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Motivation: claims reserving and run–off triangles

I Traditional approach: run-off triangles.
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Motivation: dynamics - development of a non–life
claim

I Individual, micro–level or granular level.

•
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Motivation: dynamics - types of claims

Closed claim = ‘closure’ (at t5) ≤ present (say, τ).
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Motivation: dynamics - types of claims

RBNS claim = reported, but ‘closure’ > present (say, τ).
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Motivation: dynamics - types of claims

IBNR claim = incurred, but reporting and ‘closure’ > present (say, τ).

t1 time

Occurrence
Present

Uncertainty
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Motivation: from macro to micro–level models

“The problem is more with the data than the methods, since, clearly, it is the

estimation of aggregate case reserves which is at fault. [. . . ] In this respect,

models based on individual claims, rather than data aggregated into triangles, are

likely to be of benefit. [. . . ] Aggregate triangles are useful for management

information, and have the advantage that simple deterministic methods can be

used to analyze them.”(England & Verrall, 2002, p.507)

“However, it has to be borne in mind that traditional techniques were developed

before the advent of desktop computers, using methods which could be

evaluated using pencil and paper.” (England & Verrall, 2002, p.507)

“The triangle is a summary, whose origins are very much driven by the

computational restrictions of a bygone era.” (Taylor & Campbell, 2002, p.21)
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Motivation: from macro to micro–level models

“Recall that condition XXX in Mack’s model had only one purpose: it was chosen

in order to explain the form of the chain ladder estimators XXX used by

practitioners for predicting future claim numbers. Hence condition XXX was

chosen for pragmatic reasons.” (Mikosch, 2009, p.374)

“Conditions such as XXX and XXX (i.e. Mack’s conditions) do not explain the

dynamics of the underlying claim arrival and payment process in a satisfactory way.

This is not surprising since only the first and second conditional moments of the

annual dynamics are specified.” (Mikosch, 2009, p.381)
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Work on micro–level loss reserving

I Antonio & Plat (201X, SAJ): development of individual claims in
continuous time, parametric;

inspired by Norberg (1993,1999), Haastrup & Arjas (1996), Cook & Lawless

(2007);

I Pigeon, Antonio & Denuit (201X, Working Paper): development of
individual claims in discrete time, parametric;

inspired by chain–ladder method;

I Antonio & Godecharle: development of individual claims in discrete
time, historical simulation from empirical data;

inspired by Drieskens, Henry, Walhin & Wielandts (Scandinavian Actuarial

Journal, 2012) and Rosenlund (ASTIN Bulletin, 2012).
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The model

We identify (in discrete time):

(ik) claim k from occurrence period i ;

Tik reporting delay, i.e. number of periods between occurrence and
notification period;

Qik first payment delay, i.e. number of periods between notification and
first payment period;

Uik number of periods with partial payment > 0 after first payment;

Nikj delay between 2 periods with payment, i.e. number of periods between
payments j and j + 1;

Nik,Uik+1 number of periods between last payment and settlement;

Yikj the jth incremental partial amount for claim (ik) (> 0).
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The model: an example

Date Our notation

Accident 06/17/1997 i = ‘1997′

Reporting 07/22/1997 t(ik) = 0

Number of periods with payment > 0 u(ik) = 4

after first one

Payment 09/24/1997 q(ik) = 0

10/21/1997

11/07/1997 Y(ik),1

05/08/1998 n(ik),1 = 1

12/11/1998 Y(ik),2

03/23/1999 n(ik),2 = 1 Y(ik),3

02/23/2000 n(ik),3 = 1 Y(ik),4

01/03/2001 n(ik),4 = 1

02/24/2001 Y(ik),5

Closure 08/13/2001 n(ik),5 = 0
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The model: development pattern

I We use:

- initial amount Yik1;

- payment–to–payment development factors (note: chain–ladder is
period–to–period)

λ
(ik)
j =

∑j+1
r=1 Yikr∑j
r=1 Yikr

, j = 1, . . . , uik .

I Thus, development pattern Λ
(ik)
uik+1 is

Λ
(ik)
uik+1 =

[
Yik1 λ

(ik)
1 . . . λ

(ik)
uik

]′
.

I Note: multivariate distribution of Λ
(ik)
uik+1 should account for

dependence and asymmetry.
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The model: Multivariate Skew Normal distribution
I Azzalini (1985) defined the Univariate Skew Normal (USN)

distribution

fX (x) = 2φ(x)Φ(βx) −∞ < x < +∞,

which is the ‘normalized’ case.
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The model: Multivariate Skew Normal distribution

I Many authors studied multivariate extensions of USN (see e.g. work
of Azzalini).

I We use the class defined in Gupta & Chen (2004) (and PhD thesis D.
Akdemir, 2009).
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The model: Multivariate Skew Normal distribution

I Let µ = [µ1 . . . µk ]′ be a vector of location parameters, Σ a (k × k)
positive definite symmetric scale matrix and ∆ = [∆1 . . . ∆k ]′ a
vector of shape parameters.

I X (k × 1) ∼ MSS :

MSS
(

X;µ,Σ1/2,∆
)

=
2k

det(Σ)1/2
g∗
(

Σ−1/2 (X− µ)
) k∏

j=1

H
(

∆je
′
jΣ
−1/2 (X− µ)

)
,

where g∗ (x) =
∏k

j=1 g(xj) and e′j the elementary vectors of the

coordinate system Rk .

I For MSN distribution: g(·) and H(·) the pdf and cdf of N(0, 1).
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The model: likelihood

I For closed claims:

LCl ∝ ∏
(ik)Cl

MSN(ln(Λuik+1);µuik+1,Σ
1/2
uik+1,∆uik+1|uik )︸ ︷︷ ︸

development factors

· ∏
(ik)Cl

f1(tik ;ν|Tik≤t∗ik−1)·f2(qik ;ψ|Qik≤t∗ik−tik−1)

· ∏
(ik)Cl

f3(uik ;β|Uik≤t∗ik−qik−tik−1)

· ∏
(ik)Cl

I (uik=0)(1)+I (uik=1)f4(nik1;φ|0<Nik1≤t∗ik−tik−qik−uik )

+I (uik>1)f4(nik1;φ|0<Nik1≤t∗ik−tik−qik−uik )

·
∏uik

j=2 f4(nikj ;φ|0<Nikj≤t∗ik−tik−qik−(uik−j+1)−
∑j−1

p=1 nikp).
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The model: likelihood

I For closed claims:

LCl ∝ ∏
(ik)Cl

MSN(ln(Λuik+1);µuik+1,Σ
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· ∏
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first payment delay
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· ∏
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The model: likelihood

I For closed claims:
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· ∏
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f3(uik ;β|Uik≤t∗ik−qik−tik−1)︸ ︷︷ ︸
number of payments

· ∏
(ik)Cl

I (uik=0)(1)+I (uik=1)f4(nik1;φ|0<Nik1≤t∗ik−tik−qik−uik )
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The model: likelihood

I For closed claims:

LCl ∝ ∏
(ik)Cl

MSN(ln(Λuik+1);µuik+1,Σ
1/2
uik+1,∆uik+1|uik )

· ∏
(ik)Cl

f1(tik ;ν|Tik≤t∗ik−1)·f2(qik ;ψ|Qik≤t∗ik−tik−1)

· ∏
(ik)Cl

f3(uik ;β|Uik≤t∗ik−qik−tik−1)

· ∏
(ik)Cl

I (uik=0)(1)+I (uik=1)f4(nik1;φ|0<Nik1≤t∗ik−tik−qik−uik )

+I (uik>1)f4(nik1;φ|0<Nik1≤t∗ik−tik−qik−uik )

·
∏uik

j=2 f4(nikj ;φ|0<Nikj≤t∗ik−tik−qik−(uik−j+1)−
∑j−1

p=1 nikp)︸ ︷︷ ︸
payment and settlement delay

.
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The model: likelihood

I Additional likelihood expressions for:

- RBNS claims: uik is not observed, development is censored;

- RBNP claims (new!): Reported But Not Paid

• first period with payment not observed (yet);

• first payment delay is censored, etc.

- IBNR claims: reporting delay is censored, etc.

I We use:

- (not MSN) maximum likelihood;

- (in MSN) maximum product of spacings for shape, combined with ML
for location and scale parameters.
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The model: analytical results

I An IBNR or RBNP claim: C = Y1 · λ1 · λ2 · . . . · λU

with E [IBNR|I] versus E [RBNP|I]

= (x) · EU

[
2U+1 exp(t′1µU+1 + 0.5t′1Σ

1/2
U+1

(
Σ

1/2
U+1

)′
t1) ·

∏U+1
j=1 Φ

(
∆j ·((Σ

1/2
U+1)′t1)j√

1+∆2
j

)]
,

where (x) is E [KIBNR] versus kRBNP.

I An RBNS claim: [C |ΛA = `A] = y1 · `1 · . . . · `uA−1 · λuA . . . · λU

with E [RBNS|I]

=
∑

(ik)RBNS

y1 · `1 · . . . · `u1−1

· EUB

2UB exp(h′1µ
∗
U+1 + 0.5h′1

(
Σ∗U+1

)1/2
((

Σ∗U+1

)1/2
)′

h1) ·
∏UB

j=1 Φ

∆∗j ·
((

(Σ∗U+1)
1/2
)′

h1

)
j√

1+(∆∗j )
2

.
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The data

I Data from Antonio & Plat (201X, SAJ):

- portfolio of general liability insurance policies for private individuals;

- use data from 1997 to 2004 as training set, 2005-2009 as validation set;

- all payments discounted to 1/1/1997;

- Bodily Injury (BI) and Material Damage (MD) payments;

- 279,094 reported claims: 273,977 are MD, 5,117 are BI;

- closed?: 268,484 MD and 4,098 BI claims.
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Estimation results

I Distribution for number of periods: {Tik ,Qik ,Uik ,Nik}

- mixtures of discrete distribution with degenerate components;

- model selection using AIC and BIC;

- comparison of observed data and fits.

I Development pattern:

- Multivariate Normal (MN) and Multivariate Skew Normal (MSN) with

UN, TOEP, CS and DIA structure for Σ1/2
c ;

- model selection with AIC and BIC;

- comparison of observed data and fits.

May 22 2013, K. Antonio, KU Leuven and University of Amsterdam 24 / 31



Estimation results

I Claims closing with ‘single’ payment: explore U(S)N.

Single payment severity
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Estimation results

I Claims with multiple payments: explore M(S)N.
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Prediction results

Perform a back–test for BI and MD claims.

Arrival Development year
year 1 2 3 4 5 6 7 8

1997 261 614 359 526 546 137 130 339
1998 202 473 307 336 269 56 179 78
1999 238 569 393 270 249 286 132 97
2000 237 557 429 496 406 365 247 275
2001 389 628 529 559 446 375 147 239
2002 260 570 533 444 132 122 332 1, 082
2003 236 743 558 237 217 205 171
2004 248 794 401 236 254 98

Total outstanding BI = 7,684,000 and total outstanding MD = 2,102,800.
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Prediction results

Model or Item Expected S.E. VaR0.95 VaR0.995

Scenario Value

Individual MSN IBNR+ 2, 970, 645
Analytical RBNS 5, 433, 548

(until settlement) Total 8, 404, 192

Individual MSN IBNR+ 3, 035, 519 494, 771 3, 912, 159 4, 673, 340
Simulated RBNS 5, 439, 318 704, 701 6, 650, 958 7, 738, 003

(until settlement) Total 8, 474, 837 853, 812 9, 927, 439 11, 105, 174

Chain-Ladder Total 9, 126, 639 1, 284, 793 11, 380, 743 13, 061, 937
(Bootstrap, ODP)

Observed Total 7, 684, 000
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Prediction results

Model or Item Expected S.E. VaR0.95 VaR0.995

Scenario Value

Individual MSN Total 8, 568, 506 922, 657 10, 134, 198 11, 406, 905
Sim. + Unc.

(until settlement)

Individual MSN Total 8, 568, 355 902, 601 10, 141, 226 11, 320, 931
Sim. + Unc. + Pol. Limit

(until settlement)

Individual MSN Total 7, 251, 103 817, 878 8, 679, 618 9, 717, 771
Sim. + Unc. + Pol. Limit

(until triangle bound)

Chain-Ladder Total 9, 126, 639 1, 284, 793 11, 380, 743 13, 061, 937
(Bootstrap, ODP)

Observed Total 7, 684, 000
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Prediction results

Prediction for lower triangle: MSN vs. Chain−Ladder
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Highlights

I Novel setting for claims reserving at individual level.

I Discrete time framework, inspired by chain–ladder.

I Parametric approach, using M(S)N framework.

I Analytical expressions for moments of (RBNS, RBNP, IBNR) reserve +
simulation approach.

I Comments?: k.antonio@uva.nl.
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