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1. Motivation

• Simple validation (check for adequacy) of actuarial assumptions

2. Required Tools

• Bayesian statistics 

• Markov chain Monte Carlo (MCMC)

3. Simultaneous Estimation and Validation

• Advanced validation of actuarial assumptions

• Estimation of actuarial assumptions in the presence of sparse data
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 Actuarial assumptions of 2nd order are used for

• cash flow projections for EV/MCEV, Solvency II, IFRS 17

• calculating a fair value of a portfolio

• profit testing

 Checking adequacy/validity of actuarial assumptions of 2nd order 
is not a trivial task, as

• usually just sparse internal data are available 

• standard statistical methods (e.g. maximum likelihood estimation) are 
not applicable to sparse data

Motivation
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* Here, methods are applied to life tables. Other 
applications (e.g. lapse rates) are straight-forward 
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 Given portfolio data, are actuarial assumptions adequate?

 Illustrative example

• Portfolio data 2016: Number of Austrian males 𝑛𝑥 in LTC-levels* 5/6 
BOY and related deaths 𝑑𝑥 (set ℎ𝑥 = 𝑑𝑥/𝑛𝑥)

• Actuarial assumption: 2nd-order 2014 life table 𝑞30, 𝑞31, … , 𝑞90

Validation: Setting
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* 7 LTC (short for 
long-term care) 
levels in Austrian 
welfare system

adequate 
yes/no?
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 Hypothesis: 𝑛𝑥 decease according to 𝑞30, 𝑞31, … , 𝑞90
• Number of deaths 𝐷𝑥 are binomial with (𝑞𝑥 , 𝑛𝑥)

• Quantiles 𝐷𝑥
𝛼 at level α ∈ [0,1] (here: α1 = 0.05 and α2 = 0.95) 

 Derive binomial confidence intervals (CIs) 𝐻𝑥
α1,α2 ≔ 𝐷𝑥

α1/𝑛𝑥; 𝐷𝑥
α2/𝑛𝑥

• Not adequate if ℎ𝑥 ∉ 𝐻𝑥
α1,α2 for too many 𝑥

Validation: Binomial CI

Dr. Jonas Hirz, ICA 2018, Validation and Estimation Page 708/06/2018
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yes/no?



 How many violations V ≔ 𝑥: ℎ𝑥 ∉ 𝐻𝑥
α1,α2 adequate?

• V is binomial with parameters 1 − α2 − α1 , 𝑥

• In our example ℙ 𝑉 > 12 ≈ 0,007, i.e. adequacy (𝑛𝑥 follows 𝑞𝑥) is rejected 
at a 1%-confidence-level for 𝑉 > 12

Validation: Decision
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✔
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Bayesian statistics: An example with 
beta prior (1)

Bayesian approach (sketch)

 Number of observations 𝑚

 Observations 𝑛 = 𝑛1, … , 𝑛𝑚
 Parameter to be estimated 𝜃

 Likelihood function 𝑙 𝑛 𝜃

 Prior (density) 𝑝(𝜃) of 𝜃

• Mean = best guess 

• Standard deviation (short: SD) 
= uncertainty for best guess

Illustrative example

 𝑚 = 10

 𝑛 = 0,… , 0

 𝜃 ∈ 0; 1 ; iid Bernoulli 
ℙ 𝑁𝑖 = 1 = 𝜃

 𝑙 𝑛 𝜃 = (1 − 𝜃)10

 Beta prior with

• Mean 𝜇 = 0,1

• SD 𝜎 = 0,1
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Similar for 
maximum 
likelihood
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Bayesian statistics: An example with 
beta prior (2)

Bayesian approach (sketch)

 Bayes’ theorem: Posterior 𝜋(𝜃|𝑛) given 
by 𝜋 𝜃 𝑛 = 𝑐 𝑝 𝜃 𝑙 𝑛 𝜃

 Estimates derived from 𝜋(𝜃│𝑛)

• E.g. mean: ෠𝜃 ≔ 𝔼 𝜋(𝜃│𝑛) ׬= 𝜃 𝜋(𝜃│𝑛) d𝜃

 Simulation of high-dimensional 
posteriors requires a special tool 
(MCMC)

Illustrative example

 Posterior is beta 
𝜋 𝜃 𝑛 = 𝑐𝜃𝑎−1(1 − 𝜃)𝑏+9
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 MCMC is a class of algorithms that draw samples from distributions 

• Markov chains with free-to-choose stationary distributions are simulated

• Metropolis–Hastings within Gibbs algorithm: Under mild regularity 
conditions (cf. Tierney 1994) chains converge to the stationary 
distribution in total variation distance

 Setting the stationary distribution = posterior, MCMC yields

• parameter estimates, and

• confidence intervals for parameters (parameter uncertainty)

Markov chain Monte Carlo (MCMC)
A tool for high-dimensional Bayesian statistics

Dr. Jonas Hirz, ICA 2018, Validation and Estimation Page 1208/06/2018



1. Motivation

• Simple validation (check for adequacy) of actuarial assumptions

2. Required Tools

• Bayesian statistics 

• Markov chain Monte Carlo (MCMC)

3. Simultaneous Estimation and Validation

• Advanced validation of actuarial assumptions

• Estimation of actuarial assumptions in the presence of sparse data

Agenda

Dr. Jonas Hirz, ICA 2018, Validation and Estimation Page 1308/06/2018



Adequacy: Simple vs. advanced
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Checks for 
adequacy

Binomial CIs 
(see Motivation)

Decision: Do death rates lie 
within confidence intervals?

Bayesian 
statistics 

Decision: Do old and new 
life tables lie close enough?

adequate 
yes/no?



Adequacy: Why Bayes?
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Weak prediction power of maximum likelihood
Sparsity 
of data

• … smoothen estimates and increase prediction power

• … account for prior/expert knowledge

• … link to patterns and trends of larger groups

Priors 
used to

• Shape-preserving normal prior
Flexible, smoothens estimates, tackles sparsity

• Smoothing normal prior
Flexible, smoothens estimates

Wide range 
of possible 

priors



 Definition: Multivariate normal distribution with 

• mean 𝑞 = (𝑞30, … , 𝑞90)

• inverse covariance matrix Σ𝜀
−1 = Σ−1 + 𝜀1 with 𝜀 ≥ 0 and

Σ−1 = 𝛾 ∙

1 −1 0
−1 2 −1
0 −1 2

⋯ 0

⋮ ⋱ ⋮

0 ⋯
2 −1 0
−1 2 −1
0 −1 1

• Σ−1 is singular; 𝜀 = 0 yields improper prior with infinite (co-)variance

• Prior density is closely related to the Mahalanobis-distance

Shape-preserving normal prior (1)
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 Log-prior density:

log 𝑝(𝜃) = −
𝛾

2
෍

𝑥=30

89

𝜃𝑥+1 − 𝜃𝑥 − 𝑞𝑥+1 − 𝑞𝑥
2
−
𝜀

2
෍

𝑥=30

90

𝜃𝑥 − 𝑞𝑥
2 + ǁ𝑐

Shape-preserving normal prior (2)
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No penalisation

Penalisation

Parameters 𝜃

Prior means 𝑞



 Shape-preserving normal prior with prior mean = 0:

log 𝑝(𝜃) = −
𝛾

2
෍

𝑥=30

89

𝜃𝑥+1 − 𝜃𝑥
2 −

𝜀

2
෍

𝑥=30

90

𝜃𝑥
2 + ǁ𝑐

Smoothing normal prior
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No penalisation

Penalisation

Parameters 𝜃

Prior means 𝑞



 Decision: Do old and new life tables lie close enough?

 New life table: Assume shape preserving normal prior with

• 𝜀 =
2𝛾

100
and 𝛾 = 10,000

• Simulation of posterior via 13,000 MCMC samples, burn-in period 3,000

Validation: Decision Bayes variant 1
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𝑉 > 12 𝑉 = 6

life table 
not 

adequate

life table 
adequate

Male LTC 5 Male LTC 6



 Decision: Does old present value lie within new CI?

 Example: 31-year life annuity for 60-year-old male

• Annual payments of 1, with actuarial interest 1% 

• Derive present value for each sample

Validation: Decision Bayes variant 2
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✔
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life table 
not 

adequate

life table 
adequate

Male LTC 5 Male LTC 6



 Higher order graduation (similar as Whittaker–Henderson)

 log 𝑝 𝜃 = −
𝛾

2
σ𝑥=30
89 𝜃𝑥+1 − 𝜃𝑥 − 𝑞𝑥+1 − 𝑞𝑥

𝜌 + ǁ𝑐 with 𝜌 > 0

• 𝜌 = 1: Laplace prior (similar to lasso 
regression)

 Age-dependent parameters 𝛾 and 𝜀

 Change point detection

• log 𝑝 𝜃 = −
𝛾

2
σ𝑥=30
89 𝜃𝑥+1 − 𝜃𝑥 − 𝑞𝑥+1 − 𝑞𝑥

2

+
𝛾

2
max
𝑥

𝜃𝑥+1 − 𝜃𝑥 − 𝑞𝑥+1 − 𝑞𝑥
2
+ ǁ𝑐

Further priors
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 MCMC and Bayesian statistics are powerful actuarial tools

 Applications include 

• high-dimensional parameter (including parameter risk) estimation,

• checking adequacy of actuarial assumptions, and

• derivation of trends and prediction of mortality/morbidity

 Prior distributions are flexible and can be used to

• include prior knowledge and patterns from other portfolios, 

• tackle sparse data issues,

• smoothen parameters and increase prediction power
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Thank you very much for your attention!
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