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@E%m Motivation

e Long term aspect of pension provisions
e Short term vision of Solvency 2

 Decrease of the investment In risky assets
for life insurers In Europe

 Form of short term “myopia” ?

 How to take into account the time horizon
of liabilities Iin a solvency measurement ?
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@[%m OUTLINE

1. The liabllity side

2. The financial risks

3. The longevity risk

4. Probability of default

5. Solvency capital

6. Extension to regime switching model
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1. The liability side

We consider a pension investment product
with a fixed minimum guaranteed return given at retirement
( cash balance scheme — pure endowment )

Notations :

P=1: Initial premium paid at time t=0 at age X
N : maturity of the pension account
| . fixed guaranteed return

L(N) : liability at retirement age
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X+N

N\

(L+i)" = ereN

~. .

-
I

The lump sum at retirement age Xx+N is only paid in case
of survival.

First order basis for mortality :

P, =survival probability between age x and age X +t
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Assumption : GOMPERTZ life table

t
iPx = eXp(—J‘ Hyis dS)
0

with: p . =p e

Then :

e’ -1
B

tpx — eXp(—uX.

Taking into account the mortality credit , the liability to pay is :

S\ BN
L(N) = ° = exp(rs-N +ux.e 1
pr B
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2. The financial risks

Investment of the initial single premium in 3 possible kinds
of assets :

- cash -

N

- bonds
- equmes — Market risk

Interest rate risk

Constant proportion portfolio :

Xg =partin bonds
Xs = part in equities
1—Xgz —Xg = part in cash
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Cash asset :

Short term risk free rate ( under P)

dr(t) = a(b - r(t)) dt — .dw. (t)

t
r(t) =r(0).e® +b(l-e®)—ce™ j e*dw . (s)
0

Saving account :

Z(1) = exp(j r(s) ds)
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Bonds :

Investment in fixed duration bonds ( rolling bonds of maturity K)

Zéro coupon bonds :

P(t,s) = price at time t of a ZC maturitys

dP(t,s)
=(r(t)+o.(t—-s)A )dt+oc.(t—s)dw (t
(s~ (T(0+06(t=5)2)dt+ o (t=s)dw, (1)
1—e .
with:  og(t—s)=o, - =volatility

A, = bond risk premium
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Bonds (2) :

Investment in fixed duration bonds ( rolling bonds of maturity K)

Rolling bonds :
PK(t) = P(t,t+ K)
dP, (t)
=(r(t)+o, A )dt+o,dw (t
PK(t) (r(t) Ok r) Gk r()
. 1_e—aK
With ; Cyx =G, "

A, = bond risk premium
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Equity :

Investment in an equity index :

X (1)

‘i(X_((tt)) _ (F(1) + 04 10 )dt + o dw (1)

With A = equity risk premium
p =correlation equity —bonds

’//////////////////////» iIndependent
§

dw(t) = p.dw (t) +1-p*.dw
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Mixed portfolio :

Y (t) = mixed portfolio

dY (1) = Y (t).(r(t) + Xzo A, + X;0.A) dt
+Y(1).((Xz0, + X 05p) AW (1) + X /1 —p dw(t))

or.
dY (1) = Y (t).(r(t) + m) dt + Y(t)(c,dw. (t) + o, dw(t))
/ \
Risk premium Interest rate ¥Uity
of the portfolio volatility vol
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Mixed portfolio (2) :

Distribution of the mixed portfolio :

Y (1) = exp(B(1))

where B is a Gaussian process :

B(t)=(m-(c; +0)/2)t+ j r(u)du+o,w,(t) + o,w(t)

|

Y (1) U exp(N(3(t),n°(t))
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Mixed portfolio (3) :

B(t)=(m-(c; +03)/2)t+ j r(u)du+o,w,(t) + o,w(t)

E

EB(t) = 8(t) = (m+b— (c? +G§)/2)t+(r(o) - bj.(l—e‘at)
1_ e—at 1_ e—Zat
Var B(t) =n’(t) = n.t+n,. ==
nlzcy—f+c5f+c5§—2616r
_ a a
with :
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3. The longevity risk

Stochastic model for the spot mortality intensity of the
generation initially aged x.

A, (t) = mortality intensity at age X+t

Non mean reverting model :
( see LUCIANO,REGIS VIGNA (2012)):

. (1) = 7,2 (1) At +v,.AW, (1)
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Longevity risk :

Survival process ( stochastic process!)

t
Px = eXp(—J. Hyis dS)
0

S, () = exp(— [ 1,(5) 0
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Longevity risk (2):

Solution for the survival process

et —1

With :

S, (1) = exp- (1, (0). 521y, R, (1)
Y,
R,(1) = [ [ dw,(u)ds
1w,
0 T x

(Gaussian Process)
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Longevity risk (3):

Longevity variance :

07(t) = Var (u,.R (1))

o, 2E(([

eyx (t-u) _

b dw, (u))?).

N _ 2
5 er(t u) _1
=V, j du
0
2

UX
2,

(2y N —4e"" + 2e*N + 3)

3
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Longevity risk (4):

Remarks :

1°) We only take into account the non diversifiable part of
the longevity risk ( large portfolios)

2°) Possiblility to introduce a correlation between longevity
risk and financial risks !! ( not the case here)

W, = Interest rate risk ——_

w, =equity risk —T P

w, = longevity risk
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Financial and longevity risks :

Liability side Asset side
erGN Y N
L(N)= . [A(N) = (N)
N px Sx ( N)
\
First order
basis
Financial Longevity
risks risk
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Financial and longevity risks (2) :

Global asset ( real available asset for each survivor) :

_ Y(N)

AN=5 )

— exp(B(N) + 1, (0) 2+ u,R_(N))

Vx

=exp(B(N) +C(N))

— T

Finance Longevity
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Financial and longevity risks (3) :

Distribution of the global asset :

A(N) =exp(A*(N))

where :

A*(N) [ N(e(N), o5 (N))

With :
e —1

Y,
5 (N) =n"(N) +0%(N)

e(N) =58(N) +2,(0)

( assumption of no correlation between finance and longevity)
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Financial and longevity risks (4): particular cases:

Pure Financial risk Pure longevity risk
v, =0 Xg =Xs =
' r0)=b=r
Yx =P ©) ¢
O =
A (0) = n, r
( real mortality ( cash asset

o~ without risk)
first order)
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4. Probability of default

Probability of default at maturity seen as a function of the time horizon N

¢(N) =P(A(N)<L(N))

efN —1

)

.@ e’ -1, e —1
:q)( X X

=P(A*(N)<r,N+pn,

)

1 —u?/2
O(t)=—=— | e " “du
® \/271:'[0 AFIR 2012
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With :

S(N)=(m+b—(c?+0%)/2)N +(r(0: b).a—eaN)

Global volatility :

1_ e—aN 1_ e—ZaN
65 (N) =n,.N+n,. 2 T M. 3

2
Ux

27,

+ (2y N —4e"" +2e"" 4 3)

3
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5. Solvency capital

Initial level of capital SC(N) at time t=0 assumed to be
Invested in the mixed portfolio in such a way that the
probability of default at maturity is below a fixed level
( value at risk approach).

Remarks :

1°) A Tall value at risk computation can also be considered.

2°) the solvency capital could be invested in a different way
( for instance in the cash asset) .
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Equation of the Solvency Capital :

P(A(N).(L+SC(N))< L(N)) =1—a,

\

?

With : _
a, = safety level for a duration N

for instance : (?77?)

o, = (0.995)"
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Equation of the Solvency Capital (2) :

P(A(N).(1+SC(N))< L(N))
e’ —1

B

= P(exp(A*(N).(1+SC(N)) < exp(rsN +p,, )

ePN 1

=P(A*(N)<r,N+p,

/

_In(1+SC(N))
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Equation of the Solvency Capital (3) :

e -1 | en-1

SC(N) =exp(rsN —8(N) +p, 8 — Ay v _GG(N)Zl—aN)_l
X
// \ \ \
Financial Quantile
guarantee Best
Estimate Best
Return estimate
Longevity longevity
guarantee
Global
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Tall value at risk approach :

The solvency capital ( invested in the mixed portfolio)
SC*(N) is then solution of the equation :

0=E({L(N) - A(N).(1+SC*(N)} (L(N) - A(N)) > VaR,, )

/

?

eBN _1 eyx _1

VaR, =exp{r;N +u, }—exp{o(N)+ A,

tGg (N)'Zl—aN}

X
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6. Regime switching model

How to find a good model for long term investment ?

Model for equity :

Geometric Brownian motion

PN

LEVY Regime switching
Processes Brownian motion
( NIG , variance gamma)

AFIR 2012
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Regime switching model : Motivations

 Traditional models for stock returns fail to
capture extreme movements in the long period

e The market may switch from a stable low
volatility state to a high volatility regime

 The solvency of long term insurance product can
be negatively affected by these movements iIn
financial markets.
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Financial risk under Regime switching model

Liability side

Asset side

L(N) =g""

The value of liability is fixed

v

A(N)

The value of the assets depends on
the switching between different states

Assumption : no mixed portfolio, no mortality, constant risk free rate
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The model:

Markow Regime Switching Lognormal model (MRSL)
with two states (Hardy, 2001), adapted to insurance long
term products.

Considering two states E1 and E2, the evolution of the
assets is:

dA(s)E, = 6,A(s)ds + o, A(s)dw(s)
dA(s)E, =0, A(s)ds + o, A(s)dw(s)

The switching from E; to E, and vice versa is regulated
by a Markov chain with the transition matrix :{pn pu}
p21 p22
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The model:

The final value of assets Z(N)depends on the
occupation time spent in each state.

The Probability of Default and the Solvency
Capital must be calculated according the final
value of asset A(N) influenced by the switching
between the two financial states :

o(N) = P(A(N) <L(N))

P{A(N)(1+SC(N)) < L(N)}=1-a,,
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Example:

‘regime 1. 0,=0.07, 0, =0.16

‘regime 2: 0,=-0.01, 0, =0.25

stransition probabilities: p,,= 0.0398, p,,=0.3798
* r;=0.02, r=0.04

e 0=0.995

AFIR 2012
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Probability of default

15,00%
10,00%
35,00%

2 30,00

£ 25,00%

(m)

4 20,00%

e

a 15,00%
10,00%
5,00%
0,00% | . l |

= = = = yjth switching

s yithout switching

(The hypothesis “without switching” is based just on financial parameters of regime 1)
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Solvency capital

100,00%
80,00%
60,00%
40,00%
20,00%

0,00%

-20,00%

-40,00%

SCinvested in the risky asset

Ty
\ SO e yithout switching

10 15 20 25\0

AFIR 2012




@%}3 Conclusion

* Importance of the time horizon Iin the
solvency measurement of long term life
and pension products

* Typical « time decreasing » effect

 Regime switching models can change the
magnitude of the conclusions w.r.t.
classical Brownian models ; same kind of
effect for LEVY models
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