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Background

United Kingdom: male death rates (1950-2009)
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Background

Reasons why mortality forecasting is INTPORTAN'T"

@ During the past two decades: life expectancy - improving

at approximately 2 vears per decade.

e Mortality and longevity risk: sicnificant risks faced by
governments, insurance companies, pension providers and
individuals.

@ Accurate mortality forecast is of fundamental importance.
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Background

Example: Adequate pricing of life annuities relies on the
accuracy of future mortality projection.

e Quote from Sense and Sensibility (1811):

“If you observe, people always live forever when there is an
annuity to be paid them. An annuity is a very serious
business; it comes over and over every year, and there is no
getting rid of it. You are not aware of what you are doing.
I have known a great deal of the trouble of annuities...”

o Unanticipated improvements in longevity have caused life
offices and pension plan sponsors to incur losses on life
annuity business as they are paying out for V[ Cl] longer
than was anticipated.



ASTIN, AFIR/ERM and IACA Colloquia * !?z?fvation & Invention 'i Alﬁsh;ﬁﬂ't%s

ugust 2015 | Amora Hotel Jamison Sydney

Outline of the talk

Q@ Background
@ Models for Comparison

© Case Study
e Data
o Fitting Performance
e Forecasting Performance
e Robustness Test

@ Conclusions
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Literature Review

o Many attempts have been made to project mortality rates.

e Studies on the comparison of forecasting performances of
different models use quantitative and qualitative criteria
include:

@ overall accuracy

© allowance for cohort effect
© bhiological reasonableness
Q@ robustness of forecast

e FACT: very few studies consider the differences in the
nature of these mortality forecasts. For example, whether
they treat past and recent mortality experience cqually in
the forecasting process.
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Literature Review

Mortality forecast can be divided into two categories:

Q cive equal weights to past and recent mortality data (i.e.
global information), e.g.
o Lee-Carter model (Lee and Carter, 1992)
o Cairns-Blake-Dowd (CBD) model (Cairns et al., 2006)
o 2-D Legendre Orthogonal Polynomial (LOP) model (Li et
ai., 2015}))

@ give more weights to recent mortality data (i.e. local
information), e.g.
o 2-D P-Splines model (Currie et al., 2004)
o CBD model local linear estimation (LLE) approach (Li et
al., 2015a)
o 2-D kernel smoothing (KS) model (Li et al., 2015¢)
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Future mortality projection

@ Question: Should we use local information or global
information to project future mortality rates?

Time
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Models for comparison
Models of Comparison
Features of Design CBD CBD: LLE 2-D LOP | 2-D KS
Incorporation of cohort effects No No Yes Yes
Constraints on the model structure Yes Yes No No
Smoothness in age & time dimensions No No Yes Yes
Subject to “misspecification” problem Yes Yes Yes No
Local or Global information Global Local Global Local

TABLE 1: Models for Comparison.
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Notation

Forx €la+1.,a+ N|. and t € [1.T"]. where a, T" and N are
non-negative integers, we define the following terms:
@ d,; . the number of deaths in calender year t aged .

@ ¢, . the exposure data which measures the average
population in year t aged .

@ m. ¢, central mortality rate, reflects the death probability
for age x in the middle of the year and it is estimated by

d;t:gt (1)

e;:':,t
® (¢, .. initial mortality rate, is the one-year death probability
for a person who is aged exactly x at time t.

Myt =

The approximation formula for the two types of mortality rates
is as follows:

2
—

et = 1 —exp(—my¢). (:

£4 Actuaries

A2 nstitute
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The CBD model|
The Cairns-Blake-Dowd (CBD) model (Cairns et al., 2006) is of

the form:

Q;r.,t
1 — Q;:-::?t

) =k, + ki (x — ), (3)

logit(g,.¢) = log(

where

©Q T is just the average age in the sample.

@ | captures the general time effect and x? captures

age-specific time effect. (k}. k?) is assumed to follow a

bivariate random walk with drift process.
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The CBD model: a local linear approach

We re-express the CBD model as
};e'f — 105—{it(fj’r.i) — Hfl + H?(-I’ — ?_) — }(:"}f (_l)

Let © = — a be the age group from 1 to N, with a + 1 and
a + N represent the minimum age and the maximum age in
that range. For 7 € |1, N] and t € [1,7], define

o Vi = logit(q.¢).

G){f( l)
£r — T

1

. al

° [3; = ( 5 ) where r; and k? are assumed to be smooth
K |

functions of t.
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Local linear approach

Highlights of the method:
e Intuition behind: assume that 3; is a linear function of
time in the neighborhood of .
e Estimation and forecasting are done simultaneously.
@ No assumptions on the error distribution.

e Give more weights to recent mortality data when
projecting future mortality rates (Local information).
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2-D LOP model

Li et al. (2015b) proposed a flexible functional form approach
to mortality modeling through the introduction of 2-D LOP
model. The model is defined as follows:

104(—’; ;"nr:t Z Z ~m n‘i—’m n i} t) (5)

m=0 n=0

® ©Unn: the (m.n)t"

order 2-D Legendre polynomial
@ [3,,.n: coefficient for the (m. -n,-)“l polynomial.

e v,t € |—1,1] as the interval of orthogonality for Legendre
polynomials is [—1, 1].
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2-D LOP model

e \lodel selection: Least absolute shrinkage and selection
operator (Lasso).

@ luning parameter selection: 10-fold cross-validation.

The one-year-ahead mortality forecast can then be obtained as

6 6
log(?n;}:,’f—l—l) — Z Z .-"liﬂ}mgn"}f""-rng-n.(xs 1 + 1) (6)

m=0 n=0

where (3, ,, is the Lasso estimator of 3, ,,.
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2-D KS model

Li et al. (2015c¢) proposed a mortality model which implements
two-dimensional kernel smoothing techniques to mortality
surfaces. The 2-D KS model is of the form:

log(ma ) = B(x, t), (7)

where
e (x.t): any unknown functions of z and ¢.

e Without loss of generality, normalize x, ¢ € |0, 1].
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2-D KS model

The kernel smoother at any given ¢ € [0, 1] and tg € [0, 1] can
be obtained by solving the minimization problem as follows,

5(5:,0 tp) = arg min ZZ[log Mg t)— 3(;1:0,750)]2}{;11,;12 (r—xqg,t—19).
J(I:o to)
(8)

We adopt the bivariate normal kernel function with correlation
coefficient p defined as follows:

ey — t.—1 t.—t ‘
) 1 (%)2 —2p rc;h. (0 jh. 0 +( Jh (])2
Khy ho,plxi—T0,t5 —t0) = exp(— - ! 5 2 = )
' 2mwhihoy/1 — p2 2(1 — p?)
(9)
where
e pel0,1)

@ /1 and h2 are bandwidths in age and time dimension.

@ hi, ho and p are selected based on the out-of-sample mean
square forecast error (MSFE).
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2-D KS model

Year
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2-D KS model
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Data

The deaths and exposures data used to calculate central
mortality rates are downloaded from the Human Mortality

Database (HMD).
e Country: Great Britain (GB).
e Investigation Period: 1950-2009 (post-war).

e Age range: 50-89 (older age).
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Statistical measures of performance

Define the following notation of statistical measures:

@ The average error:

_ 1 Moyt — Myt
Fl= — —. 10
NT Zr: Zf: Myt (10)

@ The absolute average error:

1 Mgt — Mgy |
E2 = ' —. 11
NT ZJ: Zf: My (11)

© The standard deviation of error:

1 Moyt — Mot
2 — E E ' )2, 2
k \| NT — = ( My ¢ ) (12)
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CBD | CBD: LLE | 22D LOP | 2-D KS
E1(%) | 1.01 0.16 0.06 0.08
E2(%) | 3.95 4.29 2.54 2.21
E3(%) | 5.40 5.27 3.32 2.98

Actu

- laries
A2 'nstitute

TABLE 2: Fitting results for GB male mortality data from
1950 to 2009, ages 50-89.
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Forecasting performance
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CBD CBD: LLE
Forecast horizon | F1(%) FE2(%) FE3(%) | E1(%) E2(%) E3(%)
3 0.31 5.85 7.21 -1.17 5.15 6.24
5 2.76 6.10 7.51 -0.01 4.69 5.64
8 6.77 8.61 10.67 4.81 6.45 7.94

TABLE 3: Forecasting results of the CBD model for GB male aged 50-89
based on mortality data since 1950.

2-D LOP 2-D KS
Forecast horizon | F1(%) FE2(%) FE3(%) | E1(%) E2(%) FE3(%)
3 0.76 4.89 6.39 -3.53 4.37 5.75
5 3.69 5.98 7.28 0.98 3.74 4.83
8 4.86 7.97 10.00 1.78 4.39 5.68

TABLE 4:Forecasting results of the 2-D LOP model and the 2-D KS model

for GB male aged 50-89 based on mortality data since 1950,
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Discussion on forecasting performance

@ Local information is more relevant and appropriate to use
when making future mortality projections.

e Intuitively, recent mortality experience would obviously
have greater predictive power than historical mortality
experience.

@ The global methods assume the long-term pattern in the
past will continue in the future which is sometimes not
realistic.
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Robustnhess test

CBD CBD: LLE
Forecast horizon | E1(%) FE2(%) E3(%) | ELW(%) E2(%) E3(%)
3 -1.10 H.64 7.20 -1.90 H.26 6.70
D 0.66 6.26 7.68 0.23 4.76 5.68
8 3.35 6.79 8.34 -4.30 H.22 6.76

TABLE 5: Forecasting results of the CBD model for GB male aged 50-89

based on mortality data since 1970.

2-D LOP 2-D KS
Forecast horizon | E1(%) FE2(%) E3(%) | EL(%) E2(%) E3(%)
3 -0.23 3.50 4.64 -3.53 4.37 5.7H
5 2.20 4.65 5.63 0.98 3.74 4.83
3 3.83 10.07 12.50 1.78 4.39 5.68

TABLE 6: Forecasting results of the 2-D LOP model and the 2-D KS

model for GB male aged 50-89 based on mortality data since 1970.
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Discussion on robustness test

@ The preference to use local information in mortality
projection still hold.

e Local approaches are more robust than global approaches.

o Global method: more affected by the length of historical
period being used in the investigation.
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Conclusions

e We make a formal comparison between two sets of
mortality models on their forecasting performance: Local

and Global.

e Based on results from the case study, local information
seems to have greater predictive power and thus it should
be given more weights when doing future mortality
projection.

e All our models included in the analysis have a satisfactory
level of robustness. Local modeling does perform slightly
better in this respect.
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End of presentation

Thank youl

Any questions/ comments/ suggestions”’
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End of presentation
SSRN page: http://ssrn.com/author=2349329

e Li, H., O'Hare, C., Zhang, X., 2015a. A semiparametric
panel approach to mortality modeling. Insurance:
Mathematics and Economics 61, 264-270.

o Li, H., O'Hare, C., Vahid, F., 2015b. A flexible functional
form approach to mortality modeling. Available at SSRN:
http://ssrn.com/abstract=2553041.

e Li. H.. O'Hare. C., Vahid. F., 2015¢c. Two-dimensional
kernel smoothing of mortality surface: an evaluation of
cohort strength. Available at SSRN:
http://ssrn.com/abstract=2594596.

e Li. H.. O'Hare, C., 2015d. Mortality forecast: Global or
Local? Available at SSRN:
http://ssrn.com/abstract=2612420.
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Appendix 1: CBD model MLE

@ The commonly adopted parameter estimation method is
the maximum likelihood estimation (MLE) by an iterative
method (Brouhns et al., 2002).

@ The method relies on the assumption that D, ; follows a
Poisson distribution.

Full MLE iteration is normally used to obtain the MLE
estimators and let ® denote the parameter set. the natural
logarithm of the likelihood function is given by:

[(®:d.E) = ZZ{drfln Ey iy ()] = By gy ¢ (9) —In(d, )}
(13)
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Appendix 2:

1
) ¥
Define 3; = ( 5 ) we have

K3
Bt = Bi—1 +p+ CZy, (14)

where 11 1s a 2 x 1 matrix of the drift factors and Z; isa 2 x 1
matrix of independent standard normal random variables.
V = C'C' is the variance-covariance matrix of hfl and h?

The forecast of 3; is then given by

Bra1 = Br+ i+ CZr. (15)
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Appendix 3:

We restrict C' to be an upper triangular matrix by Cholesky
decomposition. Let A be the first difference operator and

Aky = f%,i 11— ke fori=1,2. i and V can then be estimated
from & and k? hemg given by

oo _ [ E(AR])
=\ Eai?) )
P ( E(&Fﬁi E(m.,i) (m‘;,% — E(&Fzé)} E(agé — E(A&D)

— E(AR2))
E(Akl — B(ARN))(ARZ — E(ARD)) E(AR: — E(mﬁ 5 b )

Ay — E(ARY))
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Appendix 4.

The intuition behind local linear estimation is to assume that [3;
is a linear function of time in the neighborhood of . We define

By = B(1), where T =¢t/T and t € [1.T]. (16)

Assuming 5(7) has continuous derivatives up to second order,
for 7o € [0, 1], by Taylor expansion we have

Yie = X!B(1) =~ X![B(10) + BY (10) (1 — 10)]. (17)

We find estimators of the time-varying coefficients at 7y by
minimizing the following weighted sum of squares:

N T
> Vi — X[[B(r0) + BV (70) (T — 70)|}2 KR (T — 70).  (18)

=1 t=1

where K is the kernel function and K, (u) = h= 1K (u/h).
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Appendix 5:
We redefine

By = B(1), where 7 =¢t/(1"+ 1) and t € [1,T + 1]. (19)

We obtain the local linear forecast Sy, at 7o = 1 by
minimizing the following weighted sum of squares:

N (Vi — X[[B(r0) + BN (70) (7 — 7o)} Ei(T — 7o), (20)

=1 t=1

Finally putting the forecast value of Y;7.1 into the estimation
sample and repeating the process (n — 1) times, we obtain an
n-year-ahead forecast for mortality rates.
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Appendix 6:
We adopt the Epanechnikov kernel function:
K(u) =0.75(1 —u*)I(|Ju| < 1). (21)

the bandwidth is selected by the following leave-one-out
cross-validation criterion:

hopt = arg min C'V'(h), (22)
h

where

N T
" 1 T)12 ;
C'V ATE:Ejﬁ_Xﬁ )72, (23)

i=1 t=1
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Appendix 7:

Define an n'* order Legendre polynomial as ¢, (z), on its
interval of orthogonality [—1, 1], we have the following property:

1 0, if j#k:

| e - (24)
-1 1. if j=k.

Legendre polynomials also satisfy the following three-term
recursive relationship:

(n+1)pp1(z) = 2n+1)ze,(2) —ng,—1(2), forn=1,2.3,....
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Appendix 8:

Thus the first seven Legendre orthogonal polynomials are as
follows:

S
NN
—
)
f
|
|
—
C.u CA-J
Ut N
CM
-]
N
_I_
()
S

e(2) = (23125 313;: + 10522 —5)

Following the multivariate generalizations of univariate
orthogonal polynomials proposed by Madi-Nagy (2012), we
define the 2-D LOP for z* and t* as

P (TF, 1) = @ (%) pn (7). (26)
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Appendix 9:

In this paper, we use the Lasso method to “shrink” our model
and set some of the coefficients in the model to zero.
Forzela+1,a+ N]andt € [b+ 1,b+ 1], let

o Yr t = IDg(mm,t}-

o a = 5p,0-
‘ J'SZ(.ED,].?.BD,Q?"'!ﬁﬂ,ﬁ?.ﬁl,ﬂ?.ﬁl,l?"'!}31,“?"'!}Sm,D?.ﬁmrlﬁ"'?.ﬁm,ﬂ)!'
@ X =
(po,1(27,t7), . s pom (27,87 ) p10(27,t7 ), 01, (275 7)o Ym0 (27,17 ) P n (27, 17))

The Lasso coefficients (a, 3) are defined by

a+N b+T

(&, ) = arg min{ Z Z (Yot — a0 — XB)% + X

r=a+1t=b+1

By, (27)
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Appendix 10:

Since the local constant estimator [3(zg,tp) can be evaluated at
any xg € [0, 1] and tp € [0, 1], in order to produce a
one-year-ahead mortality forecast at xg, we redefine ¢; as

J . | i
Let t7,1 = %::[} — 1. we follow the same minimization

procedure described in Section 3.1 and obtain the mortality
forecast for age xg at 1"+ 1 as

:?(LL / ) = Zz— Z;,- 1 Khy o, p( — x9,t; — try1)log(my,,, f;)
LL0. VT F '
Zf:l ijl BthQ,p(mi — xg.1; — fT_|_1)

(29)
For an n-year-ahead forecast, we first put the one-year-ahead
mortality forecast into the estimation sample and then repeat
the same forecasting process (n — 1) times.
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Appendix 11:

Bandwidth controls the amount of smoothing in the estimation
process and balances the trade-off between fidelity to data and
smoothness of the estimation.

Our goal: produce n-year-ahead mortality forecast.

Training set: [1,7"— n| Validation set: [T"'—n +1,T.

For hy > 0, hg > 0 and p € [0, 1), optimum parameters are
selected as those minimizing the mean square forecast error

(MSFFE) as follows:

(h1opt» N2opts Popt) = arg min N y‘ 7 (log(ma;.i;)—B (i, t5))?
hiha,p AV i=1 j=T—n+1

(30)
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Appendix 12:

JEP

AUS FR
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CBD CBD: LLE
Forecast horizon | E1(%) FE2(%) E3(%) | E1(%) E2(%) E3(%)
3 -1.38 8.66 10.33 -0.41 7.45 8.72
D -0.81 3.99 10.86 -5.24 6.89 9.35
8 2.50 10.01 11.90 -1.18 H.14 6.68

TABLE 3: Forecasting results of the CBD model for US male aged 50-89

based on mortality data since 1950.

2-D LOP 2-D KS
Forecast horizon | E1(%) FE2(%) FE3(%) | E1(%) E2(%) E3(%)
3 2.01 5.07 6.31 -1.46 3.09 4.39
5 2.47 4.67 H.87 -3.11 3.68 H.18
8 9.53 10.13 13.38 1.43 4.43 H.51

TABLE 4:Forecasting results of the 2-D LOP model and the 2-D KS model

for US male aged 50-89 based on mortality data since 1950.
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