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Problem

“Classical” claims reserving is often only able to predict first and second
moments. For example:
@ First moment: Predicted ultimate claims
= E (G | “observed data")
@ Second moment: Mean square error of prediction (MSEP)
= E((C.j— Cij)?| “observed data")

We would like to have the whole distribution
(for example of the cumulative claims reserve)
= Bootstrapping!

Note: When bootstrapping this problem we only get a
“bootstrap-distribution” and not a theoretical distribution.
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The observed paid-/incurred data can be displayed as follows:

Pa Pa Pa
Pa,In G h; w;;

The unobservable claims payments C; ; are given through:

GCij+1=gCij+vij

o (w;;) and (v;;) are uncorrelated white-noise-processes with:
T, i=kj=I qgi; i=kj=1
Elw;jw, ]=1." ’ and E[vijv] =14 " ’
[wijwic] {0 otherwise Lvigvi] 0  otherwise
e Cumulative claims G ; of different accident years i =0, ...,/ are

independent.



Introduction
°

The observed data given in the paid- and incurred-triangle are given
through:

DR = {Cf? |i+)<K)
D = (I | i+ < K}
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Figure: Observed paid- and incurred-triangle.

Combining D and D7 leads to:

Dk = D2 U DY
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Estimation formulas:

- v Pa,l
Cis, = T+ (758, ) Wad (el - )

CKalF _ CKa|P+<8|_<al,l_>> h_ A—I1 (CPa n g Kal, P)

il—i il—i il—i il—i

~Kal,P “~Kal,P / —1 Pa,In ~Kal,P
Gt = &G T (C" —h G )

IJ

xKalS  ~Kal,P
@ The values & B Oig 0 Vi and A;; are also given in the

“estimation formulas .

@ J3;; is a set of observations, i.e.:
Bij={CH1k=0,....;yu{C% | k=0,...j}

@ The values h;j and g; must be given in advance, i.e. estimated
through the given data or determined through experts opinion.
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With the above described estimators we get the following
triangle-estimation:

dev. year ~Kal S
0 J J A C
5 0 B CKalF
© —
g | 4 [
-
S i B
o
S B
o] D -
® 1B (D) D CKa'P (y-step)

The Kalman-prediction (see above) is only a 1-step prediction. Since we
need more than 1-step predictions (C), there also exists a formula for
u-step Kalman-predictions (D):

~Kal,P _ Kal,P  __ Kal P
Ci,l—i+u+l - gl—i+“C d—itu = / I—i+1 H 8l—i+m



0 1 2 3 4 5 6 7 8 9
0(1,216,632 1,347,072 1,786,877 2,281,606 2,656,224 2,909,307 3,283,388 3,587,549 3,754,403 3,921,258
1| 798,924 1,051,912 1,215,785 1,349,939 1,655,312 1,926,210 2,132,833 2,287,311 2,567,056
2(1,115,636 1,387,387 1,930,867 2,177,002 2,513,171 2,931,930 3,047,368 3,182,511
3(1,052,161 1,321,206 1,700,132 1,971,303 2,298,349 2,645,113 3,003,425
4| 808,864 1,029,523 1,229,626 1,590,338 1,842,662 2,150,351
5(1,016,862 1,251,420 1,698,052 2,105,143 2,385,339
6| 948312 1,108,791 1,315,524 1,487,577
7| 917,530 1,082,426 1,484,405
8/1,001,238 1,376,124
9| 841,930

0 1 2 3 4 5 6 7 8 9
03,362,115 5,217,243 4,754,900 4,381,677 4,136,883 4,094,140 4,018,736 3,971,591 3,941,391 3,921,258
1]2,640,443 4,643,860 3,869,954 3,248,558 3,102,002 3,019,980 2,976,064 2,946,941 2,919,955
2(2,879,697 4,785,531 4,045,448 3,467,822 3,377,540 3,341,934 3,283,928 3,257,827
312,933,345 5,299,146 4,451,963 3,700,809 3,553,391 3,469,505 3,413,921
412,768,181 4,658,933 3,936,455 3,512,735 3,385,129 3,298,998
5(3,228,439 5,271,304 4,484,946 3,798,384 3,702,427
612,927,033 5,067,768 4,066,526 3,704,113
73,083,429 4,790,944 4,408,097
8(2,761,163 4,132,757
913,045,376

Table: Paid- and incurred-triangle.
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Parameter initialisation:

h = (17 1)/
g =1.08
CI§' = (0.5,0.5) (T3, )’

@ The “meaning” of h = (1,1) is that the weighting between paid-
and incurred-data is equal.

@ The parameter g = 1.08 is estimated through the average of
chain-ladder-factors computed on each development triangle.
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2,289,374
1,719,684
1,997,667
1,992,753
1,788,523
2,122,651
1,937,673
2,000,480
1,881,201
1,943,653

2,474,813
1,858,978
2,159,477
2,154,166
1,933,393
2,294,585
2,094,624
2,162,518
2,754,442
2,101,089

3,548,014 3,535,831
3,078,566 2,748,842
3,336,463 3,230,198
3,578,302 3,325,208
3,074,612 2,792,267
3,525,534 3,341,911
3,338,431 2,595,845
2,946,251 3,184,898
2,977,551 3,218,733
2,271,277 2,455,251

3,601,504
2,485,488
3,051,027
3,065,777
2,758,211
3,043,883
2,806,108
3,442,874
3,479,450
2,654,126

3,671,674
2,571,328
3,183,929
3,162,866
2,724,675
3,290,438
3,033,403
3,721,747
3,761,286
2,869,110

3,785,363 3,946,798
2,673,416 2,761,359
3,391,024 3,220,169
3,208,673 3,468,576
2,945,373 3,183,948
3,556,963 3,845,077
3,279,109 3,544,717
4,023,209 4,349,088
4,065,950 4,395,292
3,101,508 3,352,730

4,085,715 3,921,258
2,743,505 2,965,729
3,481,003 3,762,964
3,749,530 4,053,242
3,441,848 3,720,638
4,156,528 4,493,207
3,831,839 4,142,218
4,701,365 5,082,175
4,751,310 5,136,166
3,624,301 3,917,870

Table: Estimated cumulative

claims C,-'fja'.
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Bootstrapping-approach:

@ Calculate paid-/incurred-residuals:

Pa _ ~Pa __ jPazKal
rij = Gj = hGj
In _ ~In In ~Kal
rij = Gij—h"Gj

@ The residuals are transformed to make them iid.

© Sample from the two sets of residuals and re-build
paid-/incurred-triangles (the sampling is done without replacement
and synchronous to preserve a given correlation structure).

@ For each “new” paid-/incurred-triangle pair the unobservable
“Kalman"-triangle is estimated.

@ Calculate for each bootstraped Kalman-triangle the cumulative
claims reserve, i.e.:

~ :Kal ~
R= Z (Ci,J - Cfﬂi)
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Figure: Density-plot of the bootstrapped aggregated claims reserves.
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Min. 1st Qu. Median Mean 3rd Qu. Max.
10.86  11.97 12.11  12.09 1226 1293

Table: Summary of 10,000 bootstrapped aggregated claims reserves (><106).

p
0.90 0.95 0.99
VaR, 12,397,041 12,484,181 12,650,395

ES, 12,408,385 12,489,257 12,651,168
CTE, 12,510,478 12,585,705 12,727,641

Table: Value-at-Risk, Expected-Shortfall and Conditional-Tail-Expectation.
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