APPLICATIONS OF CONVEX OPTIMISATION IN
PREMIUM RATING



Mathematical optimisation

minimise  f,(X,..., X,)

subjectto f,(X,...,X,) <0

f (X, X,) <0

7 n

X=(X,,X,,...,X,) are optimisation variables
fo(X,, X,,...,X,) is the objective function
inequalities define permissible values of X

the general optimisation problem is intractable

this is true even of seemingly very simple problems

we must restrict the choice of functions f;(X;,....X,), 1=1..,m

linear programming, quadratic programming, convex programming etc.



Convex optimisation

e arich class of modelling scenarios can be addressed by convex

optimisation L
P minimise  f,(X)
X

subjectto f(x)<0

f.(xX)<0
 where objective and constraint functions are convex: for
f(ax+ (L-a)y) < of, () + L-a) f,(y) 0<a<l

e Linear /quadratic programming, maximum likelihood estimation in GLMs
are some of many special cases.



Convex calculus

rather than verifying the definition of convexity, it is often
easier to check whether a function is composed of known
convex functions following certain rules.

simple functions: affine, exp, -log, vector norms, max etc.

composition rules: weighted sum with positive weights,
composition with an affine function etc.



Cardinality constraints - variable selection

e variable subset selection can be formulated as an optimisation problem
minimise L(y;w)
w
subject to card(w) <k

o card(w) is the number of non-zero entries of the parameter vector w
e we can approximate card(w) by |wl|, =Z?:1‘Wi‘
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minimise L(y;w)

subject to | w|, <k



Graduation




Spatial smoothing

can extend graduation to arbitrary graphs using the graph incidence
matrix or the graph Laplacian.

minimise [y - w,
W

subject to |Dw]|, <k



Fitting interactions

minimise L(y;w)
subject to |Dw], <k
Dw=0

aae Ve, sum insurad

regularised fit manual knot point selection



Kalman filter / Dynamic GLMs

simplified state space estimation model with identity state transition
matrix, i.i.d noise:

estimating wi given Xi and yi for i=1,...n is a convex optimisation problem:

m m—1
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equivalent to Kalman filter followed by a backwards “smoothing” pass

can be also used for GLMs, can add non-Gaussian state transition noise
etc.



Revenue management

n

maximize >, (p;) = (P, —C)yi(P))

""" P i=1
subjectto > w,(p;)=C
i=1

set prices to maximize net revenue subject to a global constraint on retention
non-convex in p; for plausible choices of demand function (e.g. logistic).

we can turn this into a convex problem by changing variables from p to d for
demand functions satisfying certain conditions.



Revenue management

n

maximize > r(d,) =y *(d,)~c)d

=1
subjectto 0<d,<1,i=1,..,n

S5
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the transformed problem has concave objective and affine constraints
we can easily recover p; as y;(p,) is monotonic
classic formulation from operations research going back to the 50s

overfitting is just as big a problem as it is with statistical estimation.

need to make sure the results are robust to variation in the data —
stochastic optimisation



Convex optimisation for premium rating

e convex optimisation provides a unified framework for many tasks arising in
premium rating:

— variable and interaction selection

— spatial smoothing and clustering, defining vehicle classes

— fitting non-linear additive effects and interactions (additive models)
— hierarchical credibility (random effects)

— general constraints on relativities

— detecting changes in underlying model

— demand driven pricing

e using general purpose solvers or modelling systems dramatically increases
modelling flexibility compared to prepackaged single purpose software (or
even specialised statistical software).



Algorithms

interior-point methods

e 1984: first practical polynomial-time algorithm (Karmarkar)
e 1984-1990: efficient implementations for large scale LPs

e 1990: polynomial-time interior-point methods extended to
nonlinear convex programs (Nesterov and Nemirovsky)

e since 1990: extensions, high quality software
first-order methods
e similar to gradient descent but with better convergence properties

 based on Nesterov’s “optimal” methods from the 1980s
e extended to certain non-differentiable or constrained problems



Thank you!

current version of the paper:

http://www.cse.unsw.edu.au/~dimitris/final _vl._pdf





