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Notation
@ Accident years i, 0 << T

Table: Claims development triangle

accident | development year j
yeari | O ... 5 ... J
0

observations Dy
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Notation
@ Accident years i, 0 << T
@ Development years j, 0 < j < J <]
@ Incremental claims X ;
o Cumulative claims Cj ;

Table: Claims development triangle

accident | development year j
yeari | O ... 5 ... J
0

observations Dy
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Notation

Accident years 7, 0 < i < [

Development years j, 0 < j < J <]

Incremental claims X; ;

Cumulative claims Cj ;

Observed claims at time I: Dy = {X; ;; i +j < I}

Table: Claims development triangle

accident | development year j
yeari | O ... 5 ... J
0

observations Dy
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Notation

Accident years 7, 0 < i < [

Development years 7, 0 < j < J < T

Incremental claims X; ;

Cumulative claims Cj ;

Observed claims at time I: Dy = {X; ;; i +j < I}
Goal: Predict D§ ={X, ;; i+j>1,i<I,j<J}

Table: Claims development triangle

accident | development year j
yeari | O ... 5 ... J
0

observations Dy

Dy
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Bornhuetter-Ferguson Method (BF)

BF predictor for the outstanding loss liabilities (IBNR and IBNeR in case of
incurred claims data) R; = C; j — C; ;—; at time I

R, = fii(1 = Br_i),
where

@ [i; a prior estimate for p; = E[C; j]
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°1- ,@I_i estimated still to come factor at the end of development year I — i,
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Bornhuetter-Ferguson Method (BF)

BF predictor for the outstanding loss liabilities (IBNR and IBNeR in case of
incurred claims data) R; = C; j — C; ;—; at time I

R; = (1 - Br_),
where
@ [i; a prior estimate for p; = E[C; j]

°1- ,@I_i estimated still to come factor at the end of development year I — i,
Bs =1, ((85)j=0,..., estimated cumulative development pattern)

@ Y= Bo, i = Bj - ,3]‘_1, 1 < j < J, (estimated incremental development
pattern)
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Bornhuetter-Ferguson Method (BF)

BF predictor for the outstanding loss liabilities (IBNR and IBNeR in case of
incurred claims data) R; = C; j — C; ;—; at time I

R = fui(1 = Br—s),
where
@ [i; a prior estimate for p; = E[C; j]
°1- Br_i estimated still to come factor at the end of development year I — i,
Bs =1, ((85)j=0,..., estimated cumulative development pattern)

° g = ,5’0, A = Bj — ﬁj_l, 1 < j < J, (estimated incremental development
pattern)

@ Assumption of a cross-classified model E[X; ;] = 1;7;
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Motivation for the Estimation of the Pattern
@ Often the chain ladder (CL) development pattern is used for ¥;

J—1 I—k—1
AC’L Hf H f_l f _ Zi:O Cikt1
k koo JkT [-k=To
k=j—1 > i0 ik

Issue: In the BF method we are given a priori estimates of the u;. The CL
pattern ignores any prior information.

Goal: Incorporate the a priori estimates in the estimation of the development
pattern.
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Motivation for the Estimation of the Pattern
@ Often the chain ladder (CL) development pattern is used for ¥;

J—1 J—1 Zlfkfl Cin
~CL _ A—1 -1 p_ 24i=0 i,k+1
wh=114" 11 /" fk_llfkflc'
k=j k=j—1 Zi:o i,k
Issue: In the BF method we are given a priori estimates of the u;. The CL
pattern ignores any prior information.
Goal: Incorporate the a priori estimates in the estimation of the development
pattern.
o If the p; were known then the best linear unbiased estimate of ; would be

I
L0 _ Zizo Xi
J T—j

Zi:g 2%

= A first candidate is the raw estimate
I

500 _ Dizo Xig
T—j ~

! Ei:g Hi

0<j<.J

) — —

However, they do not sum up to 1.
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Intuitive Estimation of the Pattern

o If the full rectangle was known an obvious estimate is given by

I
L 2iz0Xiy

¥ = , 0<j <
Zf:o Ci,J
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Intuitive Estimation of the Pattern

o If the full rectangle was known an obvious estimate is given by
I
o im0 Xiy
Vi == 4
Zi:o Cig

o If only the upper trapezoid and the p; are known, replace the unknown X; ;
by predictors 11;9;

0<j<J

;[_j X + I . LA
§; = 2iz0 Xi ¥ Luimty1 M L 0<j<J

I-J I J N
Zizo Cig+ Zi:I—J—Q—l (Cz}l—i + Zl:]—i-H Ni’ﬂ)
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Intuitive Estimation of the Pattern

o If the full rectangle was known an obvious estimate is given by
I
o im0 Xiy
Vi == 4
Zi:o Cig

o If only the upper trapezoid and the p; are known, replace the unknown X; ;
by predictors 11;9;

0<j<J

;[_j X + I . LA
§; = 2iz0 Xi ¥ Luimty1 M L 0<j<J

I-J I J N
Zi:o Cig+ Zi:I—J—H (Cz}l—i + Zl:]—i-H #m)

@ In an over-dispersed Poisson model the maximum likelihood estimates
(MLE's) satisfy these equations.
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Normal Model

Model Assumptions (Normal Model)
N1 The X; ; are independent and normally distributed and there exist parameters
[o, i1, + - 7 and Yo, 71, - . ., Y7 with ijovj =1and 03,...,0% such that

E[Xi ;] = pivy,
Var(X; ;) = pio3,

Wherea?>0,0§j§J.

N2 The a priori estimates fi; for y; = E[C; j] are unbiased and independent of
all X,;.
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Maximum Likelihood Estimation (MLE) of the 7;'s

@ We calculate the MLE's assuming that the true p;'s and crj2~’s are known and
then replace the pu;'s by the a priori estimates [i; and the af-’s by estimates

~2
O'j.
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Maximum Likelihood Estimation (MLE) of the 7;'s

@ We calculate the MLE's assuming that the true p;'s and 02’5 are known and

then replace the pu;'s by the a priori estimates fi; and the a 's by estimates
&2
5.
@ In the Normal Model we obtain

D i . RN 10 v ] ( S Dl X )
i= — T -
R =R /z*“-) Z Tiooh

raw estimate

correction term

where

I—j I
9 1 JA‘<Xi,j Yo Xij
j Hi

2
fui ngm)
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A. Saluz, A. Gisler, M. V. Wiithrich (ETH Zurich)

Covariance matrix of the ¥;'s

We use the asymptotic properties of MLE's (Fisher Information matrix) to
estimate the covariance matrix of the 9;'s.:

N I—k ~
&]2- (‘713/21‘:0 Mz’)
S, Ti=ry — 5 o I -
i=0 Mi 21:0 (Jl / Zi:o Mz‘)

60\\/(%',%) =

Remarks:

@ For the best linear unbiased estimate 'y](-o) (in the case of known p;) we have

2
o*
Cov(1i” 1) = gy =
! Zi:S 2%

(compare with first summand).

@ Because of the side constraint ijo v = 1 the off-diagonal correlations
must be negative (compare with second summand).
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Prediction Uncertainty

Given all information Z; (i.e. Dy and all [i;), the conditional MSEP of the
predictor R; = fi;(1 — /3’1—1') is given by

2
7
=F Xij— (1 —=Br=) | |1
=1 it1

<
Il

Il
M-

Estimation Error (EE;)

Process Variance (PV;)
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MSEP

We estimate the conditional MSEP given Z; as follows

J
msepp, iz, (Ri) = Y Var(X,;) + Var(i) (1 — 1)

j=I—i+1
I—i . o

+p7 | D Var(i) +2 Y Cov(d, %) |
j=0 0<j<k<I—i

I I
I'Tfse\pzfd_ﬂ_l Ri‘II < Z Rz) = ' Z HTSG\[)R”II (RZ)

+2 Z (1—Br)(1 - Bl—k)a(ﬂia fir)

I—J+1<i<k<I
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Conclusions and Remarks

Under distributional assumptions we have derived

@ estimates for the development pattern taking all relevant information into
account

o formulas for the smoothing from the raw estimates %(.0) to the final estimates
¥
@ estimates for the correlations of these estimates.

We recommend to use these formulas also in the distribution-free case (currently
there are no estimators available from which we know that they perform better).
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