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ABSTRACT 

 
Problems of optimization of numerical characteristics of the investment project with the 

fixed payments and controlled moments of payments are considered. A Net Present Value is used as 

optimized characteristic. The effective algorithms are developed for the most important case when 

the discount-factor is constant, corresponding examples are given. 
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The investment project C [1,2] is a finite family of pairs {(ci, ti)} where t0 <t1 <… <tn are the 

moments of time and ci are the payments to the investor at the corresponding time moments (values 

ci are nonzero, there are positive and negative among ci, negative ci correspond to the payments 

made by the investor).  Vectors C = (c0, с1, …, сn) and R = (t0, t2, …, tn) we name a vector of 

payments and a time structure of the project accordingly. Financing of the project is carried out by 

the investor in the real financial environment. It is supposed that the investor has an opportunity of 

an alternative investment of means (in bank) and compares project’s financial effect with the 

alternative investment effect. Analytically this circumstance is reflected in the using of continuous 

discount function f(t) defined for t≥0. It means that the sum с/f(t) when f(t)>0 enclosed in bank at the 

initial time moment is equal to c at the moment t. Function f(t) is non-negative, not growing, f(0) =1. 

We admit zero values of function of discounting - it corresponds to a default situation. Stability of 

financial conditions when the bank interest does not vary in time means that f(t) =vt where v<1 is a 

discount - factor.  

Sometimes investor has the right to adjust time of payments in the certain frameworks. 



The financial effect of the investment project C at function of discounting f(t) can be 

estimated as NPV(C, R, f (t))=∑
=

n

i
ii tfc

0
)(  [1,2].  

Let's consider the following problems. 

Problem 1. There are given numbers τ1,τ 2, …,τn  − minimally allowable time intervals 

between consecutive payments and the time horizon T – the time upper bound of the ending of 

project with a vector of payments C. It is necessary to find time structure R = (t0, t1, …, tn) such that 

ti−ti−1≥τi  (i=1.., n), tn≤T and NPV of the project {(ci,ti)} is maximal. 

Problem 2. Pairs of numbers τ1′,τ1′′;τ 2′,τ2′′; …;τn′,τn′′ are given - minimal and maximal 

allowable time intervals between consecutive payments i.e. inequalities τi′′ ≥ti−ti−1≥τi′ should be 

carried out and the first payment should be made at the zero moment. 

The set of allowable time structures, i.e. the structures satisfying the restrictions, obviously is 

compact subset of Rn+1. This subset for a problem 2 is always nonempty, for a problem 1 it is so, if 

T
n

i
i ≥∑

=1
τ . NPV as continuous function on the set of allowable time structures achieves a maximum 

in both problems. The optimum time structure can be nonunique, it is true for problems which are 

considered further too. 

Some properties of solutions of these problems are described here and simple algorithms are 

constructed. We shall preliminary notice the following. 

i. NPV of a project does not decrease at translation of positive payment ci to some earlier 

time, as  cif (p) ≥cif (q) at p<q. 

ii. Similarly, NPV of a project does not decrease at translation of negative payment to some 

later time.  

PROPOSITON 1. Among optimal time structures for problems 1 and 2 exists such that for 

each payment (except for the first and last) even one of two adjacent time intervals is extreme (i.e. it 

is equal to τi for a problem 1 and τ i ′ or τ i ′′ for a problem 2).  

PROOF. If for the payment ci this condition is wrong it can be displaced on an earlier and on  

later time moments. If α is the time interval before payment ci and β before payment ci+1 α>τi, β>τi+1 

for a problem 1 and τi′′>α>τi′, τi′′>β>τi′ for a problem 2) then the moment of the payment ci  can be 

chosen as 

- ti−1+τi at ci>0 for a problem 1, 

- ti+1−τi+1 at ci<0 for a problem 1, 



- ti−1+τi′ at ci>0, τi′′+τi′≤α+β for a problem 2, 

- ti−1−τi′′ at ci>0, τi′′+τi′≥α+β for a problem 2, 

- ti−1+τi′ at ci<0, τi′′+τi′≥α+β for a problem 2, 

- ti−1−τi′′ at ci<0, τi′′+τi′≤α+β for a problem 2. 

It is obvious, that the received time structures are allowable and NPV of the received projects 

is not less than of initial one by properties i and ii. 

REMARK 1. It is not necessary for the optimal time structure for a problem 1 that payment 

с0 is realized at the moment 0 or payment сn at the moment T.  

EXAMPLE 1. Let function f (t) be piecewise linear and is equal to 1 at t=0; 1/2 at t=6; 1/4 at 

t=10; 0 at t≥13. Let’s consider a vector of payments (−1,1), τ1=1, T=12. It is easy to check up that 

the optimum time structure is (a, a+1) for 6≤а≤9. 

REMARK 2. All intervals are not necessary maximal or minimal in optimal time structure 

for a problem 2. 

EXAMPLE 2. Let function f (t) be piecewise linear is equal to 1 at t=0; 1/2 at t=3; 0 at t≥8, a 

vector of payments C=(−1,1,−1,1) and admissible intervals between payments are 1-2, 1-10, 1-2. It 

is easy to check up that the optimal time structure is (0,1, a, а+1) for 3≤а≤7, i.e. the interval between 

2 and 3 payments does not coincide with the extreme values 1 or 10. 

REMARK 3. One can see that interval between arbitrary positive payment and previous 

payment is always minimal in optimum time structure for a problem 1.   

The optimal time structure can be described more precisely in the major special case of the 

function of discounting f(t) =vt. In particular the situations reflected in examples 1 and 2 are 

impossible. We add one more to constructions i, ii. 

iii. Let’s consider some payments with the fixed time intervals between them (с1,t1), 

(с2,t2),… . (t2−t1=a1,…). The sum of discounted values of these payments is equal to 

...)(... 2111321
321321 +++=+++ +aaatttt vcvccvvcvcvc , i.e. for the counting of NPV such sequence of 

payments can be considered as one payment equals to ...211
321 +++ +aaa vcvcc  at the moment t1 

(merge of payments).  

A construction such as iii is possible only for exponential functions of discounting. Further 

the major is that the sign on expression c0f(t)+c1f(t+a1)+… is kept at any values of parameters c0,…; 

a1,…. We’ll consider the similar sums containing only two summands, i.e. we’ll suppose that the 

sign of expression c0f(t)+c1f(t+a) is kept at change t for any fixed values c0,c1,a. This condition is 

equivalent to the following: “if c0f(t)+c1f(t+a)=0 for some t then it is true for arbitrary t” as a 



consequence of a continuity of function f(t). First of all, function f(t) should be positive: by 

monotonicity if f(p) =0 at the some p then a discount function is equal to 0  on the set [p, ∞). A 

function f (t) is not constant as f(0) =1. If f(s)≠f(s+a) then for с0=1,  с1=−1 we have 

c0f(p)+c1f(p+a)=0, c0f(s)+c1f(s+a)≠0.  

Equivalence of equalities c0f(p)+c1f(p+a)=0 and c0f(q)+c1f(q+a)=0 gives equality  

)(
)(

)(
)(

qf
aqf

pf
apf +

=
+  for any p, q, a. But then we have f(p+a)=f(p)g(a). If  p=0 then f(a)=g(a) i.e. a 

discount function satisfies to the standard functional equation which only solutions are exponents.  

It is possible to reduce our problems to linear optimization problems in the case of constant 

discount-factor. We shall use designations ui = itv  for this purpose.  

Problem 1. 

To maximize the linear function ∑
=

n

i
iiuc

0
 if ui+1≤ ivτ ui, un≥ Tv . 

Problem 2 

To maximize the linear function∑
=

n

i
iiuc

0
 if 

″
ivτ ui ≤ui+1≤

′
ivτ ui, u0=1. 

Simple algorithms which are described further are based on substantive reasons and do not 

use these representations.  

Let's consider some tolerable time structure for the problem 1. We’ll fix the moments of 

negative payments. NPV of the project will not decrease at moving of positive payments to the 

earliest possible moments according to property i. For example, the part of the initial project {(-50, 

6), (30, 8), (60, 12)} with minimally allowable intervals between the payments to be equal to 1 and 

3, will be replaced on {(-50, 6), (30, 7), (60, 10)} at such transformation. 

  Result of such operation is the project with fixed time intervals between negative and the 

subsequent (possible, several) positive payments. It is possible to apply using property iii the 

operation of payments merge to these payments. Thus we replace the initial investment project by 

the project with in general smaller number of payments. The same procedure can be applied to new 

project. Continuing this process we shall finally receive the project where after arbitrary negative 

payments positive are not going. Such project has one of the following structures:  

1. The first payments are positive, all other are negative; 

2. All payments are positive; 

3. All payments are negative. 



In the first case NPV of the project does not increase according to properties i and ii at 

realization of all positive payments at the earliest tolerable moments of time and negative at the 

latest. In the second case payments must be necessary realized at the earliest tolerable and in the 

third at the latest tolerable time moments.  

Thus for the initial project we have the following. 

PROPOSITION 2.  The optimal time structure for a problem 1 is realized even for one of the 

projects with the following time structure. At some value k=0,1, …, n+1 such that for n+1> k> 0 

inequalities ck−1>0,  ck<0 are fair, payments for i<k are realized at the earliest and for i≥k  at the 

latest tolerable time moments.  

Thus the simple algorithm for the solving of a problem 1 is obtained: it is necessary to 

compare NPV of the projects with the time structures corresponding to various such values of k.  

EXAMPLE 3. Let’s consider a problem 1 for a vector of payments (−50,100,60,−200,300) 

with the minimal time intervals between the consecutive payments be equal to 2,1,3,2 and Т=12. By 

the proposition 2, the optimal investment project is one of the next three, given in the table: 

 

−50 100 60 −200 300 NPV,v=0.5 NPV,v=0.8

0 2 3 6 8 −19.4 42.8 

0 2 3 10 12 −17.6 43.86 

4 6 7 10 12 −1.2 17.5 

 

NPV of projects are given in the last columns for two values of discount - factor. The third 

project is optimal for v=0.5, and the second one for v=0.8. Naturally the optimal time structure 

depends on a choice of discount-factor (norm of discount). The choice of the norm of discount is an 

independent economical problem. 

Let's note some properties of optimal time structures for a problem 1.  

1.   The index of transition k does not change with a change of time horizon T. It is a 

sequence of construction. Thus, it easy to count the optimal time structure of the project at changing 

T on initial. 

2.  The index k can vary at change of interval boundaries between payments.  

EXAMPLE 4. Let the vector of payments be (−30,40,−60,70)  with the minimal time 

intervals be equal to 2,1,1; T=10; discount-factor v=0.9.  It is easy to check up that the project 

{(−30,0),(40,2),(−60,3),(70,4)} is optimal. We shall replace the last of the minimal intervals on 3. 



Then the optimum project will become {(−30,0),(40,2),(−60,7),(70,10)}. Thus, changes of time 

boundaries between negative payments does not influence on an index k.  

The solution of a problem 2 at constant discount-factor is described on the base of the given 

constructions.  

PROPOSITION 3. In the optimal time structure for a problem 2 an interval between 

payments ck−1 and ck is minimally allowable if 0>∑
=

n

ki

t
i

ivc , it is maximally allowable if 0<∑
=

n

ki

t
i

ivc . 

If this sum is equal to zero then this interval can be anyone - it does not influence on NPV of the 

project.  

PROOF. We’ll carry out an induction on number of payments. The statement is obvious for 

two payments. Let the statement be true for a vector of payments С′=(с1,…,сn). We’ll prove the 

statement for a vector of payments С=(с0,с1,…,сn). Let it be R - the time structure described in the 

proposition, R1 - any time structure and  R1′  - its part corresponding to the payments (с1, …, сn). We 

have NPV(C,R,v)=с0+ 1tv NPV(С1,R′,v) by the property iii. There is NPV(С1,R′,v)≥ NPV(С1,R1′,v) 

under the assumption of induction. The necessary conclusion is true in view of a sign on value 

NPV(С1,R′,v)  and monotoncity of positive function 1tv  

The following simple algorithm for solution of the problem 2 follows from the proposition 3. 

Let's choose some conditional time moment tn for the last payment. Then by an induction we 

take tk−1:= tk−τk′ if 0>∑
=

n

ki

t
i

ivc  and tk−1:= tk−τk′′ if 0≤∑
=

n

ki

t
i

ivc . At last, we find final time structure: 

tk:=tk− t0. 

 EXAMPLE 5. Let consider a problem 2 for the vector of payments (−50,55,−100,130, 

−70,90) with bounds of time intervals between consecutive payments 1−3, 2−4, 2−4, 1−3, 3−5 

accordingly and v=0.7. We take temporarily t5=10. As с5=90>0 then t4=10−3=7.  

As −70v7+90v10= −3.22<0 then t3=7−3=4. As 130v4−70v7+90v10=27.9>0 then t2=4−2=2. Further, 

−100v2+130v4−70v7+90v10=3.98>0, hence, t1=2−2=0. At last, 

55v0−100v2+130v4−70v7+90v10=58.98>0 and t0=0−1=−1. Thus, in optimum time structure ti: = ti+1. 

Finally we receive optimum time structure: (0,1,3,5,8,11). 

Similarly one can construct an optimum time structure in the following problem. 



Problem 2а. There are given pairs of numbers τ1′,τ1′′;τ2′,τ2′′;,…;τn′,τn′′ as in a problem 2 and 

the  moment of the last payment. It is necessary to find the time structure when NPV of the project is 

maximal. 

The time structure should be constructed on increasing, i.e. it is necessary to calculate the 

sums .
0
∑
=

k

i

t
i

ivc  in contrast to the described algorithm. 

Let's consider one more variant of a problem 2. 

Problem 2b. The moment T of the last payment is fixed as addition to all conditions of a 

problem 2. It is necessary to find the time structure when NPV of the project is maximal. 

The following statement is true. 

PROPOSITION 4. Among optimal time structures for a problem 2b there exists such that no 

more than one time interval between payments is not extreme. 

PROOF. Let it be two nonextreme time intervals: tk+1− tk and  ts+1−ts  where s>k. We shall 

consider the sum S = ∑
+=

s

ki

t
i

ivc
1

. If S>0 then it is possible to reduce all time moments tk+1,…,ts on some 

value and thus NPV of the project grows. If S<0 then it is possible to increase these moments with 

the same effect at last time, if S=0 then it is possible to reduce number of nonextreme time intervals 

at preservation NPV by shifting of the specified payments  

It is obvious that the problem 2b has the solution only when ∑∑
==

″≤≤′
n

i
i

n

i
i T

11
ττ . It follows 

from the proposition 4 that it is necessary to search the optimal time structure among only finite set 

of time structures. 

The algorithm of the solution of a problem 2b is based on the following statement.  

PROPOSITION 5. The time structure for a problem 2b is nonoptimal if and only if there are 

numbers of payments s>k such, that ∑
+=

s

ki

t
i

ivc
1

> 0 and the interval tk+1− tk is not minimal and ts+1−ts is 

not maximal or ∑
+=

s

ki

t
i

ivc
1

<0 and the interval tk+1− tk is not maximal and ts+1−ts is not minimal.  

It is necessary to prove only sufficiency as follows from the proof of the proposition 4. We 

consider any nonoptimal time structure (0=t0,…, tn=T)  and compare it with the optimal one 

(0=T0,…, Tn=T). We find such numbers of payments s>k that tk+1−tk>Tk+1−Tk, ts+1−ts<Ts+1− Ts (for 

definiteness we’ll suppose that it is so) or on the contrary and a difference s−k is minimal among 



such pairs of indexes. The proposition is true if ∑
+=

s

ki

t
i

ivc
1

> 0. The assumption ∑
+=

s

ki

t
i

ivc
1

<0 is in 

contradiction with an optimality of time structure (T0, …, Tn). It is possible to change time structure 

of nonoptimal project when ∑
+=

s

ki

t
i

ivc
1

=0 with preservation of NPV and reducing of the number of 

indexes k with the property tk+1− tk≠Tk+1− Tk. Continuing process of transformation of time structure 

in the last case, we’ll come to the condition ∑
+=

s

ki

t
i

ivc
1

≠0 on some step because the project is 

nonoptimal. The proposition is proved. 

The algorithm of constructing of optimal time structure is the following. The initial time 

structure can be constructed in particular as follows.  

Let k =
⎭
⎬
⎫

⎩
⎨
⎧

≤′+″∑ ∑
= +=

s

i

n

si
ii Ts

0 1
:max ττ . We assume that initial time structure is  

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨
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τ

ττ

τ
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Then the following iterative procedure is carried out. If the interval between initial and the 

next payments is not maximal then there exists an index k such, that the interval between k-th and 

the next payments is not minimal. If 0
1

<∑
=

k

i

i
itc  then all these payments will shift forward for 

extremely possible time and process is initiated anew, the following indexes k otherwise are looked 

through.  

If the interval between 0 and the first payments is not minimal similar procedure with 

corresponding changes is made. Then we pass to the second interval. If there was any change of 

time structure process must start over again. 

The described algorithm converges. The algorithm has complexity n2. We shall demonstrate 

an example.  



EXAMPLE 6. Let it be the vector of payments (−30, −40, 60, 120, −30, −50, 70, 90), time 

intervals between all payments varies from 2 up to 6, T=23, v=0.9. Process of the solving of a 

problem we shall result as the table. 

 

−30 −40 60 120 −30 −50 70 90 NPV

0 6 12 15 17 19 21 23 −5.7 

0 2 8 11 17 19 21 23 4.9 

0 6 8 11 17 19 21 23 16.1 

0 3 5 11 17 19 21 23 17.8 

0 2 4 10 16 19 21 23 22.1 

0 2 4 7 13 19 21 23 35.6 

0 2 4 7 13 15 17 23 36.1 

0 2 4 6 12 15 17 23 41.6 

  

The initial time structure constructed by the described method is given in the second line. 

The moments of time which should be changed are allocated as italic in each line except the last 

one. 

It is interesting to analyze the problems of constructing of the optimal time structure when 

other characteristics of investment project such as Profitability Index are used. 

The research supported by the Russian Foundation for Basic Researches. 
 

REFERENCES 

1. Brealey, R. A. , Myers,S. C. Principles of Corporate Finance.-5-th edit.-New York:The 

McGraw-Hill  Companies,INC,1996. 

2. Vilenskij P.L., Livshits V.N., Smolyak S.A. Estimate of Investment Projects.-Moscow, 

Delo, 2002 (in Russian) 
 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


