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Abstract

The dual risk model assumes that the surplus of a company decreases at a constant
rate over time, and grows by means of upward jumps which occur at random times and
sizes. It has applications to companies with economical activities involved in research and
development. This model is dual to the well known Cramér-Lundberg risk model with
applications to insurance.

Existing results on the study of the dual model mostly assume that the random
waiting times between consecutive gains follow an exponential distribution, as in the
classical Cramér—Lunderg risk model.

We generalize to other compound renewal risk models where such waiting times are
Erlang(n) distributed. In a previous work, Rodriguez et al. (2012), using the roots of the
fundamental and the generalized Lundberg’s equation, performed calculations to obtain
expressions for the ruin probability and the Laplace transform of the time of ruin for
an arbitrary single gain distribution. For the computation of the expected discounted
dividends they assumed that the gains follow a Phase-Type, PH(n), distribution.

In the present work we keep the assumption that the gains follow a Phase-Type
distribution, and extend the computation to higher moments for the discounted dividends.
We also develop a numerical method to determine the dividend barrier that maximizes the
expected discounted dividends. Finally, we perform illustrations working some examples

for some particular gain distributions and obtain numerical results.
Keywords: dual risk model; Erlang(n) interarrival times; Phase-Type distribution,

generalized Lundberg’s equation; ruin probability; time of ruin; expected discounted

dividends.
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1 Introduction

We consider the dual risk model where the surplus or equity of the company is commonly
described as
N(t)
U(t):u—ct+ZX¢, t>0, u>0,
i=0

where Xg = 0, u is the initial surplus and c is a constant meaning the rate of expenses,
assumed deterministic and fixed. The gains sequence is denoted by {X;}:2, it is a sequence
of i.i.d. random variables with common cumulative distribution and density functions P(x),
P(0) = 0, and p(x), respectively. We assume the existence of u; = E[X;]. Denote the
Laplace transform of p(z) by p(s). The model is called dual as opposed to the Cramér—
Lundberg risk model with applications to insurance. For simplicity we will refer this latter
as the primal model (where c is the income premium rate and X; means the i-th single loss).

By N(t) = max{k : To+T1+--+Tx < t, Ty = 0} we denote the number of gains occurring
before a given time ¢, where the random variable 7;, denotes interarrival time between jumps
i—1and i (>1). We assume that {T;};2is a sequence of i.i.d. random variables and also
independent from {X;}. We further assume that 77 follows an Erlang(n,\) distribution,
which density is denoted k,(t) = %7 t >0, A >0, n € N The corresponding
distribution function is denoted as K, (t).

We assume the existence of the negative loading condition, i.e. cE(W;) < E(X;) <
cn < A\p, designated negative as opposed to the well known positive loading in the classical
Sparre—Andersen risk model, where the condition is reversed. For our case the condition
means that on average our gains are superior to the expenses, per unit time.

This model has been of great interest in ruin theory in recent times. There are many
possible interpretations for the model. We can look at the surplus as the amount of capital of
a business engaged in research and development, where gains are random, at random instants,
and costs are certain. More precisely, the company pays expenses which occur continuously
along time for the research activity and gets occasional revenues according to an Erlang(n, \)

distribution. Revenues can be interpreted as values of future gains from an invention or



discovery, the decrease of surplus can represent costs of production, payments to employees,
maintenance of equipment, etc.

Among pioneer works on the subject we can cite Cramér (1955), Gerber (1979), Seal (1969),
Tékacs (1967). Recent works include those by Avanzi et al. (2007), Cheung and Drekic (2008),
Ng (2009), Afonso et al. (2011).

We introduce an upper barrier into the model and let b denote its level. In the application
the barrier means a dividend payment level whose i-th single amont is going to be denoted by
the random variable D; as follows. Each time the surplus process upcrosses level b the excess
gain is paid out immediately to the capital holder as a dividend, prior to ruin. Let {D;}°, be
the sequence of the dividend payments and let D(u,b) be the aggregate discounted dividends,
at force of interest 6 and from initial surplus u. We denote by Vi (u,b) = E[D(u,b)*], k > 1,

the k-th order moment of D(u,b), for simplicity denote V (u,b) = Vi(u,b).

2 Lundberg’s equations

For the Erlang(n, \) dual risk model, the fundamental Lundberg’s equation is

(1 - (;) 5)" — #(s), (2.1)

and the generalized Lundberg’s equation, considering the force of interest d > 0, is

(1 + g - (;) s>n = 7(s). (2.2)

We can think of (2.1) as the limit case of (2.2) when § — 0.

In Rodriguez et al. (2013) we prove that both equations have exactly n roots with positive
real parts. Let p1,..., p, denote these roots.

Following Ji and Zhang (2012) we note that roots pi, ..., p, are all distinct for 6 > 0,
see end of their Section 1, p. 75. This remark was originally described for the primal model,
but it remains valid in the case of the dual (their equation corresponding to (2.2) although

dependent of ¢ is irrespective of the loading condition). This feature will be very important



later on this manuscript.

3 Expected Discounted Dividends

In Rodriguez et al. (2013) we proved the expected discounted dividends V' (u, b) satisfies the

integro—differential equation

<<1+i>1+<§)D>nVWﬁ):MQW&% (3.1)

with boundary conditions

=0, i=0,...,n—1, (3.2)

where
o

b—u
Watuh) = [ Vit ybpids+ [+ u=b+ VD)
0 —u
Then we worked on the particular case when the single gains follow a distribution of the

Phase-Type family, PH(m). Denote by B = (b;5) the matrix of the transition rates

1<i,j<m
between the transient states, let o' = (a1, aa, ..., ;) be the vector of the initial probabilities,
7 = (m,n2,.-.,0m) the vector of the exit rates to the absorbing state, and the 1 x m vector

1" = (1,1,...,1). Let I,;, denote the identity matrix of order m. It is well known for this
family that the probability and distribution functions are denoted as p(z) = o/B*n and that
P(z) =1 — o/B?1, respectively.

Using the annihilator method from the theory of ordinary differential equations we found

an expression for the expected discounted dividends of the form

n+m

V(u,b) =Y age ™" (3.3)
k=1

where the exponents r;, [ = 1, ...,n+m, are all the m + n roots of the generalized Lundberg’s
equation (2.2), from those n roots have positive real parts, namely p1, p2, ..., pn, and the

remaining m roots have negative real parts, pn+1, Pn+2,- - - s Pntm-



The coefficients aj are obtained using the boundary conditions (3.2) together with the

following condition

n+m

o | e (rdm —B)'B+1y) —B7'| =0. (3.4)
I=1
which gives a homogeneous system of m + n equations on the m + n unknowns a.

Example 3.1 In Rodriguez et al. (2013) we gave the following example to obtain values of
V(u,b) for a choice of parameters.

Set the values for the parameters A =5 =1, ¢ =0.75, § = 0.02. Then p; = 0.423, ps =
1.831, p3 = —0.063 and py = —1.471. After computing the coefficients we obtain the values
of the expected discounted dividends, for v € {1,3,5,10,15,20} and b € {2,3,6,10,30,40},
that are shown in Table 3.1. The values are quite similar to those in Table 7.1 of Afonso et
al. (2011) although a little bit smaller. Also we notice that for a fived u the value of V (u,b)
increases until a certain value of b and then decreases rapidly. This behavior is expected and

corroborates the findings of Afonso et al. (2011) and Avanzi et al. (2007).

u\b 2 3 6 10 30 40
11]1.049 | 1.301 | 1.856 | 1.781 | 0.526 | 0.279

3 4.533 | 6.451 | 6.189 | 1.826 | 0.972

) 9.374 | 8.993 | 2.653 | 1.412
10 13.829 | 4.081 | 2.172
15 5.647 | 3.006
20 7.746 | 4.123

Table 3.1: Expected discounted dividends



3.1 Higher moments of the discounted dividends

In the Erlang(n, A\) model, the k-th ordinary moment of the discounted dividends Vj(u,b)

satisfies the renewal equation

% b—u-+tct
Vi) = [ ket [ [ vitu—et+yptans
0 0

w o~
/ Vi(u - ct+y,b>p<y>dy] dt,
b—u-t-ct

with

<>x—b7Vk i(b,b), >

QM?T

In the above expression we assume the convention Vp(u,b) = 1. The corresponding integro—

differential equation is

ko c "
((1 + A) T+ <X> D) Vio(1, b) = Wi (u, ), (3.5)
with boundary conditions
diV(ub) =0, i=0 n—1 (3.6)
dul k/‘ ) u:() - b - ) ) )

where

b oo
Wis(u, b) = / Vie(x,b)p(x — w)dz + /b Vie(z, b)p(x — u)dx.

Assuming that the gains follow a PH(m) distribution we can apply an analogous method
to find and an expression for Vi (u,b), and numerical values in the same way. As we did for

the case k = 1 in Rodriguez et al. (2013) we apply the annihilator
(—i) det(B + Iy i
qB du’ de )

to the integro—differential equation (3.5) to obtain



= kS\" 7 seni| df
> zqi(nﬁj) (1+5)(5) | it +

l i+j=l

m—1 m Z ; dj

‘ > g 1] = Vi(u,b).. (3.7)
7=0 [i=j+1

Therefore we seek for solutions of (3.7) of the form

n+m

b) = ae (3.8)
=1

Replacing (3.8) in (3.7) gives

0 = <<1 + kj) T+ (%) D)nV(u,b) — W(u,b)
= "li?al Kl + %5 - (%) rz)n - ﬁ(n)} e T

n+m
—a [Z aje” "0 ((rlIm -B) !B+ Im)

k

+Z]< >Vk (b, b)(—=B) I | Bl (3.9)

Since (3.9) is valid Vu then we must have

<1+k§5— (i)w) = B(m) =0, 1=1,...,n+m,

so the exponents r;, [ = 1,...,n + m, are all the m + n roots of the generalized Lundberg’s

equation (2.2), from those n roots have positive real parts, namely pi, pa, ..., pn, and m roots
with negative real parts, pn41, Pn+2, - - - Pntm- Also, we must have
n—+m

k
> ae (I —B) ' B+ Tm) + ) _j <k> Vii(b,b)(=B) 7| = 0. (3.10)
=1 Jj=1 J



This last condition, together with the boundary conditions (3.6) gives a homogeneous system

of m + n equations on the m + n unknowns ay.

Example 3.2 We want to compute Va(u,b). Lets assume that the time between two conse-
cutive jumps are Erlang(2,)\) distributed and the jump amounts are Erlang(2,[3) distributed.
Then, the negative loading condition is ¢ < \/[3 and the generalized Lundberg’s equation (2.2)
s given by

(A + kS —cs)?(B + 5)* = \232. (3.11)
Let

4
b) = Z aje”
1=1

Then the exponents p; are the four roots of (3.11). Say that p1,ps are the two roots with
positive real parts and ps, ps are the ones with negative real parts. From the two boundary

conditions (3.6) we get
4 4
Zal =0, and Zalpl =0,
=1 =1

and from (3.10) we get

4
- Pl b PP 1 4
ae P2 f—QVbb aje” " = 2V (b,b)= — —,
2 e =2V Z mrpe - Vehg -
so we have a system of four equations in the four unknowns a, ..., a4.

In matrixz form we have

-1

aq 1 1 1 1 0
az | P1 P2 P3 P4 0
w | | e et e emn || vt -
04 B e R e L e B e —2V(b.b)5 ~ 5

Set values for the parameters as A\ =0 =1, ¢ =0.75, 6 = 0.02. Then p; = 0.494, ps =

1.853, p3 = —0.107 and py = —1.467. After computing the coefficients we obtain the values



for the standard deviation of D(u,b), for u € {1,3,5,10,15,20} and b € {2,3,6, 10, 30,40},

that are shown in Table 3.2.

u\b 2 3 6 10 30 40
12534 | 3.389 | 4.893 | 4.638 | 1.655 | 0.973
5.058 | 7.335 | 6.906 | 2.667 | 1.621

5 7.483 | 6.985 | 2.966 | 1.841
10 6.864 | 3.531 | 2.277
15 4.269 | 2.829
20 5.093 | 3.496

Table 3.2: Standard deviation of the discounted dividends

4 Optimal Dividend Barrier

For a given initial capital u, let b* denote the optimal value of the barrier b that maximizes
the expected discounted dividends V' (u, b). Avanzi et al. (2007) shows that for a dual model
with exponentially distributed gain interarrival times the value of b* is independent of w.
We have observed that the same situation occur for a dual model with Erlang(n) dis-
tributed gain interarrival times and Phase-Type(m) distributed gain amounts. Let b} be the

value that maximizes Vi (u, b), for k > 1.
Theorem 4.1 b} is independent of the initial surplus u.

Example 4.1 In the examples given in the previous sections, the value of b that mazximizes

V(u,b) is b* = 7,33, and the corresponding value for Va(u,b) is by = 7,12.
Consider the case k = 1. Since V' (u, b) is maximal at b = b* for each u, we have

oV (u,b)

=0.
b |y

For the optimal value b* the smooth pasting condition must be satisfied. For a dual model



with Erlang(n) distributed interclaim times this condition states that

ov(b*—,b*) OV (b*+,b*) .
ou N ou N
OkV (b*—, b¥) OFV (b*+, b%)
= = <k<
ouk ouk 0, 2=sks=m,

this means that the left and right partial derivatives have to coincide in the optimal value.

Using this we get the following result

Ay —n(A+6)" e
(A+0)n — An

V(b*,b*) =

For n = 1 this agrees with the results of Avanzi et al. (2007) and others, where V (b*,b*) =

py—Y
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