is the density function of the gamma distribution I}, ; at A.

It follows that the Bayesian distribution of frequency of the Poisson process for a sample k is
Ir+1. Hence the parameter of the Poisson process is A, = I5,4;. Using E(I},") = F(Fk(;” we have:

E(Ts,41) = Eiop(st = k)(k + 1) and E(Ts,4,2) = Z;P(st = k) (k + 1) (k + 2)

so that

Var(ap
E(A¢)

> 1) so that the contagion ¢; := Var@o-E@) o

E2(A¢) -

Note that A; is over-dispersed (i. e.
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To project a frequency for a given future period with expected exposure volume v; the
frequency estimator A, is simply scaled down with the factor = where v, is the exposure

volume of the entire observation period. Let v

\/Var(st)+1E (Sp)+1
E(Sg)+1

At :=Z_(1)IE(St) + Z—(l) r Ve =

be the frequency projection and the coefficient of variation at threshold t. Assuming
that we have a frequency/severity model for losses above t,, the severity distribution

function is:
F(x)zl—j—x fort >0

to

together with a negative binomial frequency model of frequency 4,, and contagion c;,.
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Let us consider another severity distribution with distribution function F'(x) for
losses larger than t,. The x? distance is:

) = [ (B2 () ~ 51 (M) (F(t)- F(t;-1))

Vx
with {t;} a list of increasing points starting with t,, the threshold.

Fitting consists in varying the parameters of F’ within a distribution family to
minimize x?(F'). When using numerical method like the Levenberg-Marcquardt,
the list {t;} can be expanded as the numerical approximation approaches the
minimum.
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As example, let us consider a set of 333 liability losses between 1.5 and 19.5 mio
indexed having occurred between 2000-2006.

The secondary uncertainty is assumed log normal, its covariance is set to 5% for
the most recent year and increases by 5% for each additional year.

We fitted a generalized Pareto of the form F(x) =1—- (1 +x/8) "
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The best fit was obtained for a=1.72 and =499 360 (details in the appendix files):
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Consider now triangulated loss data XWX ~F@k) with i the year index (starting at 1 with
the most recent year), j the development period and k the claim index.

The counting process N,Eij'k)at threshold tis defined as previously.

Let S := Zl>]ZRN(” %) with its Poisson parameter distribution AY and D& := ZRN(” k)
with its distribution A() so that we can define the age factors:

i L) U+1) U+1) (U+1) =(ij+1,k)
0 . IE(POISS (a7 + ¢ )) _ E(s?™) +E(Df") +1 14N TP

t o j - i - — ..’k
E (Poiss (AEJ))) E(sP)+1 1+ Y, S P9 )
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Assuming a deterministic development in the various years, we get the estimator
S ~ ~ k
Sp=Y..a EL)D(l) Yy Y, d (l)N(ll )

with a =[lisja (k) being the age-to-ultimate factors. The parameter estimator for the
expected uItlmate Poisson distribution is A; :=Ts,,. From

F(x+n+1)
]E(At )'_ x € {s|P(S¢=5)>0} ]P)(St o ) F'(x+1)

we deduce that -
E(A,) = E(S) +1=1+ Y5, X, aPF&9 1)
Var(R,) = Var($,) + E(S,) + 1 = 1+ %oy B al F 0 0 (14 &P PO 1)
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In full analogy to the undeveloped example, we define

b Jvar(s)+E(Se)+1
Ay = v_O(IE(St) +1) . ve= E(S¢)+1

that can be fitted the same way than in the short tailed example.

To clarify the advantage of the approach, we calculated the excess frequency
curve the usual way (straight forward chain ladder) and using the formula above.
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The duration of the pattern varies

by threshold and gets smooth.
The classical approach fails as soon

as some age-to-age factor vanish.
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