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Introduction

The problem: stochastic claims reserving

Reserves
Policies Sold Reserves Set Set Again
A A A A A A -
Start of 1 2 End of 3 4 End of nth 5
Financial Year Financial Year Financial
Year
1. Minor ‘knocks’. S 8 48&5. ‘Whiplash’ injury.
Notified and settled quickly. N [_f_sz- "_"j‘(ll‘" t';"tet“lf L Long time for injury to
o qutlc y’t'tl IEELSUIE manifest. Notified late and paid
0 settle. even later.

o Claims are first notified and later settled: reporting delays and
settlement delays exist.
@ An outstanding liability for claims events that have already happened
and also for claims that have not yet been fully settled.
@ The objectives:
e How large future claim payments are likely to be.

e The timing of future claim payments.
e The distribution of possible outcomes: future cash-flows.

2/33

Martinez-Miranda et al. (2011) Double Chain Ladder Astin Colloquia 2011



Introduction

The life of an individual general insurance claim

Ocurrence
l Notification Payments Clousure
® — | p—— f >
t, t, t, [T t
IBNR
RBNS

IBNR: Incurred But Not Reported
RBNS: Reported But Not Settled
Reserve = IBNR + RBNS
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Introduction

The life of an individual general insurance claim

Ocurrence
l Notification Payments Clousure

L

RBNS

IBNR: Incurred But Not Reported
RBNS: Reported But Not Settled
Reserve = IBNR + RBNS

@ Most of the works about reserving are based on aggregated data: the
celebrated Chain Ladder Method (CLM).
@ Our proposal:
o Define a micro-level stochastic model for the run-off of claims.

o Calibrate the model using aggregated data instead of using historical
individual data.
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The statistical model

The statistical model

An extension of the models in:
Verrall, Nielsen and Jessen (2010)
Martinez-Miranda, Nielsen, Nielsen and Verrall (2011)
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The statistical model The data

The data we require: only two run-off triangles

i\ J i T 2 3 4 5 6 7 & 4
1 G238 s3l 40 7 1 1 3 1 2 a
2 77731381 23 4 1 3 1 11
3 | 10306 1003 1T 5 2 0 2 .
y o630 00s 1 6 1 5 1 Aggregated incurred counts
5 o511 1386 30 4 6 5
6 | 10023 1342 31 16 O e
7| o834 1424 50 24 R = {Nj - (1.)) € I}
8 10899 1503 84 o .
g 11054 1704 N = total number of claims
10 | 10989 incurred at i and reported at [ +
Y 1] T b 3 1 5 G 7 3 ]
T [ 451288 Ga0510 333371 THO8S 03243 45511 25217 20406 31482 1729
2| 448627 512882 168467 130674 56044 33307 56071 26522 14346
3| 603574 40TTIT 202272 1207K3 125046 47154 27608 17864
4| 652043 546406 244474 200896 106802 106753 63688
5 | 566082 503070 217838 145181  16R510 toen
6 606606 562543 227374 153551 13274 Aggregated payments
7| saeove  aT2mes 154205 150564
8 | 5R4S33  GOOSS0 300064 o
9 | 53238 701111 Am={Xj:(i,j) eI}
10| 684944

Xj; = total payments from claims

incurred at j and paid at i 4+
i) The observation set:

IT={(ij):i=1....mj=0,....m—1; i+j<m}
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The statistical model Defining a micro-structure for the data

Modelling the RBNS delay: latent variables

i X e P NE = (NE (1)) € T)

Ngaid = number of payments

- g (originating from the Nj)

incurred in year j and settled
ini4j.
Let denote d the maximum periods of delay (d < m — 1) then

min{j,d}

paid paid
Nij - 2 : Ni,j—/,l
/=0

with Ngfid = number of the payments originating from the Nj; reported
claims and paid in i +j +/
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The statistical model Defining a micro-structure for the data

Individual payments: latent variables

Assume that the claims are settled with a single payment. Let Y,-J(-k) denote

the individual settled payments which arise from Ngaid (k=1,..., Ngaid )

N,.r:ra.fd
Xi f— X. — N y(k)
k=1

It is a stochastic representation of the aggregated payments
useful for modelling purposes
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The statistical model Assumptions

Model assumptions: independence

Assumption |

@ Variables in different accident year i or development year j are
independent.

@ The individual claims size variables YI-J(-k) are independent of the
counts /V;; and also of the RBNS and IBNR delays.

@ The claims are settled with a single payment or maybe as
“zero-claims” .
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The statistical model Assumptions

About the RBNS delay

Assumption Il.

Given Nj;, the numbers of paid claims:

(NP2 NP29) ~ Multi(Ny; po, . . ., pa), for each (i,j) € T

with p = (po, . - ., pg) being the delay probabilities (Zf’zo p; =1 and
0< pr <1,V

_ . inf).d o
Since N7 = ZTLS{J ; NP2 | we have

. min(j,d)
EINGIRpm] = > Nijipy
1=0
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The statistical model Assumptions

About the claim size distribution

Assumption Ill.

The individual payments Yij(-k) are mutually independent with mean p; and

variance o2 such that
K k
EVOl =y = and V(YY) =022 = o?

with £ and 02 being mean and variance factors, and 4; the inflation in the
accident years.

NP2 id

Since Xjj = k”l Yu( ) we have

min(j,d)
i k
E[X;Nm] = E[NET R n]E[ V] = Z Nijoipui
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The statistical model Assumptions

About the IBNR delay, the counts

Assumption V.
The counts Nj; are independent random variables from a Poisson
distribution with multiplicative parametrization

m—1

E[NU] = 04,'61' and Z 61' =1

j=0

(Mack's identification scheme)

From E[X;j|Xpm] = me(’ d) Ni j—ipipyi we have

min(j,d)

E[Xij] = aipi Z Bi—1pi
=0
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The statistical model Understanding the model

Connection with Chain Ladder Model

Consider the over-dispersed Poisson model for CLM applied to Ap,:

m—1
E[X;] = &;Ej with identification Z B} =1
=0

From our model the unconditional mean becomes

J
E[Xij] = aipryi Z Bij—im
1=0
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The statistical model Understanding the model

Connection with Chain Ladder Model

Consider the over-dispersed Poisson model for CLM applied to Ap,:

m—1
E[X;] = a,-ﬁj with identification Z B} =1
=0

From our model the unconditional mean becomes

J
E[Xij] = aipryi Z Bij—im
1=0

The link is obtained through the following equalities:

Qipyi = G

j Our model would be a detailed specification
Zﬁj,m, =0 of the CLM which gives the same mean J
1=0

Martinez-Miranda et al. (2011)
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The statistical model Parameters in the model

The parameters to estimate

The model involves the parameters:
@ Delay probabilities: pg, ..., pd
e Individual payments parameters: p, 02, {v;,i =1,...,m}

e Counts parameters: {«;,f;,i =1,...,m,j=0,...,m—1}

Our proposal: perform all the estimation necessary using just the
simple algorithm for the CLM:

Double Chain Ladder
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The Double Chain Ladder Method

The Double Chain Ladder
Method (DCL)
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The Double Chain Ladder Method Model estimation

DCL estimation of the reporting delay

Let consider the general delay parameters m = {7, ..., mm_1} with no
restrictions.
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The Double Chain Ladder Method Model estimation

DCL estimation of the reporting delay

Let consider the general delay parameters m = {7, ..., mm_1} with no
restrictions.

@ Apply CLM to A, and get the estimates {3,-,@}
@ Apply again CLM to X, and get the estimates {&;,Bj}
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The Double Chain Ladder Method Model estimation

DCL estimation of the reporting delay

Let consider the general delay parameters m = {7, ..., mm_1} with no
restrictions.

@ Apply CLM to A, and get the estimates {3,-,51-}

@ Apply again CLM to X, and get the estimates {&,-,,g’j}

© Using and the relationship with CLM ﬂj Z, o Bj—im solve

,B:O 1/3':0 0 o0 0

B 3 B1 Bo <o 0 T

: 0 :
Emil Bm—1 Bm—2 -+ Bo Tm—1

and get the solution 7 = {7,/ =0,...,m— 1}
@ Finally adjust the solution 7 to get the desired probability
p = (Po,---,Pd)

Astin Colloquia 2011
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The Double Chain Ladder Method Model estimation

DCL estimation of the individual payments parameters

@ Using again the link with CLM: a;uvy; = &; then we estimate:

~ (&% .
Vi=== i=1, , M
eHY)

@ The simplest way to ensure identifiability is to set v; = 1 and

~

o
n= =
a1

© Since V[Xji|Ry] = ¢E[Xjj|RXm] where p; = vip and ¢ = # Then
an over-dispersed Poisson model can be used to estimate a,-2:

(X — xbcLy2 . N min(j,d) o
Y with X,-jDCL = Z N; ;i
=0

1
g==> =
DCLz

df er  XPH

and then 52 = 5272, with 52 = [ip — 2.
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The Double Chain Ladder Method Pointwise prediction

Prediction of RBNS and IBNR reserves
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The Double Chain Ladder Method

Pointwise prediction

Prediction of RBNS and IBNR reserves

@ The RBNS predictions:

min(j,d)
XpPre = Z Ni j— 1P
I=i—m+j
min(j,d)
< rbns(2 N PPN
X;; ns(2) Z Ni j—ipii
|=i—m-+j

with (f,j) e LU

accident year (i)

development year (j)
ml m m+l 2m-2

Astin Colloquia 2011
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The Double Chain Ladder Method Pointwise prediction

Prediction of RBNS and IBNR reserves

o The RBNS predictions: development year (j)
0 1 ml m m+l 2m-2
m|n(J7d) L I T T T T T
Sib PR
XiPre = N N et
I=i—m-+j 8
min(j,d) ‘;5
T rbns(2) A PPN =
X = > N G
I=i—m+j
with (f,j) e iU

@ The IBNR predictions:
min(i—m+j—1,d)
X = Z N; j_ipiiy;  with (i,j) € AU T U T3
1=0
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The Double Chain Ladder Method Pointwise prediction

DCL and CLM reserves

Theorem If we ignore the tail and predict over Ji:

development year (j)

0 1 m1 . . /\CL o Q'f‘\’
— ‘ CLM estimates are:  X;7" = ;f3;
s
=T DCL using always N;; would be:
] bns(2) :
= v rbns N PPN
H Xi; = Z N; j—imiyi
g I=i—m+j
i—m+j—1
vibnr __ 7 PPN
ml X" = Z N; j—imiy;
1=0

)A(I.J.CL = )?i;b"sm + )A<,-Ji-b"’ i.e. DCL using estimated RI,J gives exactly the
same predictions as CLM
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The Double Chain Ladder Method Pointwise prediction

Our recommendation: use DCL instead of CLM

@ Using a bit more information i.e. the true observed incurred counts
we could improve on CLM.

e DCL automatically gives the tail:

min(j,d) =

Rl = %" N NijpiiiAi

(i))eERHUT =0

and the split-off into RBNS and
IBNR reserve.

@ DCL is based on a firm statistical model: we can use parametric
bootstrapping to provide the cash flows.
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Numerical results

Numerical results
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Numerical results An empirical illustration

An empirical illustration: motor data

i\ J i] 1 3 3 4 § 6 7 8§ 3§
1 G238 831 49 i i 1 2 1 2 3
2 7773 1381 23 4 1 3 1 1 3
3 10306 1003 17 5 2 0 2 2 A ted i d t
1 0630 005 17 6 1 5 4 ggregated incurred counts
5 9511 1386 39 4 6 5
i 10023 1342 31 16 9 R = {Nj : (i.j) €I}
i 0834 1424 50 24
8 10899 1503 84 N;; = total number of claims
4 11954 1704 incurred at i and reported at i +
10 10989 |

ih g o 1 2 3 4 5 G i 8 9
1 451288 330510 333371 144988 03243 45511 25217 20406 31482 1729
2 448627 512882 168467 130674 56044 33397 56071 26522 14346
3 603574 497737 202272 120753 125046 37154 27608 17864
4 652043 546406 244474 200806 106802 106753 63688
5 566082 503970 217838 145181 1655190 01312
6 606606 562543 227374 153BG1 132743 Aggregated payments
7 536976 472525 154205 150564
8 554833 500880 300964 .
9 | 537238 TOI111 Am ={Xj: (i.j) € T}
10 684944 Xjj = total payments from claims.]

incurred at i and paid at i +j
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Numerical results An empirical illustration

An empirical illustration: DCL parameters estimation

T P Vi
0.3649 0.3649 | 1
0.2924 0.2924 | 0.7562
0.1119 0.1119 | 0.7350
0.0839 | 0.0839 | 0.8908
0.0630 0.0630 | 0.7840
0.0332 0.0332 | 0.7790
0.0245 0.0245 | 0.6605
0.0121 0.0121 | 0.7370
0.0158 | 0.0141 | 0.6990
-0.0012 0.8198
it = 208.3748

&2 = 2010305.5

Table: Estimated parameters: 7, (/ = 0,...,9), the delay probabilities p
(I=0,...,d = 8), the inflation parameters 7; and the mean and variance factors
p and o2, respectively
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Numerical results An empirical illustration

DCL predicted reserve: comparison with CLM

DCL

Future | RBNS IBNR  Total | CLM

1 1260 97 1357 | 1354

2 672 83 754 754

3 453 35 489 489

4 292 26 319 318

5 165 20 185 185

6 103 12 115 115

7 54 9 63 63

8 30 5 36 36

9 0 5 5 2
10 1 1
11 0.6 0.6
12 0.4 0.4
13 0.2 0.2
14 0.1 0.1
15 0.06 0.06
16 0.03 0.03
17 0.01 0.01

Total 3030 296 3326 | 3316

Table: Point forecasts by calendar year, in thousands
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Numerical results An empirical illustration

The predictive distribution

Bootstrap predictive distribution
DCL CLM
RBNS IBNR Total | Total
mean | 3013 294 3307 3314
pe 279 52 300 345
1% 2415 198 2661 2588
5% 2575 215 2821 2780
50% | 2995 289 3291 3287
95% | 3505 389 3813 3911
99% | 3649 425 4020 | 4061

Table: Distribution forecasts of RBNS, IBNR and total reserve, in thousands. The
last column provides the bootstrap method of England and Verrall (1999) and
England (2002) using the package ChainLadder in R.
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Numerical results ~ Simulations

A brief simulation study

The objectives are:
@ Do the DCL cashflows imitate the actual ones?

@ We aim to compare with the well known nonparametric CLM
bootstrapping by England and Verrall (1999, 2002).

The simulation settings: 5 5
. 0.3649 1
@ We simulate a model for aggregated payments 0.2924 | 0.7562
.. . 0.1119 0.7350
conditionally on the reported incurred counts 0.0839 | 0.8908
0.0630 0.7840
i 0.0332 0.7790
e Parameters from the empirical example (motor 00852 | 0.7790
data, m = 10) 0.0121 | 07370
! 0.0141 | 0.6990
@ Simulate 999 datasets and simulate the actual e
distribution by Monte Carlo G2 — 2010305.5
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Numerical results

Simulations

Simulation results: DCL versus CLM (medians)

Future Actual DCL CL
1 1349 1351 1354

2 747  T47 752
3 483 482 486
4 312 312 315
5 179 179 181
6 108 108 111
7 57 57 59
8 29 29 31
9 6 5 3
10 0 0.2 0
Tot. 3292 3201 3314

Table: Simulation of distribution forecasts of total reserve by calendar year:
Medians (50%) over 999 repetitions

Martinez-Miranda et al. (2011)
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Numerical results ~ Simulations

Simulation results: DCL versus CLM (upper quantiles)

Actual DCL CL
Future | 95% 99% | 95% 99% | 95% 99%
1 1582 1691 1554 1647 1594 1700

2 902 975 885 950 919 993
3 605 662 592 645 620 680
4 412 462 402 446 424 474
5 257 294 250 284 266 306
6 175 208 167 197 181 215
7 111 140 104 130 115 144
8 76 103 68 91 7 102

9 26 46 24 44 19 31
10 7 14 7 13 0 0
11 3 9 3 8 0 0
12 1 7 2 6 0 0
13 0.6 5 0.8 4 0 0
14 0.1 3 0.2 3 0 0
15 0 1 0 1 0 0
16 0 0.3 0 0.5 0 0
17 0 0 0 0.1 0 0

Tot. 3810 4053 | 3767 3983 | 3849 4084

Table: Distribution forecasts of total reserve by calendar year
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Numerical results ~ Simulations

Simulation results: DCL RBNS and IBNR reserves

RBNS IBNR
Actual DCL Actual DCL

95% 99% 95% 99% | 95% 99% 95% 99%

1 1471 1571 1445 1532 146 172 141 165
2 808 873 792 852 128 153 123 146
3 565 619 553 603 64 83 61 77
4 382 429 372 414 51 67 49 63
5 234 269 226 260 42 57 40 53
6 163 194 154 183 28 41 27 38
7 101 129 94 119 24 36 22 33
8 70 97 62 85 16 29 16 25
9 17 38 17 37 16 29 14 23
10 0 0 0 0 7 14 7 13
11 0 0 0 0 3 10 3 8
12 0 0 0 0 1 7 2 6
13 0 0 0 0 0.6 5 0.8 4
14 0 0 0 0 0.1 2 0.2 3
15 0 0 0 0 0 1 0 1
16 0 0 0 0 0 0.4 0 0.5
17 0 0 0 0 0 0 0 0
18 0 0 0 0 0 0 0 0
Tot 3484 3705 3438 3639 381 428 378 421
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Conclusions

Concluding remarks

DCL combines the simplicity and intuitive appeal of the CLM with the
advantages of a fully defined stochastic model:

e Forecasting (RBNS/IBNR) reserve is as simple as the CLM.
@ Based on quantities that have a real interpretation.
@ |t is possible to reproduce the results of CLM.

@ But using a bit more than CLM we can improve on forecasting and go
further in results.
We hope that DCL will be:

Very appealing and useful to practitioners
An important landmark in the theory of claims reserving J
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Appendix: more details Predictive distribution

Bootstrapping RBNS reserve

Algorithm RBNS —Bootstrapping taking into account the uncertainty patanse

Original data —> Estimate the parameters: RBNS predictions

Estimate the distributions:

Delay: Multinomial with estimatedp
Payments:Gamma with estimateqji ,é’iz

Bootstrap data: original counts and__,  Calculate bootstrapped
bootstrapped aggregated payments parameters:

6 =0 .vi.u.6%)

—— Bootstrapped RBNS predictions

Predictive Bootstrap RBNS
distribution from the Monte
Carlo approximation:

Simulating B times

e from the distribution
with bootstrapped
parameters

(-1 5]
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Appendix: more details Predictive distribution

Bootstrapping IBNR reserve

Algorithm IBNR — Bootstrapping taking into account the uncertainty patanse

Original data —> Estimate the parameters: IBNR predictions
A—(A o 5 A2
e=p.yi,a.67)

w=(R, FJ)DELH N = NJ(%

Estimate the distributions:

Delay: Multinomial with estimated f)
Payments:Gamma with estimateqfy, ,é'iz
Counts: Poisson with meanNij

v
Bootstrap data: original and
bootstrapped counts and —_—
bootstrapped aggregated payments

Calculate bootstrapped

parameters: — Bootstrapped IBNR predictions

N ECE
w =R FHOGH~ Nu(@)
L ]

L

Simulating B times
| from the distributions
with bootstrapped
parameters

Predictive Bootstrap IBNR
distribution from the Monte
Carlo approximation:
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