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Motivation
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Fair value based accounting standards for insurers has enhanced the transparency of
their balance sheets

Stressing the exposure of life insurers’ balance sheets to a variety of financial and
biometric factors

Across all developed countries, life insurance and pension markets (particularly providers
of long-term investment guarantees or lifelong benefits) have experienced (potential)
distress due to

Low interest rates regimes
Increased expectation of life



Aim of the paper
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To assess the joint impact of biometric and financial risk on the market valuation
of life insurance liabilities by explicitly incorporating

longevity risk on a portfolio level in the stylized, contingent claim model of a life
insurance company issuing participating contracts

and default risk pioneered by Briys and de Varenne (1994, 1997) and extended by
many others



Main results of the paper
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Idiosyncratic biometric risk vanishes even in small portfolios.
Longevity risk has a very substantial impact on the market value of the
participating life insurance liabilities

particularly relevant when longevity risk is paired with a low interest rate environment

Our detailed analysis provides some useful guidance on the possible actions a life
insurer could take in order to mitigate the effect of longevity risk.



Model setup
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A life insurance company which issues participating policies.

At the initial time t = 0, the assets of the company are financed by two groups of
stakeholders: policyholders, equity holder

The balance-sheet at time 0 of the insurance company

Assets Liabilities
W0 E0 = (1− α)W0

L0 = αW0
W0 W0

W0: initial assets, E0 total equity holders’ initial contribution
L0: overall premium equally contributed by N0 homogeneous policyholders



Contract structure
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At maturity T , the total outstanding liability of the insurance company

LT =

¨

ΨT if NT > 0
0 if NT = 0

= ΨT 1{NT>0},

where 1E is the indicator function and NT the number of survivals at T .

If NT > 0, the liability depends on the assets value WT = W0eR and the global payoff GT
guaranteed to surviving policyholders (GT = NT BT )

ΨT =











WT if WT < GT

GT if GT ≤WT ≤ GT
α

GT + δ (αWT − GT ) if GT
α < WT

or = GT + δα
�

WT − GT
α

�+
− [GT −WT ]+



Specification of BT
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The individual guaranteed benefit BT :

(a) BT = b: pure endowments, where the guarantee is fixed and the individual benefit B
is therefore deterministic B = b;

(b) BT = ρaT : deferred whole life annuities guaranteeing each survivor the continuous
payment ρ per year, starting at time T , e.g.
aT = E

�

∫∞
T e−r(s−T )1{τi>s}ds|τi > T ,∆

�

(c) BT = b + [bρg aT − b]+ = b max{1, ρg aT}: pure endowments with attached a
guaranteed annuity option.



Modelling demographic risk
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The possibility of deviations between actual and expected mortality/survival rates:

the unsystematic risk, that can be diversified away through pooling
the systematic risk, that hits all policies in the same direction

In our case of survival benefits, it can be identified in the longevity risk, that is the risk of
an overall decline in mortality rates
When it is present, even with a large portfolio there is a residual part of risk that cannot
be eliminated



Stochastic framework

4 - 8 June 2018, www.ica2018.org 10

We fix a probability measure Q which accounts for both unsystematic and systematic risk and, in
particular, can depend on the portfolio size N0

Conditionally on a positive random variable ∆, the residual lifetimes τi , i = 1, . . . ,N0, are
independent, and

Q(τ1 > t1, . . . , τN0 > tN0 |∆) =

N0
∏

i=1

Q(τi > ti |∆) =

N0
∏

i=1
e−∆

∫ ti
0

m(v)dv

for any ti ≥ 0, i = 1, . . . ,N0, where m is a deterministic force of mortality.

Conditionally on ∆ , the residual lifetimes are first jump times of independent inhomogeneous
Poisson processes with common stochastic intensity μt = ∆m(t).



Large portfolios
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We assume now there are infinitely many policyholders in the group

The risk neutral measure Q contains an adjustment for systematic risk only, as the
portfolio size is large and all unsystematic risk has been diversified away

NT gives now the number of survivors at time T among the subportfolio of
policyholders with index 1,2, · · ·N0

NT
N0
→ e−∆

∫ T
0 m(v)dv := π∆ as N0 →∞ almost surely under Q.



Large portfolio: individual outstanding liability
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The individual liability for the policyholder in the large portfolio case is given, on
the set {τi > T}

ℓiT (∞) = lim
N0→∞

ℓiT = BT + δα(∞)

�

w0(∞)eR

π∆
−

BT

α(∞)

�+

−
�

BT −
w0(∞)eR

π∆

�+

We assume W0
N0

= w0 → w0(∞) positive and finite
L0
N0

= l0 → l0(∞) ≤ w0(∞)

α(∞) := l0(∞)/w0(∞) ≤ 1 represents the leverage ratio for an insurer supporting a
large portfolio
R is the log-return on the assets over the period [0,T ]



Assumption about financial market
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We disregard stochasticity of the interest rates and assume that the market
instantaneous short rate is a constant r

The financial uncertainty comes only from the assets randomness

We do not make specific assumptions on the dynamics of the assets value W , and just
require independence between it and all demographic related variables



Valuation: finite portfolio
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The initial market value V ℓ
0 of the individual liability

V ℓ
0 =E

�

e−rT ℓiT

�

= E [e−rT BT 1{τi>T}] + δαE

�

e−rT
�

wT −
BT

α

�+

1{τi>T}

�

− E
�

e−rT [BT − wT ]+ 1{τi>T}
�

=V g
0 + δαV b

0 − V d
0 , i = 1, . . . ,N0.

V g
0 , V b

0 and V d
0 , correspond to the values of the guaranteed amount, bonus option

and default option
The value of the total liability is

V L
0 = E

�

e−rT LT
�

= E



e−rT
N0
∑

i=1

ℓiT



 = N0V ℓ
0 ,



Fair contract analysis
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A contract is fair for the policyholders if the initial market value of the outstanding
liabilities equates their initial investment.

V L
0 = αW0 or, equivalently, V ℓ

0 = αw0,

It is particularly relevant to analyse the trade-off between contract parameters that
implicitly define a fair policy.

participation coefficient δ associated with a fair contract:

δ =
αw0 − V g

0 + V d
0

αV b
0

,



Infinite portfolio
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In an infinite portfolio, the market value of the individual liability is given by

V ℓ
0(∞) =E [e−rT ℓi (∞)]

=E [e−rT B1{τi>T}]

+ δα(∞)E



e−rT

�

w0(∞)eR

π∆
−

B

α(∞)

�+

1{τi>T}





− E



e−rT

�

B −
w0(∞)eR

π∆

�+

1{τi>T}





=V g
0 (∞) + δα(∞)V b

0 (∞)− V d
0 (∞).



Infinite portfolio: fair contract analysis
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Fairness of a contract in an infinitely large portfolio can only be defined at individual level.

Fair contracts are then those for which

V ℓ
0(∞) = α(∞)w0(∞).

The fair participation coefficient

δ(∞) =
α(∞)w0(∞)− V g

0 (∞) + V d
0 (∞)

α(∞)V b
0 (∞)

.



Numerical results: parameter choices
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m Gompertz law of mortality, fitted to the survival probabilities t p∗40 implied by the projected life
table IPS55 currently used in the Italian annuities market

m(t) = λcx+t

with x = 40, λ = 2.6743 · 10−5, c = 1.098.

Gamma distributed with Var [∆] = 0.1 and the following scenarios:

E [∆] = 0.4 extreme longevity improvement scenario
E [∆] = 0.8 moderate longevity improvement scenario
E [∆] = 1.2 slight mortality worsening scenario

instantaneous assets return normally distributed with mean r and σ



..Other parameters
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maturity T = 25;
initial individual assets per contract w0 = 100;
initial contribution ratio α = 0.7;
riskless rate r = 0.03;
assets volatility σ = 0.15;
in cases (a) and (c), individual survival benefit b = 150;
in case (b), instantaneous annuity amount ρ = 10;
in case (c), guaranteed conversion rate ag .

= 1/ρg = 15.
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Fair participation rate for case (b): effect of systematic

mortality and guaranteed payment
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E [∆] = 0.4 E [∆] = 0.8 E [∆] = 1.2
ρ δ% V

g
0 V b

0 V d
0 δ% V

g
0 V b

0 V d
0 δ% V

g
0 V b

0 V d
0

5.0 90.28 43 48 3 95.69 33 57 1 97.65 28 63 1
7.5 69.16 65 33 11 85.11 50 42 5 91.33 42 49 3

10.0 32.76 87 23 22 66.14 67 31 11 79.64 56 38 7
12.5 — 108 17 36 37.33 84 24 20 61.63 70 30 13
15.0 — 130 12 52 — 100 18 30 36.41 84 24 20

Case (b) for a large portfolio, different annuity rates ρ and values of E [∆].

V
g
0 (∞) =E [e−rT ρaT 1{τi>T} ];

V b
0 (∞) =E



e−rT
�

w0(∞)eR

π∆
−
ρaT

α

�+

1{τi>T}





V d
0 (∞) =E



e−rT
�

ρaT −
w0(∞)eR

π∆

�+

1{τi>T}







Fair participation rate for case (b): combined effect of

systematic mortality and low interest rate
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E [∆] = 0.4 E [∆] = 0.8 E [∆] = 1.2
r% δ% V

g
0 V b

0 V d
0 δ% V

g
0 V b

0 V d
0 δ% V

g
0 V b

0 V d
0

1 — 196 6 108 — 140 10 59 — 113 15 39
2 — 129 13 52 8.17 97 19 28 45.47 79 25 17
3 32.76 87 23 22 66.14 67 31 11 79.64 56 38 7
4 76.54 59 36 8 87.93 47 45 4 92.75 40 51 2
5 92.21 40 50 3 95.96 33 57 1 97.60 28 62 1

Case (b) for a large portfolio, different risk free rates r and values of E [∆]

V
g
0 (∞) =E [e−rT ρaT 1{τi>T} ];

V b
0 (∞) =E



e−rT
�

w0(∞)eR

π∆
−
ρaT

α

�+

1{τi>T}





V d
0 (∞) =E



e−rT
�

ρaT −
w0(∞)eR

π∆

�+

1{τi>T}







Fair participation rate for case (b): combined effect of

systematic mortality and asset volatility
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E [∆] = 0.4 E [∆] = 0.8 E [∆] = 1.2
σ δ% V b

0 V d
0 δ% V b

0 V d
0 δ% V b

0 V d
0

0.100 — 14 14 53.37 22 5 78.76 30 2
0.125 9.36 18 18 60.23 27 8 78.58 34 5
0.150 32.76 23 22 66.14 31 11 79.64 38 7
0.175 48.01 28 26 71.08 36 15 81.21 42 10
0.200 58.61 33 30 75.19 40 18 82.93 46 12

Case (b) for a large portfolio, different volatilities σ and values of E [∆]. The values of the guaranteed amount are V
g
0 = 87 for E [∆] = 0.4, V

g
0 = 67 for

E [∆] = 0.8, V
g
0 = 56 for E [∆] = 1.2.

V
g
0 (∞) =E [e−rT ρaT 1{τi>T} ];

V b
0 (∞) =E



e−rT
�

w0(∞)eR

π∆
−
ρaT

α

�+

1{τi>T}





V d
0 (∞) =E



e−rT
�

ρaT −
w0(∞)eR

π∆

�+

1{τi>T}







Fair participation rate: effect of portfolio
size
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E [∆] = 0.4 E [∆] = 0.8 E [∆] = 1.2
N0 δ(a)% δ(b)% δ(c)% δ(a)% δ(b)% δ(c)% δ(a)% δ(b)% δ(c)%

1 75.20 44.04 42.68 91.91 89.58 86.92 — — —
2 65.49 35.21 33.86 71.18 68.82 65.87 76.81 83.27 76.49
5 64.56 33.56 32.13 69.00 66.58 63.46 72.84 79.77 72.50

10 64.43 33.16 31.70 68.80 66.37 63.18 72.63 79.71 72.28
100 64.30 32.80 31.32 68.61 66.17 62.92 72.42 79.65 72.07
∞ 64.29 32.76 31.28 68.59 66.14 62.89 72.40 79.64 72.04

Cases (a), (b) and (c) for a finite portfolio, different portfolio sizes and values of E [∆]. δ(a), δ(b) and δ(c) are the fair participation rates for cases (a), (b) and (c).



Concluding remarks
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Analyze the effect of demographic and investment risk on the market valuation of life
insurance liabilities for a portfolio of homogenous policyholders

Systematic mortality risk overshadows process risk even for small portfolios

recognizing longevity risk as one of the most challenging factors affecting the life
insurance business

Under low interest rate levels, yet not even close to those currently experienced, the cost
of guarantees offered may be hardly sustainable
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