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Introduction
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Annuity funds are suffering from longevity and low interest rate.

Longevity derivatives market has expanded recently.

How can we manage the risk by portfolio of derivatives?

Define stochastic mortality and interest rate as Moller and Dahl[2006].

Risk hedging portfolio of the longevity bond, longevity swaps and zero
coupon bonds.

Goal : Effectiveness of the portfolio mix for the risk management of
annuity.



Longevity Risk
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Survival probability of Age x = 30 at time0 : tpx vs Sx(t, T)
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Stochastic survival probability
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Observed mortality intensity of age x at time t:

μo(x+ t) = a+ b(c)x+t

Stochastic mortality intensity :

μ(x, t) = μo(x+ t)κ(x, t), κ(x, t) > 0

dκ(x, t) = (γ(x)− δ(x)κ(x, t))dt +
Æ

κ(x, t)σ(x)dWμ(t)

Survival probability from t to maturity T under risk-neutral measure Q

Sx(t, T) = EQ
�

e−
∫ T

t
μ(x,s)ds

�

�

�

�

�

F(t)

�

= exp(Aμ(t, T)− Bμ(t, T)μ(x, t))



Intrinsic value of annuity V(t)
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V(t) =EQ
�

∫ T

0
e−

∫ τ

0 r(u)dudA(τ)

�

�

�

�

F(t)
�

T̄ : the retirement time, T: the end time of contract
πc : the premium during [0, T̄), ap : the benefit during [T̄, T]

n : number of annuitants, N(x, t) : counting process of withdrawals at t

The payment process of annuity :

dA(t) = −(n− N(x, t))

¨

πc1{0≤t<T̄} − ap1{T̄<t≤T}

«

︸ ︷︷ ︸

A0(t)

dt



The dynamics of discounted value
of annuity V∗(t) under risk neutral
measure Q
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dV∗(t) = νV(t)dMQ(t) + ηV(t)dWr(t) + ρV(t)dWμ(t) (1)

νV(t) =
∫ T

t
P∗(t, τ)Sx(t, τ)A0(τ)dτ

ηV(t) = (n− N(x, t))σr
∫ T

t
Br(t, τ)P∗(t, τ)Sx(t, τ)A0(τ)dτ

ρV(t) = σμ
p

μ(x, t)(n− N(x, t))(1 + g(t))
∫ T

t
Bμ(t, τ)P∗(t, τ)Sx(t, τ)A0(τ)dτ

where
dMQ(t) = dN(t)− (1 + g(t))λ(t)dt : the martingale of N(x, t)
λ(t) = (n− N(x, t))μ(x, t): the intensity at t



Discounted zero-coupon bond P∗(t, T)
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Interest rate : r(t)

dr(t) = (γr(t)− δr(t)r(t))dt + σrdWr(t)

Value of zero-coupon bond :

P(t, T) = eA
r(t,T)−Br(t,T)r(t)

dP∗(t, T) = −σP(t)dWr(t) (2)

σP(t) =
σr

δr
(1− e−δr(T−t))P∗(t, T)



Longevity bonds
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No principle repayment but pays coupons linked with a longevity index.
The value of longevity bond at t for maturity T :

LB(t, T) = EQ
�

∫ T

t

e−
∫ τ

t
r(s)dse−

∫ τ

t
μ(x,s)dsdτ

�

�

�

�

�

F(t)

�

=

∫ T

t

P(t, τ)Sx(t, τ)dτ

Discounted longevity bond price

dLB,∗(t, T) := ηL(t)dWr(t) + ρL(t)dWμ(t) (3)

ηL(t) = σr
∫ T

t
Br(t, τ)P∗(t, τ)Sx(t, τ)dτ

ρL(t) = σμ
p

μ(x, t)
∫ T

t
Bμ(t, τ)P∗(t, τ)Sx(t, τ)dτ



Longevity swaps
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pay a series of fixed amount ( ntp̃x) based on pre-specified survivors
receive a series of variable payments which are linked to actual number
of survivors.

The payoff process of longevity swaps :

dF(x, t) = (n− N(x, t))dt − n tp̃xdt,

Z(x, t) = EQ
�

∫ T

0
e−

∫ τ

0 r(u)dudF(x, τ)

�

�

�

�

F(t)
�

, Z(x,0) = 0



Discounted value of longevity swaps
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dZ∗(x, t) := νZ(t)dMQ + ηZ(t)dWr(t) + ρZ(t)dWμ(t) (4)

where
νZ(t) =

∫ T

t
P∗(t, τ)Sx(t, τ)dτ

ηZ(t) = (n−N(x, t−))σr
∫ T

t
Br(t, τ)P∗(t, τ)Sx(t, τ)dτ−nσr

∫ T

t
Br(t, τ)P∗(t, τ)τpxdτ

ρZ(t) = σμ
p

μ(x, t)(n− N(x, t))(1 + g(t))
∫ T

t
Bμ(t, τ)P∗(t, τ)Sx(t, τ)dτ



Hedging portfolio in the complete
market
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The trading strategy of portfolio

φ(t) = (ξP(t), ξL(t), ξZ(t), ξB(t))

ξP(t) : the amount of zero coupon bonds
ξL(t) : the amount of longevity bonds
ξZ(t) : the amount of longevity swaps
ξB(t) : the value of risk-free asset



The value of portfolio
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V(t, φ) = ξP(t)P(t, T) + ξL(t)LB(t, T) + ξZ(t)Z(x, t) + ξB(t)B(t)

V(T, φ) = 0

The discounted portfolio process

dV∗(t, φ) = ξP(t)dP∗(t, T) + ξL(t)dLB∗(t, T) + ξZ(t)dZ∗(x, t) (5)

From (1),(2),(3),(4),










ξ∗
Z

(t) = νV(t)/νZ(t)

ξ∗
L

(t) = {ρV(t)− ξ∗
Z

(t)ρZ(t)}/ρL(t)

ξ∗
P

(t) = −{ηV − ξ∗L (t)ηZ(t)− ξ∗
Z

(t)ηL(t)}/σP(t)



The strategy of portfolio
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The trading share of longevity swaps equals to the value of per capita
annuity contract divided by the price of longevity bond;

ξ∗
Z

(t) = νV(t)/νZ(t) =

∫ T

t
P∗(t, s)SQ

x
(t, s)A0(s)ds

∫ T

t
P∗(t, s)SQ

x
(t, s)ds

The trading amount of longevity bonds compensates the sensitivity of
longevity swaps by mortality rate μ(x, t),
The trading amount of discounted bonds compensates the risk of
interest



Portfolio of Longevity swaps and
bonds
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Figure: Hedging for Longevity Swaps and Bonds



Incomplete market of annuity
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Number of the annuitants is less than population of same age x

n1 < n

Survival probability process of the annuitants SQ1
x

with Extra
randomness W1

μ
(t), cov(Wμ,W1

μ
) = 0

dSQ1
x
/SQ1

x
= μ1(t, x)dt −

Æ

μ1(t, x)β∗
μ1(t, T)(σ11dW

Q
μ

(t) + σ12dW
1Q
μ

(t))

The cash flow process for n1 annuitants,

dA1(t) = (n1 − N1(t, x))dA0(t)



Value of annuity and longevity swaps

4 - 8 June 2018, www.ica2018.org 18

The intrinsic value of annuity fund and the dynamics

V∗,Q1 (t) = EQ[

∫ T

0
e−

∫ s

0 r(u)dudA1(s)|F(t)]

dV∗,Q1 (t) = νV1 (t)dMQ
1 (t) + ηV1 (t)dWQ

r
(t) + ρV1 (t)dWQ

μ
(t) + ρV2dW

1,Q
μ

(t)

The value process of longevity swaps for the annuity

dZ∗1 (x, t) = νZ1 (t)dMQ
1 + ηZ1(t)dWQ

r
(t) + ρZ1(t)dWQ

μ
(t) + ρZ2(t)dW1,Q

μ
(t)

where
¨

dMQ
1 = N1(t, x)− λQ1 (t)dt

λQ1 (t) = (n1 − N1(t− , x))μ1(t, x)



Hedging cost in incomplete market
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Cost process of portfolio with Longevity swap and discount bond

C(t, φ) = V∗,Q1 (t, φ)−
∫ t

0
ξP(u)dP∗(u)−

∫ t

0
ξZ(u)dZ∗,Q1 (u) +A∗1 (t)

Risk process by risk neutral measure Q

RQ(t, φ) = EQ
�

�

C(T, φ)− C(t, φ)
�2
�

�

�

�

F(t)
�

Risk process by "Minimal martingale measure" P̂ by Foellmer[2004]

RP(t, φ) = EP
�

�

C(T, φ)− C(t, φ)
�2
�

�

�

�

F(t)
�



Risk process: risk neutral measure Q
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From Kunita-Watanabe Martingale decomposition :

dV∗,Q1 (t) = ξQ(t)dP∗(t) + θQ(t)dZ∗,Q1 (t) + dLQ(t)

LQ is orthogonal to P∗(t)and Z∗,Q(t) and it is Q-martingale.
The minimization of the risk process is achieved by
(ξP(t), ξZ(t)) = (ξQ(t), θQ(t))

The minimal value is:

min
φ

RQ(t, φ) = EQ
�

�

∫ T

t

dLQ(τ)
�2
�

�

�

�

�

F(t)

�



Optimal portfolio and the risk RQ
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ξQ(t) =
ηV1 (t)− θQ(t)ηZ1(t)

ηP(t)
,

θQ(t) =
νZ1 (t)νV1 (t)λQ1 (x, t) + ρZ11(t)ρV1 (t) + ρZ12(t)ρV2 (t)

(νZ1 (t))2λQ1 (x, t) + (ρZ11(t))2 + (ρZ12(t))2

Minimum risk process :

RQ(φ∗
Q
, t) =

2
∑

i=1

∫ T

t

E[(ρV
i

(s)− θQ(s)ρZ1i(s))2|F(t)]ds

+

∫ T

t

E[(νV(s)− θQ(s)νZ1 (s))2λ1(x, s)|F(t)]ds



Minimal martingale measure P̂ in-
cluding jumps(Henriksen[2014])
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dP̂

dP
= Λ̂(T), hr(t)dt = dWr(t)− dWr,Q(t)

dΛ̂(t)/ Λ̂(t−) = hr(t)dWr(t)− λX2(t)νZ1 (t)dM1(x, t)

− λX2(t)ρZ11(t)dW
μ
1(t)− λX2(t)ρZ12(t)dW

μ
2(t), Λ̂(0) = 1,

λX2(t) = −
νZ1 (t)λ1(x, t)g1(t)

(νZ1 (t))2λ1(x, t) + (ρZ11(t))2 + (ρZ12(t))2
.



Annuity value process under P̂
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dṼ∗(t) = η̃V(t)dW̃r(t) + ρ̃V1 (t)dW̃
μ
1(t) + ρ̃V2 (t)dW̃

μ
2(t) + ν̃V(t)dM̃1(x, t),

ν̃V(t) = −
∫ T

t

P̃∗(t, τ)S̃(t, τ)A0(τ)dτ, S̃(t, τ) = EP̂
�

e−
∫ τ

t
μ̃1(x,s)ds

�

�

�

�

F(t)
�

η̃V(t) = −(n1 − N1(x, t−))σr
∫ T

t

Br(t, τ)P̃∗(t, τ)S̃(t, τ)A0(τ)dτ,

ρ̃V1 (t) = σ
μ
1,1(x, t)

Æ

μ1(x, t)(n1 − N1(x, t−))

∫ T

t

P̃∗(t, τ)
∂

∂μ
S̃(t, τ)A0(τ)dτ,

ρV2 (t) = σ
μ
1,2(x, t)

Æ

μ1(x, t)(n1 − N1(x, t−))

∫ T

t

P̃∗(t, τ)
∂

∂μ
S̃(t, τ)A0(τ)dτ.



Local risk-minimizing strategy
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φ∗
P

(t) = (ω1(t), ω2(t), Ṽ(φ, t)− A∗(t)− ω1(t)P̃∗(t, T)− ω2(t)Z̃∗1 (x, t))

Foellmer-Schweizer decomposition

Ṽ∗(t) = Ṽ∗(0) +

∫ t

0
ω1(u)dP̃∗(u,T) +

∫ t

0
ω2(u)dZ̃∗1 (x,u) + Γ(t),

ω1(t) =
η̃V(t)− ω2(t)ηZ1(t)

ηP(t)
, ω2(t) =

νZ1 (t)ν̃V(t)λ1(x, t) + ρZ11(t)ρ̃V1 (t) + ρZ12(t)ρ̃V2 (t)

(νZ1 (t))2λ1(x, t) + (ρZ11(t))2 + (ρZ12(t))2

Minimum local risk process :

RL(φ∗
P
, t) =

2
∑

i=1

∫ T

t

E[(ρ̃V
i

(s)− ω2(s)ρZ1i(s))2|F(t)]ds

+

∫ T

t

E[(ν̃V(s)− ω2(s)νZ1 (s))2λ1(x, s)|F(t)]ds



Minimum risk process (under P̂)
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RP̂(φ∗, t) =EP̂
�

�

∫ T

t

dLQ(τ)

�2�
�

�

�

�

F(t)

�

(6)

=
2
∑

i=1

∫ T

t

E[(ρV
i

(s)− ωR
2(s)ρZ1i(s))2|F(t)]ds

+

∫ T

t

E[(νV(s)− ωR
2(s)νZ1 (s))2λ1(x, s)|F(t)]ds

+ E[

�

∫ T

t

(νV(s)− ωR
2(s)νZ1 (s))λ1(x, s)g1(s)ds

�2

|F(t)]



Simulation
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Table: Risk value per person

n1

p
RL

n1

p
RP

n1

p
RQ

n1

100 0.0725 0.0354 0.0333
1,000 0.0400 0.0627 0.0220

10,000 0.0113 0.0997 0.0084

Number of annuitants : n1 = 10000, aged 30 at time 0.
premium : πc = 0.13 during [0,30]. benefit : ap = 1 during [30,60]
Time span : 0.1, Simulation times: 200, Girsanov kernel :g1 = 0.5.
RL:Local risk minimum process
RP̂:risk minimization process under P, RQ: risk minimization process under Q



Longevity swap holding ratios in Q

and P̂
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Zero coupon bonds values in Q and P̂
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Survival probability of Q and P̂
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Conclusions
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1. In complete market, portfolio of longevity derivatives could hedge
perfectly longevity risk.

2. We compare Hedging strategies for longevity risk in Risk minimization
of MMM (Minimal Martingale Measure) and Risk Neutral Measure.

3. In incomplete market Risk neutral approach causes undervaluation of
longevity risk.

4. Local minimization by MMM evaluates the risk properly but there are
several problems to solve like statistical estimation Girsanov kernel.
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Girsanov kernels for survival proba-
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