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Abstract

The cross-classified chain ladder has a number of versions, depending on the
distribution to which observations are subject. The simplest case is that of Poisson
distributed observations, and then maximum likelihood estimates of parameters are
explicit.

Most other cases, however, lead to implicit solutions of these parameter estimates,
raising questions as to their existence and uniqueness. The present paper
investigates these questions in the case where observations are distributed
according to some member of the exponential dispersion family.

It is shown that a solution always exists provided only that the data array meets a
regularity condition concerned with which (if any) cells are missing. A condition
for uniqueness of that solution is also found. It is shown that this condition reduces
to a simple form in the case that the EDF distribution falls within the Tweedie sub-
family.

It is further found that uniqueness always occur when the Tweedie dispersion index
lies in the interval [1,2]. Uniqueness is not established for larger values of the
dispersion index, but a condition for uniqueness is found. It depends on the
closeness of the array to “proportionality”, i.e. all rows (or columns) proportional.

The investigation is then widened to Bayesian models, in which the parameters
defining the data likelihoods described above are randomised with conjugate priors.
Again, it is shown that a solution always exists in the general case (subject to some
technical conditions) and conditions for uniqueness are found, which largely
parallel those for the non-Bayesian model.

A numerical example is analysed, in which the solutions of the non-Bayesian
maximum likelihood equations are found analytically. The behaviour of the log-
likelihood is found to be complex even for a very simple data structure, and it is
found that multiple solutions can indeed occur.

Keywords: Bayesian chain ladder, cross-classified chain ladder, EDF chain ladder,
existence, loss reserving, maximum likelihood estimate, Tweedie chain ladder, uniqueness.

1.

Introduction

This paper is concerned with cross-classified (sometimes known as ANOVA) chain
ladder models in which the cell mean y,; for the (k, j) cell of the data array is the
product of a row effect and column effect: u;; = ayp;.

Such stochastic chain ladder models have been in use for many years, having been
introduced by Hachemeister & Stanard (1975). Their model assumed a Poisson
distribution in each cell, and this assumption was retained in the literature for some
time subsequently.
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More recently, other distributions have been considered. For example, England &
Verrall (2002) subjected the Poisson distribution to over-dispersion. Taylor (2009)
generalised to the Tweedie family of distributions, and Taylor (2011) generalised
further to the exponential dispersion family (“EDF”).

The Poisson case provides explicit maximum likelihood estimates (“MLEs”) of
model parameters but in this it is unique in the EDF. For other members of the
EDF, solutions of the maximum likelihood (“ML”) equations are implicit. In
consequence, their existence is not obvious and, if they exist, their uniqueness is
not obvious.

A common approach to the establishment of uniqueness of an MLE is application
of the Lehmann-Scheffé theorem, which provides that, under regularity conditions,
an unbiased MLE based on a complete sufficient statistic is unique and minimum-
variance unbiased. It is known that a specific linear combination of observations
is a sufficient statistic for the location parameter of a member of the EDF.

This might raise the hope that this approach might provide a simple means of
establishing existence and uniqueness of parameter estimates in the EDF cross-
classified chain ladder model. Such an approach is certainly useful in the Poisson
case. Indeed, Kuang, Nielsen & Nielsen (2009) used it to prove uniqueness of the
MLE, and Taylor (2011) to prove minimum variance properties.

However, as will be shown in Section 3.2.4, the same approach does not work for
members of the EDF other than Poisson. In fact, Taylor (2011, Theorem 5.2)
showed that, for such models, there is no minimal sufficient statistic for any of the
parameters that is a proper subset of the full data set. In short questions of existence
and uniqueness of MLEs remain open.

In the following, after a brief consideration of the mathematical set-up of the EDF
cross-classified chain ladder model in Section 3, the existence (Section 4) and
uniqueness (Section 5) of MLEs is considered. Section 6 then extends to a Bayesian
version of the EDF cross-classified chain ladder model, while Section 7 examines
a numerical example in which multiple solutions of the ML equations are found.

2. Framework and notation
Consider an array D of claim observations Y, ; > 0 with:
e accident periods represented by rows and labelled k = 1,2, ..., K
e development periods represented by columns and labelled by j = 1,2, ..., ].

The nature of these observations is unspecified. They may be paid losses, reported
claim counts, claim finalisation counts, or any other quantities that satisfy the
conditions prescribed in Section 4.

The dimensions K and J are arbitrary natural numbers, but conditions will be placed
on which observations Y} ; can be absent from the array.

Consider the array as an undirected graph T'(D), with the observations as vertices,
and define an edge as existing between two observations if and only if they are
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either from the same row of D in adjacent columns, or from the same column of D
(not necessarily adjacent rows).

Consider an array D satisfying the following three requirements:

(Al) Itcontains asubset of precisely K + J — 1 observations such that, if all other
observations were deleted, the subset would form a sub-array S of D.

(A2) Eachrow of § contains at least one observation, and similarly each column.

(A3) T(S) is connected.

Such an array will be called regular. It may be noted that a regular array must

contain at least K + J — 1 observations. The sub-array S will be called a core of

®. The core need not be unique.

A regular array D may, in general, be of a considerably more general structure than
the typical claims triangle included in the loss reserving literature.

A form of D of special interest is
D={Vj:k=12..,Kj=12 .mn(JK—-k+1),K =]}

An array of this form will be called trapezoidal. It includes the case of a triangular
array (K = J) that occurs widely in the literature. A trapezoidal array is trivially
regular.

Kuang, Nielsen & Nielsen (2008) discussed arrays that were more general than
trapezoidal, but less general than the regular arrays defined above. These were
rectangular arrays, possibly with some upper and some lower diagonals deleted,
called generalized trapezoids. Such arrays are automatically regular if conditions
(Al) and (A2) are satisfied.

Let R(k) denote the k-th row and C(j) the j-th column of ©D. Let Y¢) denote
summation over the entire row R(k), and similarly }.c(;) denote summation over
the column C(j).

Fundamental quantities derived from D will prove to be the following:

m(D) = m@in Y
M(®) = max Yi;
p(D) = M(D)/m(D) = max{yk1j1/yk2j2 ’ Yk1j1' Ykzjz € b}

Thus, p(D) is a measure of inequality of observations within the same rows or
columns of array ®.

Consider Y,; ¢ §. By definition, § contains an observation Y;.; in row r and an
observation Y _ in column s. The choice of these observations may not be unique.
In that case it is arbitrary.

Also by definition, there exists a path y,; from Y,.; to Y, ;. Denote this path
{Vy.5p1 = 1,2,..., m} where (ry,51) = (r,j,) and (1, s;m) = (ks, s), and further:
e inthecases > j,, (1i41,Si+1) = (i, s; + 1) or (1744, 5);
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e inthecases < j., (1i41,Si+1) = (ri, s; — 1) or (1341, S0);
and where, in the latter case of each alternative, (r;,4, s;) is just any other index in
the same column as (77, s;).

Consider only the subset n,; C ¥, of edges between adjacent columns in y,., i.e.
the above cases (144, Sj41) = (1, 8; + 1) or (1344, Si41) = (1, 5; — 1), and define

— Yrs Yrisi 1
Tys = ] Y. -
Tir Ti+15i+1
Nrs

Tps = max [mg]y
JrKs,Yrs

s = max [—m.g], (2.1)
JrKsYrs

where the maximum is taken over all possible choices of j,, ks and all possible
paths y,.; from Y,.; to Yy, and [. ] denotes the non-negative part of the argument.

Now define

T(D)=max max T
@) S {rsYy.gst

(D) = max (o DAX Ty (2.2)
where the maxima are taken over all possible choices of S as core of D.
Finally, define
1+ 7(D)
= "~ >1
$D) =1 (D)
(2.3)

Consider an array D that is perfectly proportional in the sense that Yy ; = a;f5;. It
may be remarked that the ratios Y /Y, ., in (2.1) all take the form
Yrisi/yri,si+1 = ﬁsi/ﬁsﬁl or le-si/yri,si—l = ﬁsi/ﬁsi—la and these ratios proceed by
single steps from column j,. to column s. It follows that m,.; = 0, and hence
T(®) =n(D) =0,¢(D) = 1. Thus, T(D), n(D) and (D) are measures of the
non-proportionality of the array D.

These measures could be defined more simply in the case of a trapezoidal array.
There one might define, again for fixed j,., kg,

trap _ Yis Ykrjs -1

rs -
Yejo Yi,s
—trap _
Tps = = max[mg],
Jrks
tra
s P = max[—1,]4
JrKs

TP (D) = max i,
r,S

nTP (D) = maxmy (2.4)
7,5



Existence and uniqueness of chain ladder solutions 5

3.2
3.2.1

Further comment on the definition of the non-proportionality measures will be
made in Section 5.4.

Chain ladder models
Mack models
The literature identifies two main types of chain ladder model (Taylor, 2011) more
recently referred to as:
e Mack models; and
e cross-classified models.

The former category consists of two further types of model:
e the distribution-free, or non-parametric, Mack model (Mack, 1993); and
e the EDF Mack model and its special cases.

The present paper will be concerned with the existence and uniqueness of MLEs of
the parameters of chain ladder models.

The literature gives explicit MLEs in the case of Mack models, and so existence
and uniqueness is trivially established. The paper will therefore be concerned with
just cross-classified models.

Cross-classified models
Exponential dispersion family
Consider the model defined by the following conditions:
(EDFCC1) Thearray D is regular.
(EDFCC2)  The random variables Yy ; € D are stochastically independent.
(EDFCC3) Foreachk=1,2,..,Kandj=1,2,..,],
(@) Yy, isdistributed according to a member of the EDF, specifically
with log-likelihood of Yy ; = y as follows:

tkj(v10,9) = [ybkj — k(6] /al@r) + Ay, brj)  (B.1)

for parameters 6 ;, pxj(¢x; > 0), and for functions a, x, A that
do not depend on k, j, with a continuous, « twice differentiable,
and 4 such as to produce a unit total probability mass. It will be
further assumed that the derivative x ’(.) maps one-one onto the
strictly positive half-line, and that x”” > 0.

(b) E[ij] = ayf; for some parameters ay, 5; > 0 .

© X Bi=1
Henceforth the function a(.) in (3.1) will be restricted to the case

a(¢p) = ¢ 3.2)
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3.2.2

Condition (EDFCC3c) is required to remove one degree of redundancy from the
parameter set {ak, ﬁj}. Alternative constraints on these parameter values produce
an equivalent model.

This model is referred to as the EDF cross-classified model. It consists of cross-
classified multiplicative mean structure, as in (EDFCC3b), supplemented by an
EDF distribution in (EDFCC3a).

It will be convenient to express the log-likelihood (3.1) in a different representation,
as follows.

Let p; denote E[Yy ;] = ayfB;. Itis known (McCullagh & Nelder, 1989) that

tij = k' (Oj) (3.3)

whence the following expressions:

Or; = c(pj) (3.4)
k(Okj) = d ;) (3.5)

with c(u) = (k)" () and d(w) = x(cW)).

Then (3.1) may be re-written, taking account of (3.2), in the form

il @) = [ye(ue) — d(uwj)l/drj + AW, diej) (3.6)
or
il B, ) = [yc(anB;) — d(awB)l/dr; + A, Pr;) 3.7)

where p on the left side is now the vector of values uy;, and similarly a, 8 are
vectors of the ay, f; respectively.

Tweedie family
The Tweedie family is the sub-family of the EDF for which (Tweedie, 1984)

k(0) = 5= [(1 = )]~/ P (38)

or equivalently

c(w) =p'"?P/(1-p) (3.9)
d(w) = u*?/(2-p) (3.10)

The parameter p will be referred to as the Tweedie index.

In the cases p = 1,2, (3.9) and (3.10) must be replaced by their limiting values as
p approaches the relevant value:

lin&uq/q =lInu (3.11)
q—)
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3.2.3

3.2.4

When the distributions of the EDF cross-classified model are restricted to Tweedie,
the model will be referred to as the Tweedie cross-classified model.

Poisson family
The Poisson family is the sub-family of the Tweedie family for which p = 1, so
that, by (3.9)-(3.11),

c(w) =Ilnu (3.12)
d(p) = p (3.13)

Substitution in (3.6) yields
Ll @) = [y In wej — pijl/drj + 2, dij) (3.14)

For the special case ¢y; = 1,

Ll @) = In[e™ i exp A(y, 1) (3.15)

The normalising function can be recognised to be A(y, 1) = — In y!, in which case
(3.15) is seen to be the Poisson log-likelihood. For the case ¢,; # 1, (3.14) is
called the over-dispersed Poisson (“ODP”) log-likelihood.

When the distributions of the EDF cross-classified model are restricted to ODP (or
Poisson), the model will be referred to as the ODP (or Poisson) cross-classified
model.

Sufficient statistics
When (EDFCC3Db) is recognised, (3.14) becomes

Ll @) = [y (Inay + In B;) — arBjl/ i + A, dij) (3.16)

and summation over D yields

K J
= Yk N Ve N 2B |
f = ;ln ay Z ¢kj +jzzllnﬁj )¢kj Z ¢kj +;/1(y,¢)k])

R(k) cG D

(3.17)

Application of the Fisher-Neyman theorem to this likelihood proves that
ZIR(k) yk}/¢k} is a sufficient statistic for (047 and Zc(]) yk}/d)k] for ﬁ]

As mentioned in Section 1, one might be encouraged to extend this result
beyond the Poisson family, perhaps to the Tweedie family. In this case,
(3.16) and (3.17) would be replaced by the following [by (3.6), (3.9) and
(3.10)]:
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4.1

4.2

(@) ™" 3 (@) "
1-p 2 —

Ll @) = [y 1/brj + A, dx;)

(3.18)

- }’kjﬁjl_ (akﬁ’; '
£= Z e p 1 p)d)kj 2 (2 p)d’k} ;A(y' ¢k])

R(k)

(3.19)
The linear combination of observations that was previously a Neyman-Fisher
factor, representing a sufficient statistic for a;, now entangles the data with
the set of parameters {ﬁj}. This does not produce a sufficient statistic. Indeed,

as mentioned in Section 1, it has been shown by Taylor (2011) that there exists
no minimal sufficient statistic that is a proper subset of D.

Existence of chain ladder solutions

It will be assumed that the observations Y,; € D are compatible with any
distribution subsequently imposed on them, e.g. Y;; > 0 if subject to a gamma
distribution.

Poisson family

It is known (Hachemeister & Stanard, 1975; Renshaw & Verrall, 1998; Taylor,
2000) that explicit MLEs exist for the parameters of the Poisson cross-classified
model. Existence is therefore obvious.

Exponential dispersion family
Now consider the general EDF cross-classified model of Section 3.2.1 with joint

likelihood function of D equal to £ = Y5 £,;. By (3.6) and (3.7), the maximum
likelihood equations are:

0t/0ay = Yrao[Yies¢' (i) — d'(ue)1Bi/dwj = 0,k =1, K (4.1)
0¢/0B; = Ye(hYejc' (uxj) — d' () law/dx; = 0,k =1,...,] (4.2)

These equations can be simplified slightly if it is noted that, by the definition of
c(u) and d(u) in Section 3.2.1,

d'(w) =x'(c(w) (W) = pc'(W (4.3)

This converts (4.1) and (4.2) to the following:

YraolYij — tii1c' (i) Bi/ dij = O (4.4)
Yep[Yes — tiejle’ (i) a/dr; = 0 (4.5)

where the left side in each case can be recognised as a weighted sum of raw
residuals Yy ; — py;.

It is noted for future reference that
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¢ = 1/K"(c'(W) > 0 (4.6)
by (EDFCC3b), and then

d'(w) >0 (4.7)
by (4.3).

Equations (4.4) and (4.5) do not yield explicit solutions for the ay, §; in general.
An example occurs in Taylor (2009), who examines the Tweedie cross-classified
model. Hence questions of existence and uniqueness of solutions arise.

Existence is fairly easily established, by means of an application of the Weierstrass
theorem to the joint likelihood function of ©. This requires continuity of the
likelihood as a function of the parameter set {ay,5;}, and compactness of the
parameter space.

The first of these conditions amounts to continuity of x in (3.1), and this is implied
by its assumed differentiability in (EDFCC3a). Establishment of compactness of
the parameter space requires slightly greater effort. Compactness is established in
Lemma A.3 in the appendix. This justifies the following result.

Theorem 4.1. For the EDF cross-classified model defined in Section 3.2.1, at least
one MLE of the parameter set ay, f; exists. ]

A useful limit on the MLE is the following. The proof is given in the appendix.

Lemma 4.2. Letthe Y,; and uy; be as in Theorem 5.1, i.e. yy; = dkﬁ’j, where the

&k,,[?j are MLEs of parameters ay, ;. Then, for each k,j, the following two
conditions hold:

min Yy < py; < max Vg

R(k) R(k)
inY.. < - < Y. n
iRty < i < maxty

Uniqueness of chain ladder solutions

Mathematical preliminaries

Uniqueness of solutions will be proved by establishment of convexity of the log-
likelihood function ¢ defined in Section 4.2. This will be done by reference to
derivatives of that function for the EDF cross-classified model of Section 3.2.1.
Hence it will be useful to record the following derivatives, derived by reference to
(3.6) and (3.7), where 1, = In ay, s; = In ;.

0¢/dr, = (0¢/0ay)(0ay/dln ay) = ay 0€/0a;

= z [Yiey¢'(tare) — d' (ttrej ) 1tases/ D
R(K)
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5.2

o¢
= XRk) Hrj 57— o (5.1

a¢
0¢/0s; = Ye() bj P (5.2)

azf_z 0 < 6€>6ukj_2 0 < 6€>
ord R(k) Ol His a.ukj oy R(k)'uk] O Hie 0 ik

Z [ 0 l
R i gu2 alik, b OUy;

(5.3)
924 Z [ ael
(’)sjz e() 'ukj O‘uRJ 'uk] 6,uk]

(5.4)
0% _ o, 0% 0
0705, “"Ja TR T

(5.5)

Note that derivatives are taken here with respect to In ay, In §; rather than ay, ;.
An attempt to prove Theorem 5.1 by means of derivatives with respect to ay, f;
leads to hopeless mathematical entanglement. The choice of derivatives arises
ultimately from the multiplicative nature of the model in (EDFCC3b). As noted in
Section 3.2.1, this model structure contains a degree of redundancy in the absence
of (EDFCC3c). As a result, certain variations of ay, §; lead to the same values of
uy;. The condition for this is §(a;B;) = 0, which takes the neat linear form

8(In ay+In B;) = 0 if log transforms of the parameters are used.

Letv = (vq, ..., vg)T andw = (wl, s w])Tbe real-valued vectors, where the upper
T denotes transposition. Let Q (v, w) denote the quadratic form associated with the
Hessian of ¢, i.e.

Q(”’W)_Z”"a 2+Z "I 3s 2+ZZ”"WJarkas,

= V2, 22 ﬂ]
- Zb(vk'l'wj) [.ukj a”lzcj + .ukj a”k]_ (56)
by (5.3)-(5.5).

Exponential dispersion family
The proof of the following theorem appears in the appendix.

Theorem 5.1. Let the array D be regular, and suppose that the Y ; are subject to
the EDF cross-classified model of Section 3.2.1. Let R denote a compact set
{,ukj: 0 < pij < Hiej < Uy (k,j) suchthat Yy € SD}, where the Hicj» Hyj @re
known bounds. Then a necessary and sufficient condition for the log-likelihood ¢
to be convex upward over R is that, for all {p; (k, ) such that Y;; € D} € R,

Vg g 4 @)

whenever d”’ )>0
Hkj picjd" (ucj) ('uk})
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Yij o 4 _ _ @)

e e Gy henever d (mej) <O (5.7)

(note that d’ > 0, from (4.7)) with strict inequality for at least one pair (k,j) (not
necessarily the same (k, j) at each point of R).

Hence (5.7) is a sufficient condition for a unique MLE of the model parameters.m
Theorem 5.1 establishes a unique MLE on the set R, but gives no detail about the
construction of that set. Corollary 5.2 below remedies this.

By Lemma A.3, it is known that any MLE of the model parameters must lie in a
rectangle {O <ap<ap <0< Bi< B < E]. forall k,j} and, by Theorem
4.1, such an MLE exists. Define

Hi = e Ty = @B, (5.8)
This leads immediately to the following corollary of Theorem 5.1.

Corollary 5.2. The compact set R in Theorem 5.1 may be defined by (5.8), where
the bounds gk,é’jﬁkﬁj are defined as in the proof of Lemma A.3. ]

The binomial distribution is a member of the EDF that is not contained in the
Tweedie family. It has

k(@) =Nin(1+e%) (5.9)

where N is the number of trials and 8 the log odds ratio p/(1 — p), with p the
probability of success.

The following corollary applies Theorem 5.1 to the case of binomial observations

Y.

Corollary 5.3.  Consider the special case of Theorem 5.1 in which
Yyj~Bin(Ny;j, p;) with the Ny; known and the p,; unknown parameters. Then
condition (5.7) reduces to

By < Ny (5.10)

Hkj — Hkj
with strict inequality for at least one pairs k, j.

It then follows, other than in the case Y ; = N; for all pairs k, j, that the MLE
of the model parameters is unique.

Proof. As asimple matter of calculation from (5.9),
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5.3

d' (i) = Nig(Nig = )
-2
d" (ij) = Nij(Nij — mij) = >0

Substitution of these results into (5.7) yields (5.10). This is automatically
satisfied except in the case Y;; = Ny; for all pairs k, j, and so uniqueness is assured
other than in this exceptional case. ]

Tweedie family
The following corollary applies Theorem 5.1 to the Tweedie family.

Corollary 5.4. Consider the special case of Theorem 5.1 in which the Y ; are

subject to a Tweedie distribution with index p = 1. Then condition (5.7) reduces
to

;_Z > z_j (5.11)
Proof. It follows from (3.10) that

d'(u) =p'?

d"W=-@-Du" <0

whence condition (5.7) becomes

:—Z > z—jfor all pj 2wy 2 1y

A necessary and sufficient condition for this is (5.11). |

Corollary 5.5. Consider the special case of Theorem 5.1 in which the Y, ; are

subject to a Tweedie distribution with index 1 < p < 2. Then there is a unique
MLE of the model parameters.

Proof. Substitution of p in this range into the right side of (5.11) yields a negative
result. Thus (5.11) is always satisfied since Yy ;/uy; > 0. |

Corollary 5.6. Consider the special case of Theorem 5.1 in which the Y, ; satisfy
one of the following conditions:
(a) All are subject to an ODP distribution (which includes simple Poisson as a
special case);
(b) All are subject to a gamma distribution;
(c) All are subject to a compound Poisson distribution with gamma severity
distribution.
Then there is a unique MLE of the model parameters.

Proof. ODP and gamma are the cases p = 1 and 2 respectively, and the compound
Poisson-gamma distributions occupy the region 1 < p < 2, all of which are special
cases of Corollary 5.4. [
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A “proportional” array, i.e. with Y ; = aib;, has the obvious MLE ay = ay, B; =
b;. itis not difficult to show that this solution is unique in the Tweedie case. One
might conjecture a couple of things as a consequence of this:

(a) that, for arrays that are close to proportional in some sense, a cross-classified
model fitted to any part of the array will be “close” to the model fitted to the
entire array; and

(b) that an array will have a unique MLE chain ladder solution if it is “close
enough”

The next two results address these conjectures. Proofs appear in the appendix.

Theorem 5.7. Consider a trapezoidal array D that contains atleast K + ] — 1
observations. Let S be a core of D, and fitto S a Tweedie cross-classified model
Yej = axB; (= uy;) say, subject to multiplicative weights ¢;; = (vkwj)_l
(Lemma A.4 guarantees the possibility of this). Now fit the Tweedie cross-
classified model uy; = aif; to the entire array ©, and subject to the same
multiplicative system of weights. Then the following relations hold:

(1 + n)f-(l]k—SHZ) < a’*‘_ﬁi < (14 m)&Hesl+2
- aBs
(5.12)
where J, = min(J, K — k + 1) = maximum value of j for which an observation
exists in row k. n

Corollary 5.8. Consider the special case of Theorem 5.1 in which D is a
trapezoidal array, and the Y} ; are subject to a Tweedie distribution with index p >

2 and multiplicative weights ¢y; = (vkwj)_l. Then a sufficient condition for
convexity of the log-likelihood ¢ is

2

(@)U > = (5.13)

<
-

This is therefore a sufficient condition for uniqueness of the MLE of model
parameters. |

It was noted in Section 2 that £(D) is a measure of the non-proportionality of the
array ©. For a proportional array, £(D) = 1, and &(D) increases steadily with
increasing non-proportionality. This leads immediately to the following result,
already stated just above.

Corollary 5.9. Consider the special case of Theorem 5.1 in which D is a
proportional trapezoidal array, and the Y ; are subject to a Tweedie distribution

with index p > 2 and multiplicative weights ¢;; = (vkwj)_l. Then the log-
likelihood ¢ is convex upward, and there is a unique MLE of model parameters. m
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5.4

Condition (5.13) for a uniqgue MLE may be re-stated as:

1
<24 —
PSSt Emy

which decreases monotonically from oo to 2 as £ (D) increases from 1 to co. Thus,
Corollary 5.8 shows that as non-proportionality of D increases (i.e. £ (D) increases),
satisfaction of the condition (5.13) for a unique MLE requires a steadily decreasing
Tweedie index p.

Discussion
Consider Tweedie distributions with index parameter p > 2. The necessary and
sufficient condition for convexity of the log-likelihood ¢ is still (5.11) but now

z—:i > 0, so is no longer automatically satisfied by the ij/ﬁkj. Indeed, sufficiently
small ij/ﬁkj will violate (5.11), a necessary and sufficient condition for convexity.

It follows that, in any such cases, ¢ is not convex. However, in none of the above
results does non-convexity imply non-uniqueness. It is simply that uniqueness is
not established in these non-convex cases. This issue will be explored further in
Section 7.

A number of the results obtained in Section 5.3 apply just to trapezoidal arrays. The
reason for this is mere simplicity. Extensions to non-trapezoidal arrays would be
possible, but their statements tedious.

Bayesian chain ladder models

Bayesian framework

Bayesian versions of EDF cross-classified model, or special cases of it have been
studied in the literature (Verrall, 2000, 2004; England & Verrall, 2002; Gisler &
Miller, 2007; Withrich, 2007,2012; Gisler & Withrich, 2008; Wthrich & Merz
(2008); England, Verrall & Wiuthrich, 2012; Shi, Basu & Meyers, 2012; Merz,
Withrich & Hashorva, 2013; Taylor, 2015).

Different papers use different Bayesian structures. The present paper will rely on
Taylor (2015). That paper notes that its framework differs from those used in the
others. It may be of interest to others to investigate the possibility of result parallel
to those in Section 6.2 but subject to different priors.

Taylor uses (3.1) as the conditional log-likelihood of Yy ;|ay, B;, and the following
prior log-densities on c(a;) (omitting terms that do not depend on ay):

£8P (@) = [e(a)Ax — d (@ )]/ (6.1)

where c(.),d(.) are as defined in (3.4) and (3.5), and Ak,z/),E“) > 0 are location and
dispersion parameters of the prior.
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Similarly

ePrer (e(8y)) = [c(8)B; = a(B)] /) 6.2)

In summary, the EDF cross-classified model of Section 3.2.1 is replaced by a
Bayesian model, the Bayesian EDF cross-classified model, defined by the
following conditions:
(BEDFCC1) As for (EDFCC1).
(BEDFCC2) As for (EDFCC2) except that the independence is now
conditional on the parameter set {ak, ,[?j}.
(BEDFCC3)
(@) As just discussed, the likelihood (3.1) is retained but now
becomes conditional on the parameter set, with priors (6.1) and
(6.2) on those parameters. The conditions placed on the
parameters in (EDFCC3a) continue to hold.
(b) E[Yijlax, B;] = axp; (in parallel with (EDFCC3b)).
(c) The random parameters a;, ..., a, f1, ..., f; are independent.

Note that the condition (EDFCC3c) is no longer required.

If the conditional log-likelihood is re-labelled t’,ij’-”d, then the posterior likelihood
of the a, B; (again omitting terms that do not depend on the ay, B;) is;

270 (c(a), c(B)|D; A, B, , (@, p()) = geond 4 gprior (6:3)

where c(a), c(B) denote the vectors of c(a;) and c(ﬁj) values respectively, and
A, B, ¢, @ B are similar parameter vectors, and with

fcond — ZD {)%j)'nd (6.4)
{)prior — Zle fl(ca)prior + Zle‘t,}ﬁ)prior (65)

The conditions for MAP estimation of «, 5 are:

a(fcond + fprior) a(fcond + gprior)

=0k=1,...K;j=1,..,]

day ap;
(6.6)
Section 4.2 of Taylor (2015) derives the following solution {dk,[?j} of the system
(6.6):
& = 207 + |1 - 274
(6.7)
with
Z,E“) _ Z z,({‘;f)

(6.8)
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(@) _ (o) 5 (o)
Yoo = Z Zyj [ij/ﬁj]/ z Zyj

JER(K) JER(K)
(6.9)
(a)_/?jzcl(ﬁkj) Bic' () (@)
ST gy b @
kj JERK) kj K
(6.10)
B = Zj(ﬁ)yj(ﬁ) + [1 _ Zj(ﬁ)] B,
(6.11)
with
B _ ®
Zj = Z ij
kec( 6.12)
A1
7(B) _ B ~ B
v = Z Zyj [ij/“k]/ Z Zj
kec()) kec()) 619
6.13
LB _ &ic'(ﬁkj)/ Z @ic'(ﬁkj)+cl(3j)
ki T . . ®
Vi ey O ¥
(6.14)

It may be noted immediately that the solution (6.7)-(6.14) is implicit because the
solution @, requires knowledge of the ﬁ} and vice versa.

6.2  Existence and uniqueness of MAP estimators
6.2.1 Existence
Commence by defining

{(a,B) = p*c'(aB)/c'(a) for0 < a, B < = (6.15)

Suppose that {(a, B) satisfies the following conditions:

(TC1) For numbers t, t, arbitrarily small and large respectively, with 0 < t <
t < oo, the set {c’(tu)/c'(u) :u € (0,0),t < t <t} is bounded above
and below, with strictly positive lower bound.

(TC2) For numbers q, q, arbitrarily small and large respectively, with 0 < g <
q < oo, and forany 0 < a < o, {(a, B) is bounded away from zero
and infinity forq < 8 < 74.

(TC3) If {(a,B) » was B — 0, then {(a, B) is bounded as B — oo; and the
bounds are uniform with respect to «a.

(TC4) If {(a, ) > 0 as f — oo, then B¢ (a, B) x (B, C/{(a, f)) — O for

any constant, C > 0 as f§ — oo.
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6.2.2

When {(a, B) satisfies these conditions, the Bayesian model will be said to be
subject to the tail convergence property.

Remark 6.1. For the Tweedie sub-family of the EDF, (3.9) gives ¢'(u) = u7?,
and so {(a,p)=p>P. It may be checked that B~ 1{(a,p) x
7(B,C/¢(a,B)) = C2PREP-(2-P)*~1 _, 0 a5 B — 0. Thus, any member of
the Tweedie sub-family has the tail convergence property.

Theorem 6.2. Suppose the Bayesian EDF cross-classified model defined in
Section 6.1 is subject to the tail convergence property. Then at least one MAP
estimator of the parameter set ay, f; exists.

Proof. The proof follows exactly the same type of argument as that of Theorem
4.1 (see appendix), by application of the Weierstrass theorem to a compact set
in which any MAP estimator must lie. The existence of the compact set is
guaranteed by Lemma A.9. [ ]

Uniqueness

Just as in Theorem 5.1, uniqueness of solutions will be proved by establishment
of convexity of the log-likelihood function £P°5¢, defined by (6.3), with respect
to [n a, In B. By (6.3), £Po5t = pcond 4 pPTioT and, as convexity of Th£<°™d js
proven in Theorem 5.1, a proof of the convexity of #P7°", defined by (6.1), (6.2)
and (6.5) will be sufficient to establish convexity of £P°St,

Let i, s; be defined as in Section 5.1, and recall from there that

d/0r, = a,d/0ay,0/ds; = [;0/0p;
Now

K

£rrior =3 fe(a) Ay — Al B + Z [c(8)B; - d(B)/9”

k=1

Straightforward calculation, taking (4.3) into account, yields

9 prior 9 prior
fark =y Z— = (A — ) d (@) (6.16)

angrior 0 a{)prior ; (a)
(6.17)

Similarly

aZ{prl’or @

—7— = Bil(B; = B;)a"(8;) — d'(B))]/v;

]

(6.18)

All other second derivatives of £P7i°7 are zero.
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Now #P7°" will be convex upward if and only if all derivatives
Q24P [9rE, 02£P"" [9s? < 0. Consider the first of these requirements. It
requires that

(A — ap)d" (ap) — d'(ay) < 0

l.e.

ak d'(ar) e u

a’_k< 1+m|fd (C(k) >0

or

% g 4 L@ it e ) <0 (6.19)
ai akd' (ak)

The following theorem, parallel to Theorem 5.1, results.

Theorem 6.3. Let the array D be regular, and suppose that the Y} ; are subject to
the Bayesian EDF cross-classified model of Section 6.1 and subject to the tail

convergence property. Let R, denote a compact set {ukj:o < ppj < Mgj <
Mo (k,j) such that Yy; € Z)}, where the Hicji 1y, are known bounds. Let R,z
denote a compact set {ak,ﬁj: O<ap<ap<ay0<p<p< Ej,k =
1,..K,j=1, ]} where the gk,ak,ﬁj,[_?j are known bounds.

Then a sufficient condition for the posterior log-likelihood £7°5t to be convex

upward over R is that, for all {u;, (k,j) such that Y,; € D} € R, and for all
{aw, Bjik =1,..,K,j =1,..,]} € Ry p, all of the following hold:

Yii d’(ugj)

#_k; < mwhenever d"(uxj) >0
Yij d’(ﬂkj) "
HM>q——— ) _\whenever d ) <0
e ad (1)) (llk ])

with strict inequality for at least one pair (k,j) (not necessarily the same (k, j) at
each point of R,,);

Ak d’(ax)
ag =1+ agd' (ag)
Ak d'(ax)
ag z1+ agd' (ag)
Bj a'(B))
Bj ﬁjd'('(ﬁ)j)
Bj d’ ﬁ]
—_ >

Bj — 1+ Bja" (B;)

whenever d"' (a;) > 0

whenever d"' (a;) < 0

—.

<1+

whenever d”(B;) > 0

whenever d”(B;) < 0

with strict inequality for at least one value of k or j (not necessarily the same k
or j at each point of R, p).

This is therefore a sufficient condition for a unique MAP estimator of the model
parameters. [
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Corollary 6.4. The compact set R,, in Theorem 6.3 may be defined by (5.8), where
the bounds gk,é’j,ﬁkﬁj are defined as in the proof of Lemma A.3. The compact

set R, s may be defined by the bounds gk,ﬁjﬁkﬁj from Lemma A.9. |
Corollary 6.5. Consider the special case of Theorem 6.3 in which the Y, ; are
subject to a Tweedie distribution with index p = 1. Then conditions for uniqueness
of MAP estimators reduce to the following:

Yij 5, P2 (6.20)

Lk P72 (6.21)
ag p—1
B p2
5 > o~ (6.22)
with strict inequality for one value of k or j. ]

Proof. See proof of Corollary 5.4.

Corollary 6.6. Consider the special case of Theorem 6.3 in which the Y, ; are

subject to a Tweedie distribution with index 1 < p < 2. Then there is a unique
MLE of the model parameters.

Proof. Substitution of p in this range into the right sides of (6.20)-(6.22) yields a
negative result. Thus each of these three inequalities is always satisfied since

Yij/ tej» A/ @i, Bj/Bj > 0. u

Corollary 6.7. Consider the special case of Theorem 6.3 in which the Y ; satisfy
one of the following conditions:
(a) All are subject to an ODP distribution (which includes simple Poisson as a
special case);
(b) All are subject to a gamma distribution;
(c) All are subject to a compound Poisson distribution with gamma severity
distribution.
Then there is a unique MAP estimator of the model parameters.

Proof. See proof of Corollary 5.6. [

7. Multiple solutions of maximum likelihood equations
The foregoing sections established upward convexity of the relevant log-likelihood
function under certain circumstances, and uniqueness of chain ladder solutions,
whether MLEs or MAP estimators, followed in these cases.

Section 5, dealing with non-Bayesian chain ladder models, also demonstrated that,
under certain circumstances, the log-likelihood function is not convex. The proofs
of uniqueness therefore do not follow in this cases. As pointed out in Section 5.4,
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this does not prove non-uniqueness, but simply leaves the question of uniqueness
open.

One is left to consider whether uniqueness might always occur, but has simply not
been proven here. The present section investigates this question by examining a
specific simple data set, and searching for the existence of multiple MLEs.

The simplest form of regular array occurs in the case K =] = 2. By simply re-
scaling the array, which would simply re-scale the MLE and so not affect the
question of uniqueness, one of the elements of the array may be set to unity.
Therefore consider an array of the form

Yl 1 Yl 2

v 1 (6.23)

o-|

In fact, even this degree of generality will not be required for present purpose, and
it will be sufficient to consider the more specific form

1Y

13:[1/ 1

(6.24)

with inverse Gaussian (Tweedie, p=3) error terms.

Remark 7.1. An extremely simple situation is under consideration. The data set
(6.24), containing 4 observations, has only one free variable, and the cross-
classified chain ladder model, when applied to it, has only three free parameters.

It is also possible to draw some inferences about the solutions of its ML equations
from the symmetry of the array (6.24). The array is symmetric under interchange
or rows, accompanied by interchange of columns. The conclusions from this are:
(a) There must be a solution according to which a; = a5, 81 = Ba.
(b) If there is a solution for which a; # a, (or B, # [2), then there must be
further solution in which the values of a4, a, (or B4, 8,) are interchanged.
|

The ML equations for the case of general p, K, J are obtained from (3.9), (4.4) and
(4.5), as the following:

_ YR(K) YiiBi' P /b
Yro) B2 P [ Px;

a

o Yo Yeja 7P/ b
T Yeh PP [

The parameter set for this array is {ak,,Bj:k =1,2;j = 1,2}. According to
(EDFCC3c), this parameter set can be subjected to the constraint a; + a, = 1, but
an equivalent model can be obtained by setting a; = 1 instead. It will also be
assumed that ¢,; = 1.

The ML equations for the remaining parameters «,, 1, 52 When p = 3 are then
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1+a b — 1+a a= b1+b2 (625)

T 14va?’ "% 7 v+a?’" " Yb2+b2

b,

where b; = B, a = a3

The symmetry of D suggest the solution @; = a,, b; = b,, and it may indeed be
checked that a solution of (6.25) isa; = a, = 1,b; = b, = 2/(1 +Y). However,
it is possible to search for other admissible solutions.

Substitution for b, and b, in the expression for a, and slight rearrangement, yields

Ya° - (1-Y+Y»a*+2Ya® - 2Ya?+(1-Y +Y¥a-Y =0

As noted just above, this must have a root of a = 1, and so a factor of a — 1 may
be removed from the left side, leaving

Ya*—(1-Y)2a3—(1—-4Y +Y)Da? - (1-Y)2a+Y =0 (6.26)
It is evident that, if a = x is a root of this equation, then so is a = x~1. So the left
side of (6.26) must contain a factor of (a —x)(a —x~ 1) = a? — Xa + 1, where

X=x+x1

Factorise the left side of (6.26) by equating coefficient of a* a3,a® in the
following:

Ya* - (1-Y)?a® - (1—-4Y+Y»)a>-(1-Y)%a+Y = (a®> — Xa +
D[Ya?+ XY —(1-Y)>)a+Y] (6.27)

The factorisation also requires equation of coefficient of a?, at, which yields the
following additional conditions:

Y —X[XY —(1-Y)?]+Y =—-(1—-4Y +Y?) (6.28)
XY -(1-Y)2-XY=-(1-Y)? (6.29)

Now (6.29) is an identity, and so adds no information. However, (6.28) requires
that

YX2-(1-Y)2X-(1-Y)2=0
which yields the strictly positive solution

X=Y-1ifYy>1
=1/Y-1ify<1 (6.30)

Note that, for given Y, both Y and 1/Y lead to the same value of X, and hence the
same values of x.

Now not all of these solutions in X lead to a solution in x since, for positive x, X
has a minimum value of 2 (at x=1). Therefore, a solution in x is obtained only if

X = 2,i.e,by(6.30),onlyifY >3o0rY < 1/3. This result is unsurprising, because
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Corollaries 5.8 and 5.9 guaranteed a convex log-likelihood unless array © was
sufficiently “non-proportional”.

When Y satisfies this condition, the solutions a = x and a = 1/x of the ML
equations are given by

x=%|(r -1+ = D7 -4 (6.31)

For the special cases Y =3 or Y = 1/3 this yields no more than two additional
solutions a = 1, so distinct multiple solutions will be found if and only if Y > 3 or
Y < 1/3. Then the following three distinct solutions of the ML equations exist:

a=1%|(r-1) /- D7—4 (6.32)

Note that the last two of these are reciprocals of each other. A statement of this
analysis is as follows.

Result 7.2. Consider the special case of Theorem 5.1 in which the Y} ; are subject

to an inverse Gaussian distribution (Tweedie with index p = 3), and the array D is
given by (6.24). The ML equations (4.4) and (4.5) reduce to (6.25) and:

(a) have unique solution a = 1if 1/3 < v < 3; and

(b) otherwise have the multiple solution a = 1, % [(Y -y -1)2- 4].
|

Remark 7.3. These solutions are consistent with Remark 7.1. ]

A study of the convexity of the log-likelihood as Y increases through the value 3 is
of interest. Let H denote the Hessian matrix of £ with respect to the 7, and s;,
evaluated at the solution corresponding to a =1 by reference to (5.3)-(5.5).
Upward convexity of £ occurs if H is negative definite, and this is the case if and
only if all leading principal minors of - H are strictly positive.

For the present example, the dimension of —H is 4 X 4. Denote the g X g leading
principal minor by A,. Table 7.1 displays the values of these minor for a sample of

values of Y increases through the value 3.

Table 7.1 Values of negative Hessian minors for varying Y

Value of Aq for
Y=25 Y=29 VY=299 Y=3 Y=301 Y=31 VY=35

ES)

1 +1.143 +1.026 +1.003 +1 +0.998 +0.976 +0.889
2 +1.306 +1.052 +1.005 +1 +0.995 +0.952 +0.790
3 +1.198 +0.027 +0.003 0 -0.002 -0.023 -0.082
4 0 0 0 0 0 0 0
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The table shows that A,= 0 throughout. This simply reflects the one degree of
redundancy in the parameter set {ry,7,,5;,5,}. This was removed in the above
calculations by the constraint a; = 1, but the Hessian is free of any constraint.

If this constraint is applied for Y < 3, —H is seen to positive definite. However, an
interesting phenomenon occurs as Y — 3. The Hessian tends to semi-definiteness,
which it attains at Y = 3. For Y — 3, it is not even positive semi-definite. The
interpretation of this is that the stationary point of the log-likelihood ¢
corresponding to a = 1 changes from a maximum when Y < 3 to a saddle point as
one passesto Y > 3.

It is also of interest to enquire into the properties of ¢ in the vicinity of its other
stationary points, seen to occur in the case Y > 3. This is done in the following
example.

Example 7.2. As an example, set Y = 3.5. This generates the solutions a =
1,2,%. Table 7.2 expresses these three solutions in their a, f parameterisations.

Table 7.2 Multiple solutions of ML equations

Solution a= Value of
a; a; B1 B>
1 1 1 0.444 0.444
2 1 2 0.444 0.444
0.5 1 0.5 0.444 0.444

As is apparent form the reasoning leading to these three solutions, they are
stationary points of the log-likelihood, but the nature of the stationary points is
unknown at this stage. It is determined by reference to the Hessian matrix. The
negative of this matrix, evaluated at the three respective stationary points, is found
from (5.3)-(5.5) to be as follows:

+0.889 0 —0.049 +0.938

_ — 1) — 0 +0.889 +0.938 -—0.049
Hla=1) = —0.049 +0.938 +0.889 0

+0.938 —0.049 0 +0.889

r+0.60 0 -0.12 +0.72

o | 0 +120 4072 +048
H@=2)=|_012 1072 +060 0

+0.72 +0.48 0 +1.20

+1.20 0 +0.48 +0.72
0 +0.60 +0.72 -0.12

+0.48 +0.72 +1.20 0

+0.72 —-0.12 0 +0.60

—H(a =0.5) =

Table 7.3 displays the leading principal minors of these matrices, found from (5.3)-
(5.5), justas in Table 7.1. Once again, the zero values of A, merely reflect the one
degree of parameter redundancy.

Table 7.3 Values of negative Hessian minors for multiple solutionsat ¥ = 3.5

q Value of A, for solution at
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a=1 a=2 a=0.5
1 +0.889 +0.600 +1.20
2 +0.790 +0.720 +0.720
3 -0.082 +0.104 +0.104
4 0 0 0

The stationary point of the log-likelihood at a = 1 was already known to be a saddle
point, but the other two stationary points are seen here to be maxima.

Although the two solutions at a = 2, 0.5 are local maxima, it is conceivable that
they are dominated by the saddle pointat a = 1. Table 7.4 checks this by tabulating
values of the (partial) log-likelihood ¢, and finds it not to be the case. The two
solutions at a = 2, 0.5 are global maxima.

Table 7.4 Values of (partial) log-likelihood for multiple solutionsatY = 3.5

Solution of ML equations Value of partial log-likelihood
a=1 0.889
a=2 0.900
a=0.5 0.900

The difference between the global maxima of £ and its value at the saddle point is
very small in this case, raising a question about rounding error, but further
numerical investigation reveals that the difference between maxima and saddle
point grows systematically as Y increases. For example, at Y = 10, the maximum
is 0.61, compared with a value of 0.36 at the saddle point.

Empirically, then, the loci of stationary of ¢ with varying Y are as illustrated in
Figure 7-1.

Figure 7-1 Loci of stationary points of £ with varying Y
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8.  Conclusion
The ML equations (4.1) and (4.2) for the EDF cross-classified chain ladder model
are implicit equations. In the absence of explicit solutions, a question arises about
the existence and uniqueness of solutions. Similarly for the Bayesian version of
this model, whose solution is given by (6.7)-(6.14).

Some papers in the literature (e.g. Taylor (2009, 2015)) derive iterative solutions of
these systems of equations. This assumes, in effect, that a unique solution exists in
the case of each problem considered. These numerical solutions would be informed
by a knowledge of the circumstances in which this assumption holds.

Sections 4 to 6 obtain certain results in this direction. Subject to some mild
regularity conditions, existence always occurs. The results in relation to uniqueness
are clearest for Tweedie error distributions, and may be summarised this way. A
unique MLE exists provided that either:
(a) the error distribution is sufficiently well-behaved (Tweedie index 1 < p <
2); or
(b) the data array is sufficiently well-behaved (close enough to proportional).

If both of these conditions are breached, i.e. both p > 2 and data array sufficiently
non-proportional, then the results of the cited sections do not establish uniqueness.
Indeed, it is shown in Section 7 that multiple solutions can occur.

The data array in the example of Section 7 has been deliberately chosen to be as
simple as possible. It contains only 4 observations, has only one free variable, and
the cross-classified chain ladder model, when applied to it, has only three free
parameters. An “ill behaved” inverse Gaussian (p = 3) error distribution is
assumed.

One might be forgiven for expecting the likelihood for this array to exhibit
reasonably bland behaviour. Not so, however. As mentioned just above,
uniqueness of MLE is not guaranteed as the single free parameter in the array is
varied to produce increasing non-proportionality. Beyond a critical point for this
parameter, the following occur:

(@) the stationary point of the likelihood that was indeed an MLE in the well
behaved region continues to be a stationary point, but becomes a saddle
point instead of an MLE.

(b) two new stationary points emerge, coincident with the original one,
diverging from the original as non-proportionality of the array increases
further, and these stationary points both become MLEs, with equal
likelihood values, exceeding the likelihood at the saddle point.
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Appendix

Proof of Theorem 4.1
Lemma A.1l. For the EDF cross-classified model defined in Section 3.2.1, any
MLE of the parameter set ay, f; must have the property

pi(®) < ay, [ax,, B, /Bj, <p*(D) ki, ky=1,..,K;j1,jo=1,...] (Al
Proof. First note that

(W) =1/x'(cu)) >0 (A2)
according to the condition on x " in (EDFCC3a).

Now substitute a; g; for the first p, ; in (4.4) to yield

_ Yo Yej/Bilc (i) BY 1 P
Yrae € (i) BE drj

ak

(A.3)
a weighted average of the values Yy ;/B; over row k, where the weights are all
strictly positive by virtue of (A.2). Note that the summations in (A.3) are
guaranteed non-null by (EDFCC1). It follows that

i R < < R
min Yii/B; < ap < max Yii/B; (A4)
Then
R eas/ P < T < i Mt (A.5)
WaAxYiaj/Bj " @y WYy /B
Consider the inequality on the right, and suppose that
grznax Yk1j/ﬁj = Yk1j1/18j1 (AG)
(’f1)
7I’€r(1]£12’1) Ykzj/ﬁj = Ykzjz/'sz (A7)
so that
% o Yiaia/Biy (A.8)

Ay~ Yiyjp/Bj,

Now, by (A.6),

Vi o/ Bis 2 Yerjo/ B = (Veyju/ Bin) Yier o/ Yier 11 ) (Bjs / Bj,)

whence

(Bj,/B),) < Yiyjy /Yy j, < p(D) (A.9)
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Then, by (A.8) and (A.9),

ak1 2
— < p*(D)
akz

This proves one of the four inequalities contained in (A.1). The remaining three
are similarly proved. ]

Remark A.2. While the bounds (A.1) are adequate for current purposes, it may be
noted that they are not tight, at least in some special cases. For example, consider
the Poisson chain ladder with ¢,; = 1. Substitution of (3.12) in (4.4) and (4.5)

yields
ZR (k)[ij — ] =0
Yi; — tii] = 0
C(j)[ ki — Hij]

from which the following conventional chain ladder results are obtained:

_ 2R Yij A.10

%k XR(k) Bj (A.10)
Ze) Yij

e LI} A1l

ﬂ] ZC’(]) ay ( )

In the case where all observations are present in D it then follows that

ai = Z Yk]
R(k)

and so

P (D) <=2 < p(D)

ko
tighter than (A.1). [
Lemma A.3. For the EDF cross-classified model defined in Section 3.2.1, any
MLE of the parameter set ay, 8; must lie within a co-ordinate rectangle of the form
{0 < <ap<a,0<p; <p; Sﬁj;k =1,..,K,j= 1,...,]} for constants
-]

Qk:ak;gj,ﬁj-

Proof. Recall from (EDFCC3c) that Z§=1ﬁj = 1. Consider an arbitrary g;, which
may be expressed as

Combination of this result with (A.1) yields
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1 1

1+(J-Dp2(®) — S 1+(J-1)p~2(D) (A.12)

To establish bounds on a;, for a specific k, commence with an assumption that

min Yk]

R(k)
@ <o (A.13)
R(K)

It then follows that
whence the left side of (4.4) is strictly positive, by virtue of (A.2).

This contradicts the required equality (4.4), from which it must be concluded that

(A.14)

<2 Y A.15
nis?) (A9

and the lemma is proved. |

Proof of Theorem 5.1
Assume that D is regular. From (5.6),

Z da¢
]

(A.16)
The second summand of the square bracket may be interpreted by reference to (5.1)

a¢
tij 5 = Vi€ (uiey) — ' (it )1t / Py
a.uk]

bicf (Yej = taej) d'(ptaf)

(A.17)
by (4.3).
From this result, differentiate 6£/0du,; a second time to obtain:
2 azf -1 " !
Hij g2 = Pri [ (Yies =t )" (btej) = Yiej ' (b )}
kj
(A.18)

By substitution of (A.17) and (A.18) in (A.16),
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—Qw,w) = Z(UkaWj)z [ty (i) = b (Ve = i) (k)]
D

2 d' () Yij
= > (ve+w;) ui;d" (g I—] - (—] — 1)]
;( k J) 'uk] (‘ukj) :ukjd”(.ukj) .ukj

(A.19)
It follows that, when (5.7) holds, Q (v, w) < 0 for all selections of v, w with equality
if and only if

v +w; = 0 forall pairs k, j (A.20)

Now, for ||[v|| = |lw|| =1, Q(v,w) is the second derivative of £ taken in the
direction of vector (v,w). So second derivatives in all directions are non-positive
over R, and in fact are strictly negative except along directions for which (A.20)
holds.

Consider the interpretation of (A.20). It is seen that w; = —v; for all j and
v, = —w; for all k. It follows that v, = v, for all k. Thus (A.20) represents the
direction described by a shift of all r, = In a; by the same increment, and a shift
of all s; = In ; by an equal and opposite increment, i.e. py; = ayf;.

This shows that the second derivative of £ is zero in any direction in which all p;

are invariant. This is obvious from the fact that derivatives of £ depend on only the
i (in fact, by this reasoning, the first derivative of £ is also zero in this direction).
The second derivative is strictly negative in any other direction.

By compactness of R, it contains at least one maximum of log-likelihood ¢ (just as
in the proof of Theorem 4.1). Moreover, convexity over compact R also guarantees

uniqueness of the values {u,;} at which the maximum occurs.

This maximum will not correspond to a unique point {a, 8}. Suppose the
maximum occurs at a = ay, 8; = f;. Then the same maximum also occurs at

ay = yay,B; = B;/y for any y > 0. However, there is a unique maximum
. . _J *
satisfying (EDFCC3c), namely y = ijlﬁj :

In summary, when (5.7) holds, R contains a unique point {ykj} that maximises the
log-likelihood ¢, and this corresponds to a unique point {a,, 8} that satisfies
(EDFCC3c). [

Proof of Lemma 4.2
Proof. The proof of Error! Reference source not found. will be given; the proof
of Error! Reference source not found. is similar.

Commence with the MLE equation (4.4), where ¢’'(1) > 0 [by (4.6)]. Suppose that
Hij < gl(lkr)l Yy, In contradiction of Error! Reference source not found.. Then all

summands on the right side of (4.4) are strictly positive, and (4.4) cannot hold.
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Similarly if ;> rg%))( Yis- Thus, (4.4) cannot hold unless
Error! Reference source not found. holds. ]

Proof of Theorem 5.7

Lemma A.4. Suppose the array D is regular and contains exactly K + ] — 1
observations, subject to the EDF cross-classified model defined by (EDFCC1-
3). Then a perfect fit of model to observations (i.e. Yy ; = py;j = aif;) can be
achieved, with explicit calculation of the ay, §;. This is the unique MLE.

Proof. Commence by setting f; = 1. This value will be re-scaled later in
accordance with (EDFCC3c).

Since D is regular and contains exactly K + | — 1 observations, it is uniquely
its own core. Itis therefore possible to select a path y in I'(D) that connects an
element of the first column with an element of the last column of ®. The
existence of such a path is guaranteed by the connectedness of I'(D). By
definition of the edges of the graph, y consists of a sequence of edges of the

form (ij, Yk,j+1) or (ij, Yk+1,j)'
Consider just the first of these forms, and set

ﬁj+1/,3j = Yk,j+1/ij (A.21)

For fixed j, the estimator on the right exists for unique k, according to thr
following argument. If it were not the case, one could find k; # k such that the
foursome of observations Yy, Yy jy1, Yk, j» Yk, j+1 €xists. Thatis, 4 observations
would be concentrated in 2 rows and 2 columns. This would leave only K +
J — 5 observations to account for (K —2)+ (J—2) =K+ ] —4 rows and
columns, recalling that each row and each column must contain at least one
observation.

Assume, without loss of generality, that the 4 observations named above occur
as the top left 2 X 2 sub-array of D, so that D takes the form

S

with S a (K — 2) X (J — 2) sub-array containing at least one observation per
row and column. This requires that all available K + | — 5 observations occur
in S, in which case S is not connected to the top left sub-array, contradicting
the regularity of .

By the above argument, unique values of ;,,/f; can be found explicitly for all

j =1,..] — 1. This, together with the initial assumption that 5; = 1, leads to
calculation of all Bj,j =1,..,]. These may now be re-scaled in accordance

with (EDFCC3c). The ratios f5;,1/f; are unchanged by this operation.
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Now calculate the a as follows. Select an observation Y, ; in row k and
calculate

ay = Ye;/Bj (A.22)

It remains to prove that this value of a; is independent of the observation Y; ;
in row k, and therefore unique. Suppose that there is a second observation
Y;, in the row. Choose a path y in I'('D) that connectsYy; and Y; . This path
will take the form {lesl' ) Yrmsm} where (ry,s1) = (k, ), (5, Sm) = (k, j;) and
(Ti+1,Si41) = (£ Lsp) or (g, s; + 1).

Now express

Yii Yros Y,
L= 22| _Trmsm (A.23)
Yj Yrisi Yro—ism—r

Now each ratio on the right side of (A.23) must take the form a;,,/a;, a;_1/;
or fB;+1/B;- The a ratios will cancel out, and the f ratios include all cases
between j and j;, so that (A.23) becomes

Yjr _ Biy
Yej Bj

Rearranged, this is

Yy, _ Vi

Bi,  Bj

which shows that (A.23) yields the same value of a;, if based on Y} ; instead of
Y-

Since this solution is a perfect fit to the data, the associated likelihood assumes
its maximum possible value, and so the solution is unique. ]

Remark A.5. The result of Lemma A.4 applies more generally than most results
used in the proof of Theorem 5.7. Although that corollary relates to the
Tweedie cross-classified model with p > 2, Lemma A.4 applies to the more
general EDF cross-classified model.

Lemma A.6. In the case of a Tweedie cross-classified model applied to a

trapezoidal array, and subject to the multiplicative weights ¢;; = (vkwj)_l
the following relations hold:

2- K- 1-p
,85_,_1pW5+1 Zkziq Yk,s+1uk,s+1/¢k,s+1
= =12,..,]—1

= s =
P K- 1-p ’
j=1B; "W j=1 2k=1 YijMy; /b1

(A.24)
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2-p Jre1
ar+1 Vys1 Z Yr+1 ].ur+1 ]/¢r+1]

2-p - J p
k=1 Vi Z iy Yk]:“k] /¢k1

,r=12,..,K—-1

(A.25)
where J, = min(J, K — k + 1) = maximum value of j for which an observation
exists in row k.

Proof. Recall the MLE equations (4.4) and (4.5) for the EDF cross-classified
model, reproduced here in a slightly modified form:

Yr0o[Yij = ties1¢ (e )t / prcj = 0 (A.26)
Y)Y = ticj1¢' (1) b/ Prj = 0 (A.27)

The array D is equal to the union of all rows or all columns, and so

YolYes — i1 (i) i/ Prj = Tk Lo Vi — i 16" (e e/ i =
Y eV — mijlc (uej)irj/Pr; = 0 (A.28)

It is evident that, if one deletes any number of complete rows and columns

from D, the sum in (A.28) remains zero. If columns beyond the s-th, and rows
beyond the (K — s)-th, are deleted, the result is:

YRS XS 1Yy — baj 1 (et / iy = O (A.29)

Now express (4.5) for the (s + 1)-th column with explicit summation limits:

leggi[yk,s+1 - :uk,s+1]C,(.uk,s+1):uk,s+1/¢k,s+1 =0 (A30)

For the special case of the Tweedie cross-classified model, c(.) is given by (3.9)
. With this substitution, with the special form of the weights recognised, and
slight rearrangement, (A.29) and (A.30) become (for fixed s):

K- 1-p - 2— 2—
D=1 Yis+1 .“k,s+1/¢k,s+1 _ P p,BSJrkawsJ,1

K- 1-p - D p2-p
Zizlzszijﬂkj /¢kj 27:125 igak .3 U Wj

(A.31)
Factorisation occurs in both numerator and denominator on the right side of this
equation, to yield

K- 1-p 2 2—
Zsz Yk,s+1 lle,S+1/¢k,S+1 _ BS+1pW5+1 k= 1 ak pvk
s K-s 1-p - 2— _
1 Do Vit b [ijlﬁj pwj] [ZX=5al Py,

(A.32)
from which (A.24) follows. The proof of (A.25) is essentially the same with the
roles of rows and columns interchanged. |

Lemma A.7. Consider a trapezoidal array D that contains more thanK +J — 1
observations. Let S be a core of D, and fitto § a Tweedie cross-classified model

Yy = a,ﬁﬁj’-*(z ,u,’;j) say, subject to the multiplicative weights ¢;; = (vkwj)_l
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(Lemma A.4 guarantees the possibility of this). Now fit the Tweedie cross-
classified model u; = a;f; to the entire array ®, and subject to the same
multiplicative system of weights. Then the following relations hold:

Jk—=1 pxpl-p Jk—1 p2— Py Jk=1 pxpl-p
Zj 1 ,B],B W] 2] 1 .8 <€Z]’ 1 B}B Wj

¢ < <
BB T B BB T
(A.33)
fﬂzﬁfm@”m zﬁfﬁp <$zﬁ?mﬁ”m
S BB Ty T X By T X BB W,
(A.34)

Proof. Select an arbitrary Y,; ¢ S, and a path y,; from Y;.; to Y, ,, as defined in
Section 2. It will be assumed that s > j,; a similar argument deals with the
case s < J,. The path y,, involves all the observations appearing in (2.1), and
so T, is defined.

By definition of m,.; in Section 2,

TiS;
Vs = (1 + 7Trs) Tjr 1_[ l

rz+151+1

(A.35)
The observations Y appearing in the product lie within the core, to which the
multiplicative model Y, ; = a; f; has been applied. It is remarked at the end of

Section 2 that, in this case, Y. /Y 5,41 = Bs,/Bs+1 0OF Bs,/Bs,—1, With s;
running from j, to s. Thus, (A.35) simplifies to the following:

ﬁ* * )%
s = (14 nrs)yrjr 'B_i = (1 + ms)arfs
Jr
(A.36)
By (A.24),
N L gLy
2-p K—Jp+1
ﬁ w k=1k Yk]k'uk]k/(bk]k
(A.37)
Z]" LyK- ]k+1(1+nk1)akﬂ]* pﬁ1 Poew;
pll ]k+1(1 + T[k]k)akﬁ]k p'B]k VieWjy
1 wK—Jr+1 1 1 [y (A-36)]
fz]k k={k a;ﬁ;ak—pﬁj _pkaj
= K—Jr+1 —p ,1—
ket B, A : ]kpka]k
[by definition of &]

[ZK Jr+1 * 1 pvk][Z?i_llﬁ;ﬁ-l_ij]

[ZK J+1 a ol pvk] [ﬁ]k W]k]

=¢
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Je=1 pxp1-p
Yt BB Tw;
* pl=Dp
'B]k’gfk w

=<

(A.38)
A parallel argument produces a corresponding inequality in the opposite direction,
so that (A.33) holds.

In order to prove (A.34), note that (A.24) leads easily to the following relation,
corresponding to (A.37) above:

-1 52— 1 K- 1
T B 2§’<1 Tt Vgt "/ b
K 1
Z]klﬁz p ] Z ]k+ Yk].uk]p/d)k]

(A.39)
An argument may now be applied precisely parallel to that which led from (A.37)
to (A.38), and (A.34) follows. [

Proof of Theorem 5.7. There are two cases to be considered:
Case I: The array D contains exactly K + ] — 1 observations.
Case II: The array © contains more than K + ] — 1 observations.

Case I. By Lemma A.4, a unique solution exists, and it is the proportional
solution Yy ; = ayB;. As remarked at the end of Section 2, (D) = 0 in this case.
It follows that (5.13) is satisfied.

Case II. This is the case of Lemma A.7, in whose proof (A.36) is established.
Substitute this into (A.26) to obtain:

Yraol(1 + 1)y Bs — awBiliic (b)) /drj = 0 (A.40)

Now substitute (3.9) into (A.40), recognise the special case of the weights,
gb,:jl = vy wj, and rearrange slightly, to obtain

ol (1 +mi)Bj = 2 BB 7wy = 0 (A41)

a

It follows that

* pl—
@ Zrao(1+ i )BiB"ws

x 2—
A YR (k) ﬁj pW]
and then
* 1_19 * 1—p
aBs _ Zrao(L+m))BiB "W, B im 220 BiB; "Wy Bs
aBs Xro) B ]-2_ij s Lk B Pw; s

(A.42)
by definition of 7.
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For the trapezoidal array under consideration, the maximum value of j for which
Y,; exists in row k is defined in Lemma A.6 as J,. It will be convenient to re-
express (A.42) in the form:

Ay Ps S BB w /ijll’gz "W ﬁ_f*k Br

<1+
B3 rm By W Bl Wi BB

(A.43)
Now note that one of the members on the right is of the same form (subject to
reciprocation) as the middle member of (A.33), whence Lemma A.7 yields

Jk=1 pxpl-p Jk=1p2-p, Jk=1 pxpl-p
f_12]'=1 :Bj:Bj wj Z] 1 ﬁj wj <€Zj=1 ﬁjﬁj Wj
* pl=p - - * pl=Dp
'Bjkﬁ]k Wi 'B ﬁjkﬁ]k w

(A.44)
Substitution of this result in (A.43), together with the simple extension of (A.43) to
a two-sided inequality, yields

ﬁ]k ﬁ]k kﬁs — ﬁ;k @
B, Sap =T g
(A45)

Inequalities can be placed on the ratio that appears on left and right of this result,
as follows. There are two cases to be considered: s < J, and s > ], respectively.

(1+m)é?

Case ll(a): s =]
In this case (A.45) reduces trivially to the following:

(1+nm)ét< "gs < (1+m¥¢
rs (A.46)

Case lI(b): s <Jj
Commence by expressing the final ratio in (A.45) in the form:

ﬁf,:”w]k_< §=1ﬁf‘”wj)< 18 ) (25"?3-2"’ )( ﬁz"’w]k )
Bs Pwy Bs Pws ,-zlﬁf Pw; ) \XE B BT

2-p s+1 p2-p Jk—1 2—10 2-p
_<1+ j=1b; WJ)( j=1Pj WJ') (ZJ 1 B >< Bl " Wi )
o 2-p 2-p Jk=2 p2-p J 1 2-p

(A.47)
All of the ratios on the right are of the form (subject to reciprocation) of the subject
quantities in inequalities (A.33) and (A.34). it therefore follows from these
inequalities that

B

YSZ1BB; W, ><25+1ﬁ,ﬁ” )

1- 1
BB w S BB W

ST pWS - < g S<1+E

S
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(25"1%;1%1‘%-) ( BBy, )

S BB P wy ) \EE BB W

< &lkms+l <1+ i;%ﬁ;BJ’l_pr)( SH'BJ'B1 w )

B BiBs T ws $=1 BB W
(25"11&%1‘%;) ( ﬁ;kﬁl"’wjk )
Y B B; BB T

'B]*R'B]lk_pwfk

BiBs "

— E]k—5+1

(A.48)

A lower bound can also be found by the same argument, yielding

5_(]k_5+1) < ﬁ]k/[))]k <€]k —s+1

(A.49)
Substitution of (A.49) into (A.45) yields

kﬁs

(1+m)§Uk=std < =2
aBs

< (14 m)élis+2

(A.50)
Case lI(c): s> J;
The argument runs parallel to that of Case 11(b). It commences with the following
relation in place of (A.47):

By "y _ ( By "W )(2?‘1/32"’ ) < i;%ﬁjz"’w])( 7;%13,-2‘%)
SPwe \ZE B w )\ BT B Tw )\ BT

and then continues in parallel with Case 11(b), leading ultimately to the following

result in place of (A.50):

k.Bs
aPs

(1+m)e 6D < =2 < (1 + )EsJkt?

(A51)m

Proof of Corollary 5.8
Use (A.36) to express ij/ﬁkj in the form:
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& _ (1 + T[kj)(l;ﬁ;

ij ﬁkj
(A.52)
Now
MMy <T [by definition of 7] (A.53)
so that
ayfBi Y. : arBr
(1+n) i <M <1+7m i
Hrj  Huj Hij
(A.54)
By Theorem 5.7,
a,";ﬁ;(l + E)E_(|]k_j|+2) <af; < apfj(1+ T)EVK—Jl+2
(A.55)
S0 set
ﬁkj = (X;ﬁ;(l + ﬁ)§|1k—j|+2,ﬁkj = al’;ﬁ]’.“(l + E)s;_(l]k_jHZ) (A.56)

to convert (A.55) to the condition ;< uy; < ﬁkj required in Theorem 5.1.
Moreover, (A.56) reduces (A.54) to the following:

apBi Y. apB;
i Y (g 4GP

1+nm
(t+) Hij  Hij Hiej

(A.57)
and substitution of (A.56) into this result yields

g—(llk—j|+2) < Zﬁ < SZ—(l]k—j|+1)
Hyj

and, since 1 < J.,j </,

f_(]+1) < Zﬂ <&
My
(A.58)
If condition (5.13) holds, then combination of it with (A.58) yields condition (5.11)

Now under the conditions of Corollary 5.8, those of Corollary 5.4 also hold, in
which case (5.11) is a sufficient condition for a unique MLE of the model
parameters. It then follows that, in the present case, (5.13) is a sufficient condition,
and Corollary 5.8 is proved. |

Proof of Theorem 6.2

The following lemma corresponds to Lemma A.1 for the EDF cross-classified
model, and the proof follows exactly the same logic.



Existence and uniqueness of chain ladder solutions 38

Lemma A.8. For the Bayesian EDF cross-classified model defined in Section 6.1,
any MLE of the parameter set &, ,[?j must have the property

p72(D) < &, /8, B, /B, <P?*(D) ki ky =1, K ju,jo =1,..,]  (A59)
|

The next lemma is then the strict Bayesian parallel of Lemma A.3.
Lemma A.9. Suppose the Bayesian EDF cross-classified model defined in Section

6.1 is subject to the tail convergence property. Then any MAP estimator of the
parameter set ay, 5; must lie within a co-ordinate rectangle of the form

{0 < <ap<a,0<p;<p;< Ej;k =1,..,K,j=1, ]} for constants

@k, A, By B

Remark A.10. The bounds gk,ak,gj,/?j are not the same as those in Lemma A.3.
Proof. By (6.8) and (6.10) and the positivity of ¢’ (see (4.6)),

0<z® <1 (A.60)
whence (6.7) yields

[1 — Z,Ea)]ak < @ < max(ak, 7,((0‘)) (A.61)

() is
k
bounded away from unity. So consider Z,E“), given by (6.8) and (6.10). These

relations give

Since a; > 0 is fixed, @ will be bounded away from zero provided that z

_41-1
bij .szcl(ﬁkj)

(@ (@)

zlga) =1+
JER(K) Y

-1

i+ Y (e

JERWK) Pk

1+ Z IZ)ZZ) (J.gﬂg}g)é(&k,ﬁj))

-171"

IA

| \VERK) Tk

(A.62)

@ -

Z B bij BE ' (@rBi)
- h2 (A P
2jera) ZS) {€ER(K) Pui B (@)

(A.63)
By Lemma A.8,
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P < p*(D)

32

j
It then follows from (TC1) that

p~H(D) <

c'(ah) ¢ ((Bi/ﬁj)@kﬁj)

c'(aB;) c'(aB;)

is bounded above and below, with strictly positive lower bound. Then, by (A.63),
there exists a lower bound z:

(@)

Zy;
0<z<—Y (A.64)
YjeR(k) Zij
Similarly
z,g?
0<z<—4 (A.65)
Zkec()) Zk;

It follows from (A.62) that Z,((a) is bounded away from unity unless C(c’ik, ﬁ]) is
without finite upper bound for some j.

There are three possibilities concerning the boundedness of ¢(&y,f;), taking
account of the conditions (TC2)-(TC4) imposed on the function ¢ in the statement
of the lemma:

(a) ¢(@, B;) is bounded away from infinity for all @&, f;;

(b) {(dk,ﬁj) — oo for some c?k,[?j as ﬁj - 0;

Case (a). This case has been dealt with essentially in the brief argument just given,
but the following adds a little detail.

It follows from (A.62) that z,E“) <z<1 for some z. Then, by (6.7), @& >
[1 — z]a;, and one may set a;, = [1 — z]ay.

Equations (6.12) and (6.14) yield the following result in parallel with (A.62)

kee()

_41-1
) Pij o ia o
2P > |1+ Z e (krgég)i(ﬁpak))] ‘

(A.66)
and an argument parallel to that above leading to the lower bound on &, establishes
a lower bound g; on f;.

If the B]- are bounded away from zero, then the quantities ij/[?j are bounded away

from infinity, and Yk(“), being a weighted average of these quantities (see (6.9)), is
also bounded away from infinity and, by (6.7), so is @,. That is, there exists a
such that @, < aj < co.
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A similar upper bound Ej for [?j may be found by a similar argument.

Case (b). Suppose that no lower bound B; exists. Then it is possible to find a
sequence of points {(af‘),. M, pm ﬁ(”)) n=1.2, } in the admissible
space of MAP solutions with ﬁj(”) — 0. It will be convenient to write, with a slight
abuse of notation, just 8; — 0. By the condition of case (b), {(@, ;) - »as f; -
0, and then (TC3) implies that {(&, ;) is bounded as f; — oo, equivalently
(B, @) is bounded as & — oo.

These results lead to the following sequence of consequences as ,éj - 0:

z® -1 [by (A.62)] (A.67)
ij/Bj - © (A.68)
ASE [by (6.8), (A.64) and (A.68)] (A.69)
G, — oo [by (6.7), (A.67) and (A.69)] (A.70)
Yij/@x = 0 [by (A.70)] (A.71)
AR [by (6.13), (A.65) and (A.71)] (A.72)
(B}, ax) bounded [previous paragraph] (A.73)
zPbounded away from 1 [by (A.66) and (A.73)] (A.74)
f; bounded away from 0 [by (6.11) and (A.74)] (A.75)

But then (A.75) contradicts the hypothesis of case (b), and it must be

concluded that this is not a possible case for z( ) to be bounded away from
unity.

Case (c). Suppose that no upper bound E exists. Then it is possible to find a

sequence of points {( ("),. e, g™ ﬁ(”)) n= 1,2,...} in the admissible

space of MAP solutions with ﬁj(") — oo, It will be convenient to write, with the
same abuse of notation as in (b), just ﬁj — oo, By the condition of case (c),
((C’fk,ﬁj) — 00 as ,Bj - 00,

These results lead to the following sequence of consequences as [?j — oo, Where
(@, B;) is temporarily abbreviated to just {:

1-2z2% =00 [by (A.62)] (A.76)
ij/,éj = 0({) forallj [by Lemma A.8] (A.77)
=0 [by (6.8), (A.64) and (A.77)] (A.78)
a, =0 [by (6.7), (A.67) and (A.78)] (A.79)
Yj/ax = 0(forall k [by (A.79) and Lemma A.8] (A.80)
7 =0 [by (6.13), (A.65) and (A.80)] (A.81)

(B @) = (B 0@™)) ~ 0 [by (TCA)] (A.82)
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2P =0 (Z(Bj, &k)) =0 (((ﬁj, C/((&k,,[?j))) for some € > 0
[by (A.66) and (A.82)] (A.83)

By (6.11),

~

B =22 7P —by| + b, < 277 as f; > oo (A.84)
since )7].(3) - o0, by (A.81).

Now consider the sequence {ﬁ’j(")} explicitly, and also the sequences

{zj(ﬁ )(")}, {7]-(3 )(n)} generated by it, as in (A.83) and (A.81) respectively. Now

17].(3)(") <M, ((&k,,[?j) for some M; > 0 [by (A.81)]
2P < My (B;,€/¢(@r, B;)) forsome M, >0 [by (A83)]

Combination of these results with (A.84) yields

By < MM, §( @y, ) % (B, C/3(@x. By)) as By — oo
equivalently

1 < MM, ¢( @, By) % C(By, /S (k. B)) as B = oo

But, by (TC4), the right side converges to zero. Thus, the hypothesis of case
(c) leads to a contradiction, and it must be concluded that this is not a possible

case for Z]Ea) to be bounded away from unity.

A consideration of all three cases (a)-(c) arrives at the conclusion that
((c?k, E]) must be bounded above for all j. By the argument given in case (a),

this leads to the existence of the bounds ay, ay, £;, ﬁj. ]
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