
Gaussian mixtures and 
financial returnsfinancial returns

Carlos Cuevas Covarrubias,
A h U i i M iAnahuac University, Mexico.

Jorge Rosales Contreras,g ,
ITESM, Mexico.



Motivation
ferent models in mathematical finance assume that the returns of 
ets are independent and normally distributed (Markowitz and p y (
P-M, Black-Scholes, etc.). 

pirical evidence suggests that financial returns do not alwayspirical evidence suggests that financial returns do not always 
ow a normal distribution. The reason: 

H i t il th th l t• Heavier tails than the normal can capture, 
• Skewed and leptokurtic distributions, 
• Alternating periods of high and low volatility.



sk management and asset pricing benefit from simple 
nctional descriptions of the distribution of real asset returns…

e propose a simple model of price formation and return 
stribution … 

l ti  f th  i  d i  t  t  ith f t t il mulations of the price dynamics generate returns with fat-tail 
havior in line with that of a hyperbolic distribution, and also 
latility clustering, which is a mayor stylized fact of asset 
turnsturns.



odeling Marginal Distributions of Ten European Stock
Market Index Returns

Andreas Behr

e model daily stock index returns for ten European countries 
sing flexible distributions: generalized hyperbolic distribution, 
ixtures of Gaussian normal distributions and the logF 
stribution…  

ur results show that the empirical distribution of the daily 
ock index returns can be adequately modelled by either of ock index returns can be adequately modelled by either of 
e three flexible approaches but Gaussian mixtures are 
ghtly superior for all countries in almost all sub periods.



NON-NORMALITY FACTS AND FALLACIES

David N. Esch

ntly, there has been an increasing trend in quantitative y, g q
ce to call for models which are model returns with non-

mal probability distributions… 

urvey the shortcomings of several popular non-normal 
cial modeling techniques, … we argue that it is still important 

xhaust the possibilities of normal models before switching to 
  .  

els with normal distributions can be extended through 
ods such as conditioning on other variables  inequality ods such as conditioning on other variables, inequality 
traints, mixtures…



TIMATION OF PORTFOLIO RETURN AND VALUE AT RISK 
ING A CLASS OF GAUSSIAN MIXTURE DISTRIBUTIONS

Kangrong Tan and Meifen Chu

t return distributions are frequently assumed to follow a 
mal or lognormal distribution. … Many empirical studies have mal or lognormal distribution. … Many empirical studies have 
wn that return distributions are usually not normal… 

ropose a class of Gaussian mixture distributions to p
oximate the return distributions of assets.  The model is 
ed easily to estimate the return distribution of a portfolio, and 

valuate the VaR. 



Finite Mixture ModelsFinite Mixture Models

The random variableThe random variable  

is distributed according to a mixture of densities when



Finite Mixture Models
1.

2.

3.

4.

is a density function.

5.

6.



Finite Mixture ModelsFinite Mixture Models



Estimation of parametersEstimation of parameters
Maximum Likelihood.Maximum Likelihood.



Estimation of parametersEstimation of parameters

The log-likelihood is a function of at least  2k – 1
parameters.

The estimated parameters are obtained by :



Estimation of parametersEstimation of parameters

If we apply Lagrange multipliers…

for

for

It is a system of 2k+1 equations



Expectation-MaximizationExpectation Maximization
The system is solved by an iterative algorithm (EM). 

1. Expectation step 

par
a

2. Maximization step 

para



Gaussian MixturesGaussian Mixtures

Th d i blThe random variable 

distributes according to a Gaussian mixture if

where



Gaussian MixturesGaussian Mixtures

0.25*Normal(0,1)+0.75*Normal(0,1.5)
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Gaussian MixturesGaussian Mixtures

0.75*Normal(0,1)+0.25*Normal(0,0.4)
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Gaussian MixturesGaussian Mixtures

0.5*Normal(0,1)+0.5*Normal(0,0.4)
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Gaussian MixturesGaussian Mixtures

0.75*Normal(0,1)+0.25*Normal(0,0.4)
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Expectation - MaximizationExpectation Maximization
iven a finite Gaussian mixture, the EM algorithm is deffined 

s follows:s follows: 

Expectation step 

Maximization step 



EM algorithm for Gaussian mixtures
ing values

NO

Convergenceg
YES



IPC: stock market index in MexicoIPC: stock market index in Mexico.

30-06-2008 to 18-06-2012



IPC: 30-06-2008 to 18-06-2012
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IPC: 30-06-2008 to 18-06-2012IPC: 30 06 2008 to 18 06 2012

IPC: 30-06-2008 AL 18-06-2012
Ajuste de una Normal
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IPC: 30-06-2008 to 18-06-2012C: 30 06 008 o 8 06 0

IPC: PP-Plot
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IPC: 30-06-2008 al 18-06-2012C: 30 06 008 8 06 0

IPC: 30-06-2008 al 18-06-2012
Pruebas de Normalidad 
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IPC: 30-06-2008 to 18-06-2012C: 30 06 008 o 8 06 0

IPC: 30-06-2008 al 18-06-2012
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IPC: 30-06-2008 to 18-06-2012C: 30 06 008 o 8 06 0
Mixture of two normal distributions with different 
means and different variances.

22211 /)/()1(/)/()(    xpxpxf

Maximum Likelihood estimates:

– p = 0.2411
1 0 0084– S1 = 0.0084

– S0 = 0.0279
– M1 = 0.0008
– M0 = -0 0016– M0 = -0.0016
– K-S = 0.02
– P-Val > 0.1



IPC: 30-06-2008 to 18-06-2012C: 30 06 008 o 8 06 0
Mixture of two normal distributions with different 
means and different variances.

22211 /)/()1(/)/()(    xpxpxf

Maximum Likelihood estimates:

– p = 0.2411
1 0 0084– S1 = 0.0084

– S0 = 0.0279
– M1 = 0.0008
– M0 = -0 0016

An expected loss comes with a 
larger volatility

– M0 = -0.0016
– K-S = 0.02
– P-Val > 0.1



IPC: 30-06-2008 to 18-06-2012

IPC: 30-06-2008 al 18-06-2012 
Mezcla de dos normales con medias y varianzas distintasMezcla de dos normales con medias y varianzas distintas
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IPC: 30-06-2008 to 18-06-2012

IPC: PP-PLOT (Mezcla de dos normales)

1.0

0.7

0.8

0.9

0.4

0.5

0.6

0.1

0.2

0.3

0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

M ezcla de N o rmales



USDMXNUSDMXN

01-01-2007 to 14-05-2012



USDMXN: 01-01-2007 to 14-05-2012

l Di t ib ti

USDMXN: 01-01-2007 al 14-05-2012
Rendimientos logarítmicos diarios
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USDMXN: 01-01-2007 to 14-05-2012

USDMXN: Prueba de normalidad
Gráfica de probabilidad
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USDMXN: 01-01-2007 to 14-05-2012

USDMXN: DISTRIBUCIÓN NORMAL

1.0000

1.2000

0.6000

0.8000

0.2000

0.4000

0.0000
-0.080000 -0.060000 -0.040000 -0.020000 0.000000 0.020000 0.040000 0.060000 0.080000

R endimiento  lo garí tmico  diario



USDMXN: 01-01-2007 to 14-05-2012

USDMXN: PP-PLOT
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USDMXN: 01-01-2007 to 14-05-2012

USDMXN
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USDMXN: 01-01-2007 to 14-05-2012US N: 0 0 007 o 05 0
Ajuste de una mixtura de dos normales con 
esperanzas distintas y varianzas distintas.

22211 /)/()1(/)/()(    xpxpxf

Modelo ajustado por Máxima Verosimilitud

– p = 0.1676
– S1 = 0.0108
– S0 = 0.0052
– M1 = 0.0023
– M0 = -0.0003
– K-S = 0.0269
– P-Val > 0.1



USDMXN: 01-01-2007 to 14-05-2012

USDMXN: Mezcla de dos normales con medias distintas y varianzas distintas
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USDMXN: 01-01-2007 to 14-05-2012

USDMXN: PP-PLOT
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TELMEX-LTELMEX-L

04-03-2008 to 15-04-2010



TELMEX-L: 04-03-2008 to 15-04-2010
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TELMEX-L: 04-03-2008 to 15-04-2010

99.99
Mean -0.00008164
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TELMEX-L: 04-03-2008 to 15-04-2010
TELMEX-L: 04-03-2008 al 15-04-2010

Ajuste de la Distribución Normal
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TELMEX-L: 04-03-2008 to 15-04-2010
Telmex-L: Dist-Normal: PP-Plot
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TELMEX-L: 04-03-2008 to 15-04-2010
Telmex-L
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TELMEX-L: 04-03-2008 to 15-04-2010: 0 03 008 o 5 0 0 0

Mixture of two normal distributions 
with zero mean and different variances.

2211 /)/)1(/)/)( ssxpssxpxf  

Maximum Likelihood estimation

– p = 0.29
– S1 = 0.0308
S0 0 0123– S0 = 0.0123

– K-S = 0.0274
– P-Val > 0.1



TELMEX-L: 04-03-2008 to 15-04-2010

TELMEX-L: Mezcla de dos Normales
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TELMEX-L: 04-03-2008 to 15-04-2010

TELMEX-L: PP-Plot
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TELMEX-L & AMX-L
bivariate fit

From 04-03-2008 to 15-04-2010



Bivariate fit: Telmex L & AMX LBivariate fit: Telmex L & AMX L

AMX L vs TELMEX L
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Bivariate fit: Telmex L & AMX LBivariate fit: Telmex L & AMX L

AMX L vs TELMEX L
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Bivariate fit: Telmex L & AMX LBivariate fit: Telmex L & AMX L

AMX L vs TELMEX L
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Bivariate fit: Telmex L & AMX LBivariate fit: Telmex L & AMX L
ixture of two bivariate normal distributions, with 
ifferent mean vectors and different covariance matrices.

),|,*)1(),|,*),( 11   yxNpyxNpyxf oo

aximum Likelihood Estimates (EM Algorithm)

p = 0.2356
Mx0 = 0 0008 Mx1 = 0 0327Mx0 = 0.0008 Mx1 = -0.0327
My0 = 0.0004 My1 = -0.0014
Sx0 = 0.0008 Sx1 =  0.0327
Sy0 = 0.0160 Sy1 = 0.0450Sy0  0.0160 Sy1   0.0450
R0 = 0.4159 R1  =  0.5678



Bivariate fit: Telmex L & AMX LBivariate fit: Telmex L & AMX L



Bivariate fit: Telmex L & AMX LBivariate fit: Telmex L & AMX L
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Bivariate fit: Telmex L & AMX LBivariate fit: Telmex L & AMX L

Gaussian Mixture Bivariate Normal



Bivariate fit: Telmex L & AMX LBivariate fit: Telmex L & AMX L
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Bivariate fit: Telmex L & AMX LBivariate fit: Telmex L & AMX L
AMX L vs TELMEX L
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Conclusions and future workConclusions and future work



Conclusion
evidence suggests that financial returns follow a Gaussian 

xture (… or something very similar). ( g y )

we say that the assumption of normality is totally wrong? 

ussian Mixture models seem to work well in financial modeling. 
y are parsimonious, accurate, and easy to work with. 

en their relation with the normal distribution, it is important to 
dy their implications and possible contributions to standard 
ncial theory. 



Questions and comments.



Thank you very much!



Examples



AMX-LAMX-L

04-03-2008 al 15-04-2010



AMX-L: 04-03-2008 al 15-04-2010

irbución Normal 120
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AMX-L: 04-03-2008 al 15-04-2010

AMX-L, Rendimientos diarios
Ajuste de la Distribución Normal 
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AMX-L: 04-03-2008 al 15-04-2010

AMX-L: 04-03-2008 al 15-04-2010; 
Distribución Normal
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AMX-L: 04-03-2008 al 15-04-2010

AMX-L
PP-Plot, Distribuciòn normal
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AMX-L: 04-03-2008 al 15-04-2010

AMX L, Rendimientos Diarios
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AMX-L: 04-03-2008 al 15-04-2010

Ajuste de una mixtura de dos normales centradas en 
i di ti tcero y con varianzas distintas.

211 /)2/)1(/)/)( sSxpssxpxf  

Ajuste por Máxima Verosimilitud

– p = 0.18
– S1 = 0.0491
– S0 = 0.0169

K S = 0 02– K-S = 0.02
– P-val > 0.1



AMX-L: 04-03-2008 al 15-04-2010

AMX-L: Mezcla de dos Normales
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AMX-L: 04-03-2008 al 15-04-2010

AMX-L: PP-Plot
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CETES 28 DÌASCETES 28 DÌAS

02-01-2001 al 29-09-2004



CETES28: 02-01-01 al 29-09-04

Mean 0.0008779

CETES28: Histograma y distribución normal

C: Estadísticas Descriptivas
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CETES28: 02-01-01 al 29-09-04

CETES28: PP-PLOT
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CETES28: 02-01-01 al 29-09-04

99.99
Mean 0.0008779

CETES28: Prueba de Normalidad
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CETES28: 02-01-01 al 29-09-04
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CETES28: 02-01-01 al 29-09-04
Ajuste de una mixtura de tres normales con esperanzas 
distintas y varianzas distintas, más una masa de 
probabilidad en cero. La funciòn de distribución p
queda definida como:
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Ajuste del Modelo

á i dámetros Estimados M.V.

0.3089

0.6449

Bondad de Ajuste

0.0462

a 1= 0.0081

a 2= 0.0274

P-val. 0.1 0.05 0.02 0.01

K-S 943 943 943 943

0.0219 0.0397 0.0443 0.0495 0.0531

a 3= 0.0725

0.0004

0.0021

-0.0121

aciones = 124

 en cero = 0.0476
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CETES28: Mezcla de tres Normales y masa de prob. en cero
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CETES28: PP-PLOT
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