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Abstract

The paper is concerned with multiple claim arrays. In recognition of the extensive use by practitioners of
large correlation matrices for the estimation of diversification benefits in capital modelling, we develop a
methodology for the construction of such correlation structures (to any dimension). Indeed, the literature
does not document any methodology by which practitioners, who often parametrise those correlations by
means of informed guesswork, may do so in a disciplined and parsimonious manner.

We construct a broad and flexible family of models, where dependency is induced by common shock
components. Models incorporate dependencies between observations both within arrays and between arrays.
Arrays are of general shape (possibly with holes), but include the usual cases of claim triangles and trapezia
that appear in the literature. General forms of dependency are considered, with cell-, row-, column-,
diagonal-wise, and other forms of dependency as special cases. Substantial effort is applied to practical
interpretation of such matrices generated by the models constructed here.

Reasonably realistic examples are examined, in which an expression is obtained for the general entry in
the correlation matrix in terms of a limited set of parameters, each of which has a straightforward intuitive
meaning to the practitioner. This will maximise chance of obtaining a reliable matrix. This construction is
illustrated by a numerical example. Finally, the generated correlation matrix is then combined with heuristic
estimates of tail dependency to arrive at a t-copula which might be used to construct capital margins dealing
with the extreme right tail.

Keywords: Claim array, Claim dependency, Common shock, Correlation, Loss reserving
JEL codes: G22, C52, C55,

1. Introduction

1.1. Background and motivation

Calculation of a capital margin for an insurance operation is usually based on the statistical distributions
of the operation’s total assets and liabilities at defined points of time. It is usual for the claim liabilities to
be estimated business segment by business segment, where the segments may be lines of business, or subsets
of these.

It is rare that all of the segments will be considered stochastically independent, and so their aggregation
within a distribution of total liabilities requires some information on the dependencies between them. The
segments may be numerous; it would not be unusual for those recognised by a large insurer to number 100
or SO.
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If each of these is represented by just a single claim triangle of even modest 10 x 10 dimension (i.e. 55
observations), then one requires a dependency structure that extends over thousands of observations. To
the extent that one might wish to represent dependencies by correlations (this is often the case; see, for
instance, TAA, 2009), the number of independent entries in the correlation matrix would be of the order of
105 or more.

The selection of these individually is clearly impractical. Moreover, piecemeal selection may not produce
a positive definite matrix. It follows that one must construct some underlying structure that will generate the
required correlation matrix, or other dependency representation, with a manageable number of parameters.

1.2. Literature review

The literature considering dependencies between claim triangles is relatively recent and small, but is
developing rapidly.

The earliest papers considered cell-wise dependence, wherein dependency exists between the (i, j) cells of
different triangles, i.e. between cells with identical locations in different triangles, but not otherwise (Braun,
2004; Hess, Schmidt, and Zocher, 2006; Taylor and McGuire, 2007). This structure was continued by a
number of subsequent authors (Zhang, 2010; Shi and Frees, 2011; Zhang and Dukic, 2013; Avanzi, Taylor,
and Wong, 2016b).

One might reasonably ask why dependency would exist between cell (i, ) of triangle m and cell (i, j) of
triangle n, but not between cell (4, j) of triangle m and not say cell (i,j 4+ 1) of triangle n. For this reason,
other dependency structures are examined in the literature.

Happ, Maier, and Merz (2014) introduced row-wise dependence (dependence between row 4 of triangle
m and row i of triangle n), and diagonal-wise independence was examined by De Jong (2012) and Abdallah,
Boucher, and Cossette (2015).

Some authors (Merz, Wiithrich, and Hashorva, 2013; Shi, 2014; Wiithrich and Merz, 2015; Abdallah,
Boucher, Cossette, and Trufin, 2016) have considered more general structures, incorporating multiple de-
pendencies, e.g. row, column and diagonal. Shi, Basu, and Meyers (2012) introduced time series dependency
across diagonals.

All of the above references deal with dependency across multiple triangles, and some both within and
across triangles. The literature contains a number of others concerned with only dependency within a single
triangle.

In some cases, dependency structures, such as correlation matrices or copulas, are introduced with many
free parameters, but no indication of the means of estimation. This does not invalidate the models, but
leaves the user with a substantial estimation problem.

It is worth noting that issues with excessive parameter numbers also occur in the area of financial
portfolio construction (for instance, specification of a variance-covariance matrix in a mean-variance portfolio
optimisation problem). In the finance literature, broadly speaking, the covariance matrix is often constructed
via so called ‘factor models’ (see, for example, Sharpe, 1963; Luenberger, 2014). These are similar to
the ‘common shock models’ in this paper. Naturally, the detailed dependence to be introduced via such
constructions is specific to the problem at hand, and the main considerations will differ significantly between
problems in asset returns modelling and claim loss triangles as discussed in this paper.

Remark 1.1. In Avanzi, Taylor, and Wong (2016b) we illustrated how careful modelling could explain most
of the dependencies appearing in claims triangles, thus wiping off most of the apparent correlations. This
was also observed by others and with different data sets; see, e.g., Meyers (2016).

However, we also emphasized the fact that this did not relieve us of the need to specify dependencies
for future development of claims, which, due to the effect of random processes (e.g., inflation), would still
display some dependencies.

1.3. Paper aims and structure
The objective of the current paper is to produce a flexible family of models that:

— incorporate dependency both within and across triangles (actually, more general arrays than triangles);
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— include row, column and diagonal dependence, as well as more general forms of dependencys;

— include dependencies of the time series type, in which the strength of dependency (e.g. diagonal) declines
as the distance between diagonals increases;

— formulate these dependencies in such a manner as to restrict the number of parameters involved, and
therefore requiring estimation.

A generalisation of common shock models (e.g., Meyers, 2007; Wiithrich and Merz, 2015; Avanzi, Taylor,
Vu, and Wong, 2016a) is used to achieve these objectives. Emphasis is placed on the algebraic formulation
of the models. Although an objective is to minimise the number of parameters, there is little emphasis on
their statistical estimation. However, we discuss how large correlation matrices can be otherwise specified
in a practical setting.

Section 2 establishes the mathematical framework. Section 3 defines the family of models, and Section 4
discusses a number of matters relevant to them. Section 5 comments briefly on parameter estimation, with
special emphasis on heuristic estimation, possibly guesswork, which is of especial interest to practitioners,
and a numerical example is provided in Section 6. Concluding comments are found in Section 7.

2. Framework and notation

The present paper will be concerned with insurance claim arrays, which are generalisations of claim
triangles, the latter as in standard texts on loss reserving (Taylor, 2000; Wiithrich and Merz, 2008). The
generalisations can be found, for example, in Kuang, Nielsen, and Nielsen (2008) (called “index sets” in
their terminology) and Taylor (2017).

A claim array A will be defined here as a 2—dimensional array of random variables X;;, indexed by
integers i,4, with 1 < i < I, 1 < j < J for some fixed integers I,.J. For any given pair i, j, the random
variable X;; may or may not be present.

The subscripts 7, j typically index accident period (row) and development period (column) respectively,
and the X;; represent observations on claims, commonly claim counts or amounts. In the special case I = J
and A= {X;;:1<i<I,1<j<I—1i+ 1}, the array reduces to the well-known claim triangle.

Definet =i+4+j—1,sothat t =1,2,...,1+J — 1. Observations with common ¢ lie on the t—th diagonal
of A.

Subsequent sections will often involve the simultaneous consideration of multiple business segments,
with one array for each segment. A segment could be a line of business.

It will be necessary in this case to consider a collection A = {A(”),n =1,2,...,N} of claim arrays,
where A(™ denotes the array for segment n. It will be assumed that all A are congruent, i.e. are of the
same dimensions I, J, and that they have missing observations in the same i, j locations.

The i, j observation of A will be denoted XZ(J" ). the entire i—th row of A™ denoted ’RZ(."); and the
entire j—th column C]QL).

It will also be useful to consider diagonals of A, where the t—th diagonal is defined as the subset
{Xi(j") e AW 4 -1 = t}, and represents claim observations from the t—th calendar period, ¢ = 1
denoting the calendar period in which the first accident period falls. The entire t—th diagonal of A will
be denoted D",

When only a single array A is under consideration, the suffix n will be omitted, yielding the notation
Ri, Cj, Dy.

An array, under this general definition, may refer to past or future observations. Specification of a
correlation structure in relation to past observations may be required for the modelling of them; a correlation
structure in relation to future observations may be required for the forecast of them.

It will be convenient to arrange the observations X l(j” ) as a vector X(™). For the purpose of the following
sections, it will be assumed that, for fixed n, the X I(J" ) are arranged in dictionary order within X (). However,
the order is fundamentally irrelevant, and the following sections may be easily adapted to any order of the
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Let I(N) denote the N x N identity matrix, and let I(®) denote the identity matrix with dimension equal
to the number of observations in each array A",
Henceforth, ng"), with a single subscript, will be understood to denote the p—th component of the vector

X (™ Tt is, of course, identical to Xi(f) for some particular i,j. The array A will then be said to have
been represented in array vector notation.
The vectors X (™ may now be stacked into a vector X :

x @
X = :
X (N)

Similarly, any other array B™ = {ngn)} may be represented without comment in following sections

in array vector notation Y (") = {Yp(n)}, and the Y™ = {Yp(n)} may be stacked into a vector Y without
comment.
For a vector Y, D(Y(™) will denote the diagonal matrix diag (Yl(n),}/'z(n)7 . .), and D(Y) will denote

the diagonal matrix constructed as diagonal block matrix with blocks D(Y (™).

Further, for a set of constants ¢9, ¢ = 1,...,Q, let D (c(')) denote the matrix diag (c(l),...c(Q)).
The quantity @ will assume different meanings in different circumstances; for example, it might denote the
number of observations in an array, the number of rows in an array, etc., depending on context.

For the same vector Y, B(Y") will denote the block diagonal matrix

y @)

Yy ()

Thus, three representations of the vector Y have been defined, namely Y itself, the diagonal matrix
D(Y), and the block diagonal matrix B(Y").

For a set of matrices of constants M (™), n=1,..., N, let B(M(')) denote the block diagonal matrix whose
block (n,n) is matrix M),

Define Ag, as the diagonal matrix whose (p, p) element is

(€r)pp — 1 if Yp(") € Rgn)for some n;
RiJep 0 otherwise ;

i.e. the components of the vector Ag,Y (™ are Y™ whenever Y™ € R{™ for some n, and zero otherwise.
Note that A, does not depend on n because of the congruence of the A,

Similarly, A¢c, and Ap, denote matrices that select the j—th column and the t—th diagonal respectively
of the arrays A™, n=1,...,N.

3. Common shock models

3.1. Introduction

The common shock model was adapted to claim triangles in some papers such as De Jong (2006, 2012)
or Avanzi, Taylor, Vu, and Wong (2016a). In its most basic form, the model for two variates A, B, subject
to common shock, is as follows :



A = asaW+ BaZa, (3.1)
B = agW + BpZs,

where W is a non-degenerate random variable representing the common shock, Z4, Zp are random variables
contributing to A, B, respectively, and a4, 84, ap, g > 0 are constants. The component random variables
W, Z 4, Zp are mutually independent.

It is evident that the common shock structure induces positive dependency between A and B. Indeed,
it follows from (3.1) and (3.2) that

Cov[A,B] = aaagod, >0, and hence (3.3)
2 271°3 2 273

CorrlA,B] = [14+24%4) "1 Paom) "5 (3.4)
AW B %w

where 03, = Var[W], 0% = Var[Z4], and where 0% = Var|Zg].
Model (3.1)—(3.2) will be referred to as a linear common shock model; strictly, bivariate linear
common shock model, as there will be occasion to introduce a more general multivariate version later.
There is an alternative form of common shock which will prove useful in relation to claim arrays. This
is the log-linear common shock model, defined as follows:

A = eXp(OéAW-‘rﬂAZA) (35)
B = exp(aBW+BBZB) (3.6)

The expression of covariance of A and B in terms of the moments of W, Z4, Zp requires that these
variates be equipped with distributions. Assume for the remainder of this subsection that all are normally
distributed (such as in Wiithrich and Merz, 2015, for instance):

W~ N(ILLW70-‘2/‘/)7 Za r~ N(/U‘A7U,24)’ Zp ~ N(/LB’UQB)'

By elementary calculations,

Var[l] = E*[I]{exp(ajofy, + Bjo7) —1} for I = A, B, and (3.7
Cov[A,B] = E[AJE[B]{exp(asapoy)—1},
where .
E[]] :exp{(aluw—kﬁ[/u) + Q(a%aﬁv—l—ﬁ%a?)}. (3.9)
It then follows that
Corr[A, B] = exp[(aaow)(apow)] — 1 (3.10)

1
2

[exp(aaow)? exp(Baca)? — 12 [exp(apow)? exp(Bpos)? — 1]

3.2. A general model of dependency between corresponding array locations

The present section will be concerned with dependencies between observations in different regions of a
single array. At first, for completeness, a very general dependency structure will be defined, but the focus
will turn very quickly to special cases of practical interest.

Let P("™) be a partition of A € A, i.e. P = {an), . ,731(3”)} where the 77;(,”) are subsets of A™)
with Ppn) N Pén) =g forall pg=1,...,P, p+# q and U5:1 Ppn) = A™) . Suppose that all partitions are
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the same in the sense that, for each p, the (i, ) positions of the elements of A(™ included in P,Sn) are the
same for different n.
Now consider the following dependency structure on the elements X i(?):

X3 = alWeg g + B5WE) S+ 6l 25, (3.11)

ij iJ
where (i, j) = p such that X(n) € 7915”) a unique mapping; Wr(; 5, Wi(l)j), Z( ") are independent stochastic
(

Z;l) > 0 are fixed and known constants.

It is evident that W), is a common shock across all n, but affecting only subsets Pz(,n) for fixed p; an) is

similarly a common shock across 7715"), but now for fixed n and p; and Zi(;t)

variates, and oz” ,51] 'O

is an idiosyncratic component

of XM specific to i, j.

j
The common shock W,S”) creates dependency between observations within the subset 73,(,”) of array

A, Since the partitions P(™ are the same across n, the common shock W, creates dependency between
observations in the subsets 7?12”) of the same or different arrays.
Indeed, the results of Section 3.1 may be extended to the general case (3.11). Let O"Q,Vp = Var[W,],

=Var [WIS")} ,

o? () = (= =Var [ )} Then, for the linear common shock model,
Wp Z ij

m(4,5)

Cov [X(m) X n)} = Or(ij)n kl)agn)a,(ﬁ)a‘z,v o+

2
6mn§7r(’b J)m( k‘l)/B’LJ Bkl UW(m) +61k6Jl§mn (q{)” )) U;gn)’ (312)

(i)

where d4 is the Kronecker delta defined such that

S — 1 if A= B;
AB = 0 otherwise.

It will be assumed henceforth that o%vp, o ;n) > 0. The case in which any one of them is zero

2
Wi 77
can be achieved by setting the relevant «, 8 or ¢ coefficient to zero in (3.12). Under this assumption,

Corr [Xi(jm), X,i?)] =

2 o2 2
m (m) (m) (m)
gl wits o (1
Or(i,j)m(k,) + OmnOn (i j)m(k,0) <<Jm> s A+ 0iklji0mn |y | g
%ij W (i.3) Yij W (i.3) (3.13)
2 % 2 2 3 '
gl 2 () s\ 2 7 0m 5™ 209 m\2 7 m
1+ W (i13) + i ij 14+ kl (k1) + P kl
(m) a' (m) 0'2 (n) 0'2 (n) 0‘2
Qg Wo(i,5) Qi W (i,5) Xt W (k1) Xy W (k,1)

In the log-linear common shock model corresponding to (3.8),

cov [ X" x| = B[xV] B [x{]
% 4 exp |8.(; ; (m) (1) 2 NI S I B(m)22 NI ) ¢<> 1
p ‘n'(z,])ﬂ(k,l)aij Qg UWW(I-,J) mnOn(i,5)mw(k,l) ij Wiz)]) ik0j109mn i Z(m) .
(3.14)

Remark 3.1. It is evident from (3.11) and the independence of the random components that if a(") =0,

for all i, j, n, the model reduces to within-array dependence. In this case, Cov [Xi(j ),X,gy)} =0 for
m#mn.



Remark 3.2. It is noteworthy that the parameter J?,Vw(ij) in (3.12) may be absorbed into the associated

coefficient by the simple substitution oz( m o a( ™) OW,iays OW,y < 1. The other o terms in (3.12) may
be treated similarly so that, without loss of genemlzty, (3.12) may be represented in the alternative form

2
Cov [ ™) X}E? } = 5 (i,5)m (k1) & (j )akl) + 5mn57r(z 7),7(k l)Blj Bkl + 5zk5]l5mn ((bl;n)) (3'15)
The o terms may be similarly eliminated from all covariances set out in the remainder of this section.

3.3. Special cases of dependency between corresponding array locations
A number of special cases derive directly from (3.11). These are discussed in this subsection.

3.8.1. Array-wide dependence
Define P(™ to be the minimal partition of A" in which p = 1, Pl(n) =A™, Then, n(i,j) = 1 for all
i,j in which case the subscript 7(4,j) may be omitted from (3.11) and (3.12). Moreover, . j)r(k) = 1,
and the two relations in question reduce to the following:
X0 = alW ot gIwW e 4 gz, (3.16)
and )
Cov [Xi(;“), X,g7>] = o024 S | B B 0%y + S (¢>§;”>) a;m] . (3.17)
ij

Let Var[X] denote the covariance matrix comprising the quantities on the left side of (3.17), with

observations X Z(]” )

arranged as a vector X, as described in Section 2.
In addition, let o, B and ¢ denote the vectors with entries oa(;l , By (n) and (b(”) respectively, arranged in
the same order as the X( ") within X. Now write X(m) X,i?), gn) kl , ﬁ(m) ¢(m) as X(m) X(") (m),
((1 , p , qu respectively, using the array vector notation established in Section 2.

Then, (3.17) becomes

Cov [ngm)’Xrgn)} =af™aoy, + {5(7”)5@ Throm + Opg (¢( ) Z(m)} (3.18)

The covariance matrix can then be expressed as
Var[X] = o} (aa®) + B (0W<,>B(')) B <0W(.>ﬁ(')> + D?(¢)D(0%). (3.19)

It is helpful to illustrate covariance (3.18) diagrammatically as in Figure 3.1. The left half of the diagram
illustrates the case N = 1, where the rows and columns of the covariance matrix are indexed by accident
year (AY) and development year (DY). The half right of the diagram illustrates the case N = 2. For fixed
n, rows and columns appear in the same order as in the case N = 1 but, in view of the small scale, have
not been labelled. The figure is schematic only, insensitive to small differences in covariances, but broadly
heavier shading (darker grey or black) indicates larger values, with white indicating zero covariance.

3.8.2. Cell-wise dependence

Define each of the P\ to consist of a single observation, e.g. P\") = {X{’f)}, Pl = {Xl(;l)}, etc.
Then for given i, j, Wr(; ;) appears in (3.11) only for observations Xi(f), n=1,..,N. Then Wy ; may
be denoted Vj;, indicating the dependence on 4,j but not n. Further, Wiz.),j) relates only to the single

observation XZ-(]- ), and so functions in the same manner as ZZ-(;-L). It may therefore be omitted, whereupon
(3.11) and (3.12) become
XG5 =o'V + 62 (3.20)

ij
7



1 J |i=
1] 1] 1 2 3
j=
12... 12... 192...
11
2
21
2
31
2
31(a)) N=1 (3.1 (b)) N =2
Figure 3.1: Schematic covariance matrix for array-wide dependence (AY =i, DY = j)
and 2
Cov [Xffl%Xé?)] = dirdj1 {ag’”‘)agf)g%ﬁ + dmn (¢,(Jm)) ng;’”} , (3.21)

where U‘Q/i], = Var[Vi;], and it is recognised that 0(; jyx (k) = dirdji. The member of (3.20) involving the
a coefficient creates dependency between individual cells in the same location of different arrays. This case
can be found in Braun (2004) and Avanzi, Taylor, Vu, and Wong (2016a).

The matrix representation of (3.21) can be given by

Var[X] = C(a)D(0%)C(a)” + D?(¢)D(c%) (3.22)
where
D (a(l))
Cla) = :
D (o)

Figure 3.2 is the counterpart of the case NV = 2 in Figure 3.1, but this time for covariances in the presence
of cell-wise dependence.

3.3.3. Row-wise dependence

Define each of the 7?,5”) to consist of the observations of a single row of A i.e. P,S’” = RE")7 p=1,..1.
Then for a given i, W (; ;) appears in (3.11) for all observations Xf;l), n=1,..,N. Then W, ;) may be
denoted R;, indicating the dependence on ¢, but not j, n. Similarly, WT(:(?J) may be denoted Rgn), and (3.11)
and (3.12) become

X = ol R+ BIRM + o 21 (3.23)
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Figure 3.2: Schematic covariance matrix for cell-wise dependence

and
2
Cov [ X, X ("] = o {a@agpag + O | BB 0y + 30 (055" aggzn)} } : (3.24)

where R; is a stochastic variate, common to all arrays but specific to the i—th row, RE") is a similar

stochastic variate common to observations on the i—th row but specific to array A", 012% = Var[R;] and

aiw = Var[REn)].

Consider the term 5ika§;n)agf) for fixed i, i.e. al(.;n)a,(;;) whenever ¢ = k. These, and only these, quantities

will appear in the matrix Ag, (o™ (a(™)T)Ax,, and so the contribution of the first member of (3.24) to
the (m,n) block of the matrix Var[X] is a%iARi(a(m)(a("))T)ARi. Then, the contribution of this first
member to the entire matrix Var[X] (still for fixed i) is 0%, (A, ® I (aaT)(Ar, ® IM), where

i

Ax.,

AR

Ag, ® IN) = A (3.25)

AR,

The second member of (3.24) (involving f’s) is similar except that it contributes only diagonal blocks to
Var|X], and the multipliers 012%0”) vary over those blocks. It may be noted that B(o () B) is a block diagonal

matrix whose block (n,n) is Uﬁ@)ﬁ(") . Then, the contribution to Var[X] of the § member of (3.24) is
AR,iB(UR(,)B('))BT(O'Rg.)ﬁ('))ARi .
Collection of these contributions to Var[X], with allowance for variation of i, converts (3.24) to the form

I
VarlX] = 3 (Ag, @ IM) |03 (aa) + B (O'Rg.),B(')) BT (O—RE_M-))} (Ag, ® I™) £ D*(¢)D(02), (3.26)

i=1

where the final member is the same as in (3.22), and where Ag, ® I'N) is defined in (3.25).

Figure 3.3 is the counterpart of Figure 3.1, but this time for covariances in the presence of row-wise
dependence. As in the earlier figure, the left half of the diagram illustrates the case N = 1, with the same
ordering of rows and columns, and the right half illustrates the case N = 2.

9



1] 1] v= 2 3 _
J = l.
12... 12... 12... . '._..

11 n

2 "

: h

I..
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||
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21 :
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. ..

| |
..I
.I
.I
.I
.I

31 .

: .'- '

(33 () N=1 (3.3 (b)) N =2

Figure 3.3: Schematic covariance matrix for row-wise dependence (AY =i, DY = j)

3.8.4. Column-wise dependence

Column-wise dependence is constructed in a manner similar to row-wise dependence. In this case 731(") =
{X{?),XQ(?),...}, P = {Xl(g),Xz(;),...} etc., and (3.11) and (3.12) become

x5 =+ 8700y + 0 2 (3.27)

j 7

where C is a stochastic variate, common to all arrays but specific to the j—th column, CJ(-n) is a similar

stochastic variate, common to observations on the j—th column but specific to array A, U%j = Var[C)]

and 0?}5") = Var[C](»n)].

The expression for the covariance C'ov [Xi(;l)7 X ]5?)} is similar to that of row-wise dependence in (3.24),
except that the indicator function is now used for the selection of cells in a common column j = [, and
common shocks C; and " to column j replace common row shocks R; and RZ(U). Similary, the covariance
matrix is the same as (3.26) except that rows are replaced by columns.  Figure 3.3, with rows and columns
interchanged, illustrates the covariance matrix in this context.

3.8.5. Diagonal-wise dependence
Diagonal-wise dependence is constructed in a manner similar to row-wise and column-wise. In this case,
P = {Xﬁl)}, P = {Xl(g),Xz(?),...} etc., with P{™ consisting of the t—th diagonal, and (3.11) and
(3.12) become
X = oD, + 8D + 6 2V (3.28)
where D; is a stochastic variate, common to all arrays but specific to the t—th diagonal, DE") is a similar
stochastic variate, common to observations on the t—th diagonal but specific to array A, all variates D,

and Dt(") are independent for all ¢ and n, 03, = Var[Dy] and a?)fm = Var[DEn)].

10



The expression for the covariance Cov Xz(jm ), X ,5?) is similar to that of row-wise dependence in (3.24),
except that the indicator function is now used for the selection of cells in a common diagonal t =i+j—1 =
k+1—1, and common shocks D; and D,g') to diagonal ¢t replace common row shocks R; and RE'). Similarly,
the covariance matrix is the same as (3.26) except that rows are replaced by diagonals.

Figure 3.4 is the counterpart of Figure 3.1, but now for covariances in the presence of diagonal-wise
dependence. As in the earlier figure, the left half of the diagram illustrates the case N = 1, and the right
half N = 2. Cells have been ordered according to AY within calendar year (CY).

t i |t=
12 3 4 5 6 7..
— =
v= |
1121231234123451234561.. .. .I..
]
2 "
3 1 ..I
2 "
3 ua
4 1 n
2 n
3
4 I
5 1 n
2 ™
3 U
4 "
61 "
"
4 o
7
(3.4 (a) N =1 (3.4 (b)) N =2

Figure 3.4: Schematic covariance matrix for diagonal-wise dependence (AY =i, CY =1t)

3.4. Adding structure with multiple shocks

3.4.1. Simultaneous array, cell, row, column and diagonal shock
It is evident that array, cell, row, column and diagonal shocks can be all present simultaneously. One
simply adds the cell, row, columns and diagonal effects in (3.16), (3.20), (3.23), (3.27) and (3.28) into a

single representation of X fjn ), thus:

() _ ()
X =

M) Jr) 4 o™ () My a o
AW+ By W+ 6 Vig + o) R+ B B + o,

w)ij X(w)ij (r)ij (e)ij

B CF" + ol De+ B, DY + 00257, (3.29)
where it is now assumed that all the W, W), Vij, Ry, Rgn), Cj, C’](-n)7 Dy, Dﬁn), Zi(;-l) are stochastically inde-
pendent, and the o and § coefficients are now specific to array, cell, row, column and diagonal shocks.

Because of the independence of the variates appearing on the right side of (3.29), the covariance structure
follows easily from variance expressions of array-wide, cell-, row-, column-, diagonal-wise dependence and
the result is obtained simply by addition of summands from these relations. Although obvious, it is tedious
to write out, and is not given here.
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3.4.2. Shocks creating time series effects

One may require that the row, column or diagonal effects illustrated in Section 3.3 exhibit time series
dependency. For example, the diagonal effect might exhibit AR(1) dependency (see also Wiithrich and Merz,
2015, page 154). This could be achieved by defining D; and DE") from (3.28) as follows:

D, = 0Dy 1 +ey, Eleg] =0, Varle] = O’?t (3.30)

Dt(") = 9(”)D(”) —|—5(”), E[EE")] =0, Var[egn)] = aj(m (3.31)

for t = —v, —v +1,...,0,1,2, ..., where v is an arbitrary natural number, 0 < % < 1, 0%, constant with ¢,
€t

all €; and EE") stochastically independent, and independent of all variates on the right side of (3.29).

For brevity henceforth, let DZ‘*ﬁ denote either D, or D,En) according to whether # takes the value (n) or
is absent. Introduce similar notation for other quantities appearing in (3.30) and (3.31). In this case,

t

Df = Y (0%) e, + (0%)°DF, t > s, (3.32)
u=s+1
whence )
# pHE| _ (p#yi-s # #yt—s_ Te#
Cov [DS ,Dt} (%)= VarlD¥] = (%) s 1> 5, v o0 (3.33)

If (3.32) is substituted into (3.28), then the covariance is given by the following approximation:

Cou [X57, X{0] = ool gl 22

m) o(n) {a(my\|GTD=EDL 02 2
+ Spn [@j )521)(9( )) mmlkaﬂ (¢ >) g%?)] (3.34)

Note that this result is not obtained by direct substitution for O’D _, in the covariance expression for
diagonal-wise dependence, since D;4;_1, Dy4;—1 are no longer 1ndependent as in that case.

Figure 3.5 is the counterpart of Figure 3.4 but now for the AR(1) case of diagonal-wise dependence. As
in the earlier figure, the left half of the diagram illustrates the case N = 1, and the right half N = 2. Cells
have been ordered according to AY within calendar year.

4. Discussion

4.1. Positive definiteness

The covariance matrices associated with claim arrays are typically large. For an isolated n x n triangle,
the number of observations is n(n +1)/2, in which case the number of independent entries in the covariance
matrix is n(n + 1)(n? +n + 2)/8. Even in the fairly basic case n = 10, this amounts to 1,540 independent
entries. It is evident that this count increases rapidly as additional triangles, with covariances between them,
are added. Indeed, the issue is even larger than this when the claim arrays are modelled for the purpose of
loss reserving. The number of covariances per triangle is then n?, rather than n(n+1)/2, with corresponding
increasing in dimension of the large covariance matrix.

If covariance matrices of this type are to be constructed for analysis of multiple business segments, it
is necessary to ensure that they are at least non-negative definite, and, for all practical purposes, positive
definite. Undisciplined, or piecemeal, construction may not achieve this.

It is useful, therefore to note that the common shock models are assured of producing positive definite
covariance structures. This occurs simply because the models formulate all observations as functions of
other latent random variables, in which case any vector of observations must have a genuine (non-negative
definite) covariance structure. In the absence of zero-variance latent variables, the covariance matrix of the
vector of observations must be positive definite.

12
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Figure 3.5: Schematic covariance matrix for diagonal-wise AR(1) dependence (AY =i, CY =1t)

4.2. Model coefficient

Now consider a simple model such as (3.16). No word has been said about the nature of the coefficients
ozg;l), Bgl), QSE?) > 0 other than to note that they are fixed and known constants. Their purpose will be
discussed further in the next couple of sub-sections. The discussion will extrapolate readily to other models
in Section 3.

4.2.1. Compatibility of common shock and idiosyncratic components in linear common shock models

One possible purpose of the coefficients is the adjustment of members of (3.16) to produce a tractable
distribution of Xi(”). An example of this occurs in Avanzi, Taylor, Vu, and Wong (2016a), in which the
components of (3.20) are Tweedie distributed. They define a special case of the model of cell-wise dependence
in (3.16) (see their equations (2.11) and (2.19)), in which ﬂfjn) =0, qﬁl(;l) =1

X =allw+ 2z, (4.1)

In that case, it was assumed that
W~ Tweediey(&,n), (4.2)
Zi(;-l) ~  Tweedie, (ngn) VJ(-n), ¢(”)) , (4.3)

where Tweedie, (11, ¢) denotes the member of the Tweedie family with mean p and variance ¢p? (Tweedie,
1984).

It is shown in Jergensen (1997, Ch. 3-4) that
. n 2_p
aE?)W ~ Tweedie, (agj)g, [agl)] 77) .
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It then follows also from Jgrgensen (1997, Ch. 3-4) that, for XZ-(;L) defined by (4.1) and (4.3),
n . n n n * . % n _ n n n I-p
Xi(j) ~ Tweedie, (agj)f + KE )u§ ),qb ) , with ¢* = (al(-j)n/él p) (agj)f + HE )V](- ))

provided that a” n/§1 P =g/ ( (n) (")) , e

1-p
n 3 o™
az(j) = ( ) () (4.4)
Ki Vj n

Even though other choices may be allowed for some special cases of the Tweedie family, this choice of ag;l)

will always ensure that a neat Tweedie distribution is obtained for X Z(jn ), Thus, the coefficients agb)
used to scale W relative to Zi(;l)

may be

in order to achieve this distributional result.

4.2.2. Variation of common shock magnitude over columns in linear common shock models

In a typical array, the column factors VJ(-n) peak at some low value of j, and decline over higher values.

These factors at high j may become small relative to the peak value and other values at low j.
In this situation, it may be desirable for a( ™ to vary over i, j in a manner similar to n( "M Consider

Vi
the alternative, e.g. agj) =1 so that (4.1) yields

E[X("] = EW] + E[Z") = EW] + (v,

(2

In case of an E[W] comparable with the larger values of f{(-n)uj(-n), W will swamp the cells with smaller

values of HE”)VJ(."). If this is corrected by setting E[W] comparable with the smaller values of /4:(")1/( ™) then
W will contribute almost immaterially to the cells with larger values of Iﬁ:i )y

and the purpose of the common shock for generating dependency will be lost.

, creating low dependency,

One possible course of action to rectify this situation is to forrn rough estimates R(n) 17(”) of the m( RO

) 9 J
A simple alternative would be to adopt those estimates n( ), v; ) obtained in the case a'" ] = 0. This is the

case of no dependency, and so the estimates are obtamed by application of the chain ladder separately to
each claim array 1,..., V.

Once the m(”), J(") have been found, it is possible to set, for example,

(1) _ () 50 (4.5)

ij i Vi
in which case
BIX() = ol EW] + (V0" = a5 4w

( ) ( ) ~(n) (n)

and the common shock term (the second member inside the square bracket) is seen to vary in rough pro-
portion with the idiosyncratic term over the entire array.

4.2.3. Log-linear common shock models
Return to the log-linear common shock model, whose prototype appears as (3.5) and (3.6), and take the
log-linear parallel of (3.11):

In XZ.(;L) = al(;l) In Wiiig) + ﬁl( In W(

5+l mzl (4.7)
14
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where

In Wﬂ(i’j) ~ N (/’LW«(i,ij%V,,(i,j)) ) (4.8)
mw  ~ N P I 4.9
(6.9 (MWi(z‘)w Wil (4.9)
In Zi(;l) ~ N (ﬂzf’.‘%a;@) . (4.10)

] ij

The covariance structure is given by (3.14). One may also note the cell mean

E[Xi(j )] = exp {O‘z('j )HWW(I-,J-) + 9 (al(’j)) UIQ/VW(i,J>}

(n) Lom)\? 2 (n) L/ m\? 2
xexp 67 e 45 (B57) ot om0 g +5 (60)) o @1

A noteworthy special case is that discussed in Section 3.3.2 in which the 731(,”) consist of a single obser-
vation, e.g. P\ = {Xl(?)}, P = {Xl(;)}, etc., and the following additional properties hold:

B = 0 forall i,j,n, (4.12)
o) = 1foralli,jn, (4.13)
)y _ () ()

E[Z;7] = w; vy (4.14)

One property of this model is that a cell mean (4.11) takes the multiplicative form

BIXS) = 43wy

g i j

(4.15)

where ’71'(;) denotes the first of the three factors on the right side of (4.11) and, as noted in Section 3.3.2, is
dependent on i, j, n.

If the ,yz(;z) term is removed (i.e. agb) = 0), then (4.15) reduces to cross-classified form of the chain ladder,

as in Renshaw (1989) and many subsequent papers, with independence between all arrays. The 'yi(;l) factor
is induced by Wr(; ;) - the common shock that creates the dependency between the arrays since Wr; jy is
the same for all n.. This produces a multiplicative version of the additive cell-wise dependency model of
Section 3.3.2.

Similar multiplicative versions of the other models of Section 3.3 can be developed. As a single example,
set m(i,J) to be the (i + j — 1)—th diagonal in (4.7), as the diagonal-wise dependence examples of Section
3.3.5 and Section 3.4.2.

Assume, further that (4.12)-(4.14) continue to hold and that ozE;L) depends only on ¢ + j. In this case,
(4.15) is replaced by the following

BIX{) =" e, (4.16)
which is a generalisation of the chain ladder model that takes account of diagonal effects as well as row and

column, and with diagonal-wise dependency between arrays.

5. Estimation of dependence structures in a practical setting

Parameter estimation should be based on data wherever possible. However, there may be some forecast
models for which data-based estimation is difficult. This is particularly true of dependency models, which
may involve numerous parameters. Consider formal estimation, the rigorous statistical process by which
parameters estimates are derived from a data set. As explained in Section 1, such estimation, for the models
formulated in Section 3, is not the primary purpose of the present paper.
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Instead, one of the prime objectives of this paper is to address the practical issue of specifying large
correlation matrices for the modelling needs of practice, in a way that is as disciplined and rigorous as
possible. In this section, we explain how the models developed in the previous section can be used to
achieve that aim.

Notwithstanding the abovementioned goal, we start with a brief discussion of formal estimation dealt
with in the literature in Section 5.1. Section 5.2 provides a practical and parsimonious heuristic estimation
procedure, which is illustrated in Section 5.3. Section 5.4 is specifically interested in such estimation of far
tail dependencies, for which copula models may be better suited.

5.1. Formal estimation

First, let us consider linear common shock models. Section 4.2.1 mentions Avanzi, Taylor, Vu, and Wong
(2016a) in connection with the model (4.1). Section 4 of the same paper discussed parameter estimation
by means of Markov Chain Monte Carlo (MCMC) when the model parameters are random subject to prior
distributions. Sometimes these estimates can be made to approach non-Bayesian (fixed effects) estimates by
allowing the priors to approach to uninformative forms, although this strategy may be defeated by difficulties
with convergence. Other linear common shock models, such as those considered in Section 3, can be dealt
with similarly, subject again to timely convergence of the MCMC algorithm.

The case of log-linear common shock models is considered in detail in Wiithrich and Merz (2015, Chapter
5). In particular, their Corollary 5.3 deals with parameter estimation.

McNeil, Frey, and Embrechts (2005) discuss how the parameters of the copulas considered in Section
5.4 can be formally estimated; see also Nelsen (1999) and Genest, Rémillard, and Beaudoin (2009). In the
reserving literature, the fitting of copulas was considered by Shi and Frees (2011); Zhang and Dukic (2013);
Shi (2014), but they did not consider ¢t-copulas in the context considered in Section 5.4.

5.2. Heuristic estimation

Irrespective of whether (formal) estimation difficulties arise, many practitioners base their dependency
models on educated guesswork. The present section is intended to provide comment that will assist this
heuristic estimation of parameters in the models of Section 3.

Parameter estimation will vary according to the form of model under consideration, and it is difficult to
formulate a fully general protocol. However, reasonable generality may be obtained by considering first the
general model of Section 3.2, and then grafting on time series dependencies of the sort introduced in Section
3.4.2.

It will be assumed in the following that each array has already been thoroughly modelled in isolation and
that, as a consequence estimates of Var[X 1(7" )
now requires consideration.

Consider the model (3.11), with covariance structure (3.12). It is timely to issue a reminder here that
(3.12) decomposes the covariance into three components (in order):

| are available for all i, j,n. The estimation of only covariances

— within-subset covariance (subsets defined in Section 3.2 by the function =(.,.));
— within-subset within-segment covariance;

— variance of individual observations.

For formal expression of this, recall covariance (3.15), a special case of which is

(m)y _ y/(m) (m) (m)
VaT[Xij ] - Vij(sub) + Vij(seg) + Vvij(cell)’ (51)
where
yim) = (a(,’,"))2 relating to subset (i, 7)
ij(sub) 17 ’ g I
2
‘/igf'(r;)eg) = (ijm)) , relating to subset (4, 7) within segment m,
2
Vig_’(’;)e”) = (qbgn)) , relating to cell (7, j) within segment m.
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Then, (3.15) may be re-expressed in the form

1

(n) 2
Vk:l (sub) )

1
(m) \?2
+ 6m”577(7;7j)7"(k'7[) (V;.](seg Vkl(TrLSGQ)) + (sikéjl(smnv;j(cell)’ (52)

Cov {X(m) X ”)} = On(i,j)m(k,) (Vig'T(ns)ub)

or, equivalently, with due allowance for the Kronecker deltas,

1 1
xm x| _ x (™) ()12 (m) _(n) 2
COU{ s Xy } = {Var[ [Var[Xy, ]} {57r(i,j)ﬂ(k7l) <7ij(sub) k(sub))
1
(m) _(m) 2 (m)
+6mn5ﬂ-(i,j)7r(k,l) ( zg(seg)’ykl(seg)) + 5ik5jl6m" ij(cell)}’ (53)
where
'yZ(Jm;) = VngS)/VaT[ xm )}, S = sub, seg, or cell. (5.4)
Hence,

1

(m) (] _ (m) () 2
Corr |:X1] 7Xkl :| - 6W(i7j)77(kvl) (’yij(sub)’ykl(sub)>

1
+ 6mn(57r(i,j)7r(k,l) (ngzeg)vli?zzeg)) i + 5ik5jl6mn (1 - fyi(]r'zzub) - ryi(;Zs)eg)) ’ (55)
where it has been recognised that ’y;;.?(ls)ub) + yf;(ls)eg) + '72(;?2611) 1.

The inclusion of AR(1) dependencies between subsets leads to a simple modification of (5.5). For
example, it was seen in Section 3.4.2, specifically (3.34), that an AR(1) dependency between diagonals across
all segments led to the appearance of the factor 6!(i+7 )*(kfl)“; a similar dependency between diagonals in
just segment m led to the appearance of the factor (9(7”)) ‘(z+j)7(k+l)‘.

If these dependencies are included in the present case, then (5.5) is replaced by the following:

3 [(i+5)— (k41|
(m) ™| _ (m) (n) (i+3)— (k+1)] m) (m) 2 (p(m)
Corr |:le ’Xkl :| - (Wij(sub)’ykl(su ) 9‘ I +0m ( zj(seq),ykl(seg)) (0 " )
+6i1610mn (1 - ’ij(sub) - ’Yi(ﬁzeg)) . (5.6)

This result, though relatively simple, provides a rich correlation structure. It depends on only four families
of parameters, whose interpretations are summarised in Table 5.1.
Other variations of (5.6), e.g. AR(1) structures on rows of the arrays are easily constructed.

5.8. Numerical illustration

The present section will provide a simple numerical example of formula (5.6) at work. Simplicity is
necessary if display of the correlation matrix is to be feasible, since even the modest case I = J = 4,
N = 2 (two segments, each represented by 4 x 4 claim triangles) generates a 20 x 20 correlation matrix; see
also Table 5.3 below. Note that only upper triangles are dealt with in this illustration. In practical cases,
unlimited by display on a page, much larger correlation matrices could, and should, be produced.

As noted in Section 5.2, the parameters requiring estimation are 8; 6™ . m =1, ..., N, 71‘(;;;)’ S = sub, seg;
i1 =1,...,1I, 5 =1,...,J, m = 1,..,N. In some cases, it may be considered reasonable to assume that

'71(:8;) = '7((5))7 independent of 4, j. Then (5.6) simplifies slightly :

(m) 5 (n) (m) _(n i (k—+1
Corr [X s X, } (’Y(wbﬂ(wb)) A

(seg)

ISP () B (2] . .
+ by (60) + udiitmn (1= {0y = ie)) - (5.7)
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Quantity | Applicable to Interpretation
’yg(gub) Contribution to variance of cell (i, j) of | Proportion of total cell variance
business segment m specific to the sub-

set to which (i, j) belongs

(m)

Vij(seq) Contribution to variance of cell (i,j) | Proportion of total cell variance
of business segment m specific to that
segment

0 AR(1) structure on subsets in relation | Autoregression parameter

to the component of dependency that
runs across all segments

6(m) AR(1) structure on subsets in relation | Autoregression parameter
to the component of dependency spe-
cific to segment m

Table 5.1: Interpretation of quantities required for correlation construction

The number of parameters to be estimated is now 3N + 1.

The example below will involve two 4 x 4 claim triangles (I = J = 4, N = 2), and so total of 7 parameters,
all of which have a highly intuitive interpretation. The triangles will relate to Property and Liability classes,
denoted m = 1,2, respectively. It will be assumed that:

— simple process error (i.e. unrelated to dependencies) accounts for a lesser proportion of cell variance in

the Property class than in the Liability (that is, 1 — 'y((;)w) — 7((2 5 < 1-— 7((2@ — fy((fgg));

— diagonals are subject to positive AR(1) dependency both within and between classes (that is, 6m) > 0

and 6 > 0);
— the within-Property dependency between diagonals is stronger than the within-Liability dependency

. 1 2
(that is, 7((325;) > 'y((sig));

— the between-class dependency with respect to diagonals is weak (that is, *y((:;)b) are close to 0);
— the within-class AR(1) dependency decays (within increasing distance between diagonals) more rapidly

in the Property class than the Liability (that is, #(1) < §(2)),

The specific parameter values assumed for the example are set out in Table 5.2, and reflect the above
properties.

Parameter Assumed value

(1)
7((57)117) 0.1

2
V(sub) 0.1

(1)
’y((sﬁg) 0.3
V(seq) 0.1
0 0.2
o) 0.3
6> 0.6

Table 5.2: Assumed parameter values

Table 5.3 displays the correlation matrix obtained on application of (5.7) with parameter values as as-
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sumed in Table 5.2. For maximum clarity of the trends in the matrix, entries are ordered by AY within CY.
Matrix entries that correlate observations from the same diagonal (CY), or diagonals that are identically
located in the two triangles, are indicated by shading.

Class # t= 1= | Class #
1 2
t=
1 2 2 3 3 3 4 4 4 4 1 2 2 3 3 3 4 4 4 4
i=
1 1 2 1 2 3 1 2 3 4 1 1 2 1 2 3 1 2 3 4
1 1 1 1.00 0.11 0.11 0.03 0.03 0.03 0.01 0.01 0.01 0.01]|0.10 0.02 002 000 0.00 000 000 000 000 0.00
2 1 0.11  1.00 040 0.11 0.11 0.11 0.03 0.03 0.03 0.03|0.02 010 0.10 0.02 0.02 0.02 0.00 0.00 0.00 0.00
2 2 0.11 040 1.00 0.11 0.11 0.11 0.03 0.03 0.03 0.03|0.02 010 0.10 0.02 0.02 0.02 0.00 0.00 0.00 0.00
3 1 0.03 0.11 0.11 1.00 040 0.40 0.11 0.11 0.11 0.11 | 0.00 0.02 0.02 0.10 0.10 0.10 0.02 0.02 0.02 0.02
3 2 0.03 011 0.11 040 1.00 040 0.11 0.11 0.11 0.11 |0.00 0.02 0.02 0.10 0.10 0.10 0.02 0.02 0.02 0.02
3 3 0.03 011 0.11 040 040 1.00 0.11 0.11 0.11 0.11 [ 0.00 0.02 0.02 0.10 0.10 0.10 0.02 0.02 0.02 0.02
4 1 0.01 0.03 0.03 011 0.11 0.11 1.00 0.40 040 040 | 0.00 0.00 0.00 0.02 0.02 0.02 0.10 0.10 0.10 0.10
4 2 0.01 0.03 0.03 011 0.11 0.11 040 1.00 040 040 | 0.00 0.00 0.00 0.02 0.02 0.02 0.10 0.10 0.10 0.10
4 3 0.01 0.03 003 011 0.11 0.11 040 040 1.00 040 | 0.00 0.00 0.00 0.02 0.02 0.02 0.10 0.10 0.10 0.10
4 4 0.01 0.03 0.03 011 0.11 0.11 040 040 040 1.00 | 0.00 0.00 0.00 0.02 0.02 0.02 0.10 0.10 0.10 0.10
2 1 1 0.10 0.02 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 | 1.00 0.08 0.08 0.04 0.04 0.04 0.02 0.02 0.02 0.02
2 1 0.02 010 0.10 0.02 0.02 0.02 0.00 0.00 0.00 0.00 | 0.08 1.00 0.20 0.08 0.08 0.08 0.04 0.04 0.04 0.04
2 2 0.02 010 0.10 0.02 0.02 002 000 0.00 0.00 0.00|0.08 020 1.00 0.08 0.08 0.08 0.04 0.04 0.04 0.04
3 1 0.00 0.02 0.02 010 0.10 0.10 0.02 0.02 0.02 0.02|0.04 008 008 1.00 0.20 0.20 0.08 0.08 0.08 0.08
3 2 0.00 0.02 0.02 010 0.10 0.10 0.02 0.02 0.02 0.02|0.04 008 008 020 1.00 0.20 0.08 0.08 0.08 0.08
3 3 0.00 0.02 0.02 010 0.10 0.10 0.02 0.02 0.02 0.02|0.04 008 008 0.20 0.20 1.00 0.08 0.08 0.08 0.08
4 1 0.00 0.00 0.00 0.02 0.02 0.02 010 0.10 0.10 0.10 | 0.02 0.04 0.04 0.08 0.08 0.08 1.00 020 0.20 0.20
4 2 0.00  0.00 0.00 0.02 002 002 010 0.10 0.10 0.10 | 0.02 0.04 0.04 0.08 0.08 0.08 0.20 1.00 0.20 0.20
4 3 0.00 0.00 0.00 0.02 0.02 0.02 0.10 0.10 0.10 0.10 | 0.02 0.04 0.04 0.08 0.08 0.08 0.20 020 1.00 0.20
4 4 0.00 0.00 0.00 0.02 0.02 0.02 010 0.10 0.10 0.10 | 0.02 0.04 0.04 0.08 0.08 0.08 0.20 020 0.20 1.00

Table 5.3: Correlation matrix (AY =i, CY =1t)

5.4. Capital margins

The paper has hitherto been concerned with the construction of covariances and correlations. These are
often useful in the construction of risk margins, i.e. reserves set at moderate percentiles (such as 75%) of
the distribution of total liability across all business segments.

Some regulatory regimes require capital margins that, when added to liability reserves produce much
higher percentiles, such as 99% or higher. Such margins must also recognise any dependencies such as
modelled above, but correlations, which are adapted to normal distributions and linear dependencies, are
unlikely to be helpful in treating the extreme tails of liability distributions. The present sub-section is
intended to address this situation.

Tail dependency is better addressed by means of the coefficient of (upper) tail dependency, defined
as

A= lim Pr[Xy > Fy (q) | X1 > F{ ()],

q—1-

(5.8)

where F; is the cumulative distribution function (d.f.) of X;, and F; is the generalised inverse of Fj, i.e.
Fr(y) = inf {o : Fy(x) > ).

Some practitioners use a t—copula to address tail dependencies. The d—dimensional t—copula is defined
(see, e.g., McNeil, Frey, and Embrechts, 2005) as

C,iM(ul, e Ud) =ty M (t;l(ul)7 ...,t;l(ud)) , (5.9)

where ¢, is the standard d.f. of a univariate ¢ variate with v degrees of freedom, and where ¢, 5; is the d.f.
of a d—dimensional ¢ variate with v degrees of freedom and with zero means, unit variances and correlation
matrix M. When practitioners use this copula, they often experience difficulty in the selection of the degrees
of freedom.
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McNeil et al. (2005, p. 211) show that the 2-dimensional version of this copula has a coefficient of tail

dependency given by
v+ 1)(1- p)]é
A=2t, e e —— , 5.10
1 < [ 1+p (5.10)

where p is the correlation coefficient.

Now suppose that an insurer’s total liabilities X are given by X = 37 X where X{™ denotes
the component of liability in respect of the s—th subset within the n—th segment. Estimation of high
percentiles of the distribution of X requires estimation of the dependencies between the X é"). Suppose that
their marginals have been estimated, and that their multivariate d.f. is given by application of copula (5.9)
to the marginals.

In (5.9), the matrix M contains the correlations estimated by the methods described in prior sections.
This ensures that the multivariate d.f. is subject to correlations that are representative of the central portion
of the distribution, i.e. not too distant from the mean.

The only remaining free parameter is v, the number of degrees of freedom. As this changes, the pairwise
tail dependencies change. In general, they increase with decreasing v. For given v, one can calculate matrix
T, of tail dependencies )\ann) between Xﬁm) and Xs(n), according to (5.10).

The coefficient of tail dependency has strong intuitive meaning, and the actuary may be willing to
venture subjective estimates. The sequence of matrices T}, for varying v can be compared with the actuary’s
heuristic estimates of the ,\573””), in search of a value of v that produces a reasonable match.

Such a match might not be found. There may not exist a single v for which T, provides a (sufficiently
close) match with the entire ensemble )\Szm) values. In this event, the correlation matrix of the ¢ distribution
is inconsistent with the actuary’s views on tail dependency. The actuary may even wish to reconsider the
latter.

However, if a match can be found, then the t—copula degrees of freedom has been determined in such a

way as to define the full multivariate distribution of the {X S(")} consistently with the actuary’s estimates

(possibly heuristic) of correlation and tail dependency.

6. Conclusion

This paper is concerned with multiple claim arrays, with observations indexed by array number n,
accident period 7, and development period j. It constructs a number of models that incorporate dependencies
between observations both within arrays and between arrays. Arrays are of general shape (possibly with
holes), but include the usual cases of claim triangles and trapezia that appear in the literature.

The dependencies are defined in reasonable generality. At the most general level, each claim array is
partitioned into a collection of subsets, and dependencies between observations are defined in terms of the
subsets to which the observations belong.

The subsets are quite general, and may be chosen arbitrarily. Specific examples are cells, rows, columns,
and diagonals. These choices yield cell-wise, row-wise, column-wise, and diagonal-wise forms of dependency.
Combinations of these forms of dependency are also permitted.

At the most basic level of (say) diagonal-wise dependency, observations are dependent if they belong to
the same diagonal within an array, or the same diagonals in different arrays, but are independent otherwise.
Further structure is introduced to incorporate dependency between different diagonals. This would usually
be structured so that dependency diminishes as the distance between the diagonals increases.

The dependency structures are constructed, for the most part, by means of common shocks. The explicit
forms of covariance are given in the case of each model. Expressions for covariances between triple-indexed
observations can be notation-heavy, and so most are re-expressed more compactly in terms of tensor products.

As remarked in Section 1, a model of dependency between such a large number of observations is likely
to involve a large number of parameters, estimates of all of which will be required if the model is to be
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operationalised. Section 5.1 makes a very brief discussion of parameter estimation in general but, as also
pointed out in Section 1, this is not the major emphasis of the paper.

Instead, some attention is paid to “heuristic estimation” in Section 5.2. This is the kind of guesswork
by practitioners that one encounters, usually involving a large correlation matrix with respect to all obser-
vations. These matrices are often of dubious provenance, with construction lacking rigour, and potentially
even lacking positive definiteness. This is not to express disapproval of the practitioner’s approach, but
rather to seek more organised correlation matrix construction, while accepting that parameter values will
be obtained heuristically. Section 5.2 considers a reasonably generic model, and obtains an expression for
the general entry in the correlation matrix in terms of a limited set of parameters, each of which will have a
straightforward intuitive meaning to the practitioner. This will maximise the likelihood of a reliable matrix.

This approach to estimation is illustrated by a numerical example in Section 5.3. In this example, it is
shown that the correlation matrix over N claims triangles, each of dimension J, can be constructed on the
basis of 3N + 1 parameters even though the matrix contains NJ(J 4+ 1)[NJ(J 4+ 1) — 2]/8 free entries. In
the specific numerical example, N = 2, J = 4 so that 190 free correlations are specified by 7 parameters,
and all 7 with strong intuitive meaning.

Finally, the correlation matrix is combined with estimates of tail dependency to arrive at a t—copula for
use in the construction of capital margins dealing with the extreme right tail of liabilities.
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