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Introduction ME’E-I N

m Annuity funds are suffering from longevity and low interest rateBERLIN 2018

m Longevity derivatives market has expanded recently.
m How can we manage the risk by portfolio of derivatives?
m Define stochastic mortality and interest rate as Moller and Dahl[2006].

m Risk hedging portfolio of the longevity bond, longevity swaps and zero
coupon bonds.

m Goal : Effectiveness of the portfolio mix for the risk management of
annuity.
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Longevity Risk m:g}}-l 1

m Survival probability of Age x = 30 at timeO : tpx vs Sx(t, T) BERLIN 2018
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Stochastic survival probability mf‘;}!-
m Observed mortality intensity of age x at time t: BERLIN 2018

UO(x +t) = a+ b(c)Ht
m Stochastic mortality intensity :

(X, t) = u°(x +t)k(x, t), k(x, t) >0

dk(x, t) = (y(x)— 8(X)K(x, t))dt + /K(x, t)o(x)dWH(t)
m Survival probability from t to maturity T under risk-neutral measure Q

Se(t, T) = EQ| eI He9)ds| £ty | — exp(AH(t, T) — BH(t, T)u(x, t))
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Intrinsic value of annuity V/(t) m:g}}-l u

BERLIN 2018

T T
V(t) :EO[J e~ o r(u)dudA(T)
0

0]

m T : the retirement time, T: the end time of contract
m 7€ : the premium during [0, T), aPf : the benefit during [T, T]
m n: number of annuitants, N(x,t): counting process of withdrawals at t

The payment process of annuity :

dA(t) = —(n — N(X, t)) {T[C].{OSLL<7"} —_ apl{T<tsT}} dt
€ 7

Aott)
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The dynamics of discounted value mﬁ;ﬂ!
of annuity V*(t) under risk neutral BERLIN 2018
measure Q

dV*(t) = vy (t)dMO(t) + ny(£)dW' (t) + pv (t)dWH(t) (1)

wu(t) = [ P*(t, T)Sx(t, T)Ao(T)dT
nv(t) = (n—N(x, t))orftTBr(t T)P*(t, T)Sx(t, T)Ao(T)dT
pv(t) = oM/ u(x, t)(n—N(x, t))(1+g(t) ft BH(t, T)P* (t, T)Sx(t, T)Ao(T)dT
where
dMQ(t) = dN(t) — (1 + g(t))A(t)dt : the martingale of N(x, t)
A(t) = (n—=N(x, t))u(x, t): the intensity at t
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Discounted zero-coupon bond P*(¢t, T) mﬁ}}' 1

BERLIN 2018
m Interest rate : r(t)
dr(t) = (y"(t)— &6 (t)r(t))dt + o"dW'(t)
m Value of zero-coupon bond :
P(t, T) = X (ET)-B"(ET)r(t)
dP*(t, T) = —op(t)dW'(t) (2)

o
op(t) = 6—r(1 — e~ T=0)p*(t, T)

r
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Longevity bonds m:i‘?iy 1

BERLIN 2018
m No principle repayment but pays coupons linked with a longevity index.

The value of longevity bond at t for maturity T :

T T
LB(t, T) = EOU e~ Je r(s)dsg= [ u(x.5)ds 7 ]—'(t)] = J P(t, T)Sx(t, T)dT
t t

m Discounted longevity bond price
dL®* (t, T) = o (t)dW'(t) + pL(t)dWH (t) (3)

nL(t) = o' [] B'(t, T)P* (t, T)Sx(t, T)dT

-
pu(t) = oM \/u(x, t) [, BH(t, T)P* (t,T)Sx(t, T)dT
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Longevity swaps m:g;iy 1

BERLIN 2018
m pay a series of fixed amount ( ntpx) based on pre-specified survivors
B receive a series of variable payments which are linked to actual number
of survivors.

The payoff process of longevity swaps :

dF(x,t) = (n— N(x, t))dt — npxdt,

.
zmn:EﬂJeﬂwwwwum)
0

fm} Z(x,0)=0
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Discounted value of longevity swaps m:f;iy 1

BERLIN 2018

dZ* (x, t) := Vz(£)dM? + nz(t)dW' (t) + pz(t)dWH(t) (4)

where
Vz(t) = [ P*(t, T)Sx(t, T)dT
nz(t) = (n—N(x, t=))o" ftT B'(t, T)P*(t, T)Sx(t, T)dT—nO" ftT B'(t, T)P*(t, T)-pxdT

p2(t) = oH /(X D(n— N(x, ©)(1 + g(t)) [] BH(E, TIP* (£, T)Sx(t, T)dT
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Hedging portfolio in the complete
market

The trading strategy of portfolio

o(t) = (&p(t), EL(t), Ez(t), Ep(L))

m Ep(t) : the amount of zero coupon bonds
m & (t) : the amount of longevity bonds

m &z(t) : the amount of longevity swaps

m &p(t) : the value of risk-free asset

Vit
(Ch i

BERLIN 2018
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The value of portfolio m:g}}-l 1
BERLIN 2018
V(t, @) = Ep(t)P(t, T) + EL(LP (L, T) + Ez(t)Z(x, t) + E(t)B(t)
V(T,9)=0

The discounted portfolio process
dV*(t, ) = Ep(t)dP* (t, T) + EL(H)dLB* (t, T) + Ez(t)dZ* (x, 1) (5)
From (1),(2),(3),(4),

E5(t) =wvv(t)/vz(t)
g (1) =A{pv(t)=&;()pz(t)}/oL(t)

* () L k. WA FAAN |k WA (4
h WA AVA Stz \C) G \C)TJJ\LC
L= ~
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The strategy of portfolio Et:g}}-l 1

BERLIN 2018

m The trading share of longevity swaps equals to the value of per capita
annuity contract divided by the price of longevity bond;

[TP*(t,5)S9(t, 5)Ao(s)ds
[P (t, 5)s9(t, s)ds

E2(8) = w(t)/va(t) =

m The trading amount of longevity bonds compensates the sensitivity of
longevity swaps by mortality rate u(x, t),

m The trading amount of discounted bonds compensates the risk of
interest
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Portfolio of Longevity swaps and mg’[f!iy 0
bonds BERLIN 2018
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Incomplete market of annuity III!::EE,!}}-I N

_ ) ) BERLIN 2018
m Number of the annuitants is less than population of same age x

1

n-<n

m Survival probability process of the annuitants S with Extra
randomness W;(t), cov(Wy, Wb) =0

dS91/S = s (t, x)dt — /ua(t, x B (t T)( 011dWQ( )+alzdwl§<?(t))
m The cash flow process for n! annuitants,

dA1(t) = (n* — N1 (t, x))dAo(t)

4 - 8 June 2018, www.ica2018.0org
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Value of annuity and longevity swaps m:g;iy 1

m The intrinsic value of annuity fund and the dynamics BERLIN 2018

.
VOt = B9 JO e~ o Wdiga, (s)| F(t)]

Q) — VY Q v Q v Q(t VawlQ(t
de () = vy (t)dM7 (t) + ny (H)dW(t) +p1(t)dW“( )+P5 dW (t)
m The value process of longevity swaps for the annuity

Az} (x,t) = Vi (t)dMS + nf (W2 (t) + pF (AW (b) + p5 ()W O(t)

where

de? = N1 (t, x) = A9 (t)dt

D W 2 W Y NV £ VAN VYT £ VA
tATH—A Ny(t—, x)Hu1(t, x)




— AN __

Hedging cost in incomplete market :g‘i}-l-

Cost process of portfolio with Longevity swap and discount bonomBERUN 2018

t t
C(t, ) = VOt cv)—J EP(U)dP*(U)_J E2(U)dZS(u) +AS (t)
0 0
Risk process by risk neutral measure Q
Q 0 2
ROt 0)~ £ (T 00— ct 1) 710
Risk process by "Minimal martingale measure" P by Foellmer[2004]

RP(t, 0) = 7| (C(T, o) — c(t, 0)) | F(0)]

L J
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Risk process: risk neutral measure Q mﬁiy 1

BERLIN 2018

m From Kunita-Watanabe Martingale decomposition :
*x,Q _ 0 * Q *,0Q Q
dv7E(t) = EX()dP™ (t) + 6~ (t)dZ -~ (t) + dL™(t)

L? is orthogonal to P*(t)and Z*-Q(t) and it is Q-martingale.
m The minimization of the risk process is achieved by

(Ep(t), Ez(t)) = (E9(t), 89(t))

®m The minimal value is:

min RO(t, @) = EQ[(J

t

T

dLQ(T))Z'}'(t)]
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Optimal portfolio and the risk R? m:g}}-l 1
v 0 > BERLIN 2018
t)— O~(t t
go(r) - O OO
n"(t)

VEOVOA 0 1)+ 0Z, (9Y () + pZ, (DpY ()
2

0°(t) =
(6) 4 Q V4 2 z 2
(V1) AT (x, t) + (o1, (1) + (p1,(E))

Minimum risk process :

(o5 t) =ZJ E((p} (s) — 69(s)05()*| F (D) ds

4 - 8 June 2018, www.ica2018.0org
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Minimal martingale measure P in- mj’.ﬁrl
cluding jumps(Henriksen[2014]) pERLIN 208
dp

_ r _ r _ r,Q
-5 = A(T), h"(t)dt = dW' (t) — dW"P(t)

dA(t)/A(t=) = h"(t)dW' (t) — A% (t)VZ (t)dM1(x, t)
— AS(t)pT, ()dW (t) = AS(t)p%, (H)dWy (t), A(0) = 1,

B vi(HAa(x, £)ga(t)
? (VZ()2A1(x, £) + (pZ ()2 + (0%,(1))*
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Annuity value process under P [Et:g;iy T
BERLIN 2018
av*(t) = AY()dW'(t)+pY (t)dWL (t) + By (t)dW5 () + VY (t)dMy(x, t),

V()

-
— f P*(t, T)5(t, T)Ao(T)dT, S5(t, T)—Ep[e—fr fa(xs)ds
t

0]

.
—(n1—N1(x, t—))arJ B'(t, T)P*(t, T)S(t, T)Ao(T)dT,
t
.

0y 1(X, t)Y/H1(x, t)(n1— N1(x, t—))J P*(t, T)%g(t, T)Ao(T)dT,
t

= aﬁl,z(x, t)vH1(x, t)(n1—N1(x, t=)) f P*(t, T)—5(t, T)Ao(T)dT.
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Local risk-minimizing strategy ME!}-I'
@p (1) = (wa(t), wa(t), V(@, t) =A™ (t) — wi(E)P* (t, T) — w2 (t)Z] (X, #jLIN 2018
Foellmer-Schweizer decomposition

t t
\7*(t):\7*(0)+f w1 (u)dP* (u, T)+J w2(U)dZ} (x, u) +T(t),
0

0
Y () — w2(t)n%(t) VIOV (D)AL(x, t) + o5, (D)B] (£) + pT, (DAY (¢)
, W (t) =
nP(t) (VE(0)?A1(x, ) + (0%, (1))% + (0%, (1))?
Minimum local risk process :

wi(t) =

2 T
RH(ep, t) = ZJ E[(B (s) — wa(s)p(5))*|F(t)]ds
i=1Jt

+ | E[(VY(S) — wo(s)VA(S)) A1 (X, SHF(t)]ds

4 - 8 June 2018, www.ica2018.0org



Minimum risk process (under P) ﬁ}!!
BERLIN 2018
~ N T 2
RP(*, 1) EP[U dLO(t )) ]—“(t)] (6)
f E[(p} (s) — w5(s)p%,(9))* | F(t)lds

+f E[(v(s) = w5(s)vi(5))*A1(x, S)IF(D)]ds
t
.

2
—l—E[(L (VV(S)—wg(S)Vf(S)))\l(X, S)gl(s)ds) |F(t)]
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Simulation VIN P
Table: Risk value per person BERLIN 2018
ni YR VR v R9

n n n
100 | 0.0725 0.0354 0.0333
1,000 | 0.0400 0.0627 0.0220
10,000 | 0.0113 0.0997 0.0084

Number of annuitants : n; = 10000, aged 30 at time 0.
premium : € = 0.13 during [0, 30]. benefit : a? =1 during [30, 60]
Time span : 0.1, Slmulatlon times: 200, Girsanov kernel :g; = 0.5.

RL LocaI r|sk ' M PrOCESS —
Zation process under P, R?: risk minimization process under Q
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Longevity swap holding ratios in Q mﬁff!‘-
o BERLIN 2018
and P 2 - Lswap_LRM
--- Lswap_RM
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Zero coupon bonds values in Q and P ICA CIA s

BERLIN 2018
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: T > 7
Survival probability of Q and P ICA CIA g

BERLIN 2018
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Conclusions mﬁsy i

BERLIN 2018

1. In complete market, portfolio of longevity derivatives could hedge
perfectly longevity risk.

2. We compare Hedging strategies for longevity risk in Risk minimization
of MMM (Minimal Martingale Measure) and Risk Neutral Measure.

3. In incomplete market Risk neutral approach causes undervaluation of
longevity risk.

4. Local minimization by MMM evaluates the risk properly but there are
several problems to solve like statistical estimation Girsanov kernel.
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Thank you very much for your attention!
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Girsanov kernels for survival proba- mﬁf]ig!!
bility BERLIN 2018

° = ir mQ.9 -—— gir_ m0.1 S
B i
o w0 0m w0 m
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