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Outline
► Desired properties of interest rate models in a Solvency II 

setting.

► A review of three well-known interest rate models

► A real example from a Norwegian insurance company
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Interest rate models and Solvency II
► Desired properties and objectives of an interest rate 

model used to compute the best estimate liabilities in 
Solvency II:
▪ Adherence to data, judgment and available literature.
▪ Intuitive for decision makers.
▪ Ability to calibrate to market prices or historical data.
▪ Time or cost needed for calibration and simulation.
▪ Numerical stability of results.
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Interest rate models



Interest rate types
► The spot rate R(t,t+i) at time t is the interest rate 

for the time period from t to t+i. 

► The short rate rt at time t is the instantaneous spot 
rate rate:

► The forward rate Ft+i(t) at time t is the interest rate 
for the period from t+i to t+i+1. The forward rates 
are not observable, but they might be computed 
from the spot rates as follows:

Ft+i(t) =

⎧⎨⎩ R(t, t+1) if i = 0
[1+R(t,t+i+1)]i+1

[1+R(t,t+i)]i
− 1 else

norberg
Sticky Note
Forward rate at time t is observable at time t.



Interest rate models
► Here, we study three interest rate models

▪ CIR++: Short rate, one-factor
▪ G++: Short rate, two-factor
▪ Libor: Forward rate, multi-factor
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Brigo and Mercurio (2001):

• One factor explains 68% to 78% of the total variation in the yield curve
• Two factors explain 85% to 90% of the total variation in the yield curve
• Three factors explain 93% to 94% of the total variation in the yield curve



CIR++-model 
► The short rate is first simulated, and then simulations of 

the spot rates with different maturities are derived from 
the short rate simulations.

► Let P(t,T) be the price at time t of a zero-coupon bond 
with maturity T. For CIR++-model, P(t,T) is given by

► Further, the spot rate R(t,t+i) is

P (t, T ) = A(t, T) eB(t,T ) rt

R(t, t+ i) = −log(P (t, t+ i))

i

This means that at every time point, 
instant rates for all maturities in the 
yield curve are perfectly correlated.



CIR++-model 
► The short rate dynamics are given by:

► where  
▪ φt is a function chosen to fit the initial term structure
▪ α is a mean-reversion parameter
▪

► φt is computed as the difference between the model 
and market based instantaneous forward rates.

► The market based rates are computed using the 
Svensson model.   

rt = φt+ (1− α)μ+ α rt−1 +
√
rt ²t

²t ∼ N(0,σ2)



G++-model
► The short rate is first simulated, and then simulations of the 

spot rates with different maturities are derived from the 
short rate simulations.

► As for the CIR++-model, the spot rate R(t,t+i) is given by

► However, for the G++-model P(t,T) is given by

► where PM(0,T) is the market discount factor for maturity T.
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P (t, T ) =
PM (0, T )

PM (0, t)
exp {A(t, T )}

R(t, t+ i) = −log(P (t, t+ i))

i



G++-model
► The short rate dynamics are given by:

► where α and β are constants reflecting the rate of mean 
reversion, γ and η are volatilities, φt is a function chosen to 
fit the initial term structure and W1(t) and W2(t) are standard 
Brownian motions with correlation κ.
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dx(t) = −αx(t) dt+ γ dW1(t), x(0) = 0
dy(t) = −β y(t) dt+ η dW2(t), y(0) = 0
r(t) = x(t) + y(t) + ϕ(t),



G++-model
► The quantity A(t,T) may be computed from the short rate 

parameters as follows

► where 
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A(t, T ) =
1

2
[V (t, T )− V (0, T ) + V (0, t)]−1− e

−α(T−t)

α
x(t)−1− e

−β(T−t)

β
y(t).

V (t, T ) =
γ2

α2

·
T − t+ 2

α
e−α(T−t) − 1

2α
e−2α (T−t) − 3

2α

¸
+

η2

β2

·
T − t+ 2

β
e−β(T−t) − 1

2 β
e−2β(T−t) − 3

2β

¸
+ 2 κ

γ η

αβ

·
T − t+ e

−α(T−t) − 1
α

+
e−β(T−t) − 1

β

− e−(α+β) (T−t) − 1
α+ β

¸



The Libor Market Model 
► In the Libor Market model Fi(t) is given by:

► σi(t) is the volatility of ²i(t). We assume that it is given by: 

► ρi,k(t) is the correlation between ²i(t) and ²k(t). We assume
that it is given by: 

Fi(t) = Fi(t−1) exp
µ
σi(t)μi(t)−

1

2
σi(t)

2 + σi(t) ²i(t)

¶
,

μi(t) =
iX

k=t

Fk(t− 1)ρi,k(t)σk(t)
1 + Fk(t− 1)

σi−t = a exp(−b|i− t|).

ρi,j(t) = exp(−c|j − i|).



Calibration
► Have estimated all models based on monthly data for the 

3-month rate and swap rates with maturities from 1 to 10 
years from the period March, 2001 to March, 2011.

► CIR++-model: Use the maximum likelihood method.

► G++-model: Minimize the sum of squared differences 
between theoretical and empirical volatilities of monthly 
absolute spot rate changes.

► Libor Market model: Minimize the sum of squared 
differences between observed and model-based 
volatilities/correlations.



Simulation
► Use the yield curve shown in the figure, which was 

specified by EIOPA in December 2011.

► 10,000 simulations.

► Yearly resolution

► Time horizon 60 years.
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Year

ra
te



Mean values
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Standard deviations
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Fitting yield curve?

17



www.nr.no

Real example



Products
► Two different products:

▪ Old-age pension for individuals with profit sharing 
▪ Paid-up defined benefit pension policies with profit sharing.
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Old-age pension
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Interest guarantee 
between 2.5 and 4%

Pension is either paid 
out in a defined 
number of years or as 
a lifelong benefit, 
usually starting at the 
age 67.



Paid-up defined benefit pension
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Interest guarantee 
between 2.5 and 4%

Fully paid contracts 
from a defined benefit 
plan. The benefits are 
old-age pensions, 
spouse pension and 
disability pension. 

The old-age and 
spouse pensions are 
either paid out in a 
defined number of 
years, or as a lifelong 
benefit. The disability 
pension may be paid 
until age 67.



Asset model
► The asset portfolio of the life insurance company may be 

divided into 5 main asset classes:
▪ Norwegian stocks(2%)
▪ International stocks (10%)
▪ Real estate (20%)
▪ Credit bonds (33%)
▪ Government bonds(35%)

► It is assumed that for all assets the value develops as

where the E[²t] is chosen such that the relative return of the 
asset equals the risk-free 1-year interest rate. 
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log Vt = log Vt−1 + ²t.



Asset model
► For stocks, government bonds, and real                                   

estate: 

► For credit bonds:

► Here γt is the change in the market value of the bond 
portfolio in year t, and ψt is the credit spread. 

► The change in market value is computed by

► The spread is assumed to be Gaussian: 
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²t ∼ N(μt,σ2)
²t = log(1 +R(t, t+D) + γt) + ψt,

γt =
exp(−(D − 1)R(t+ 1, t+D))
exp(−(D − 1)R(t, t+D)) − 1,

ψt ∼ N(0, σ2spread)

We assume that 
every year the 
credit bond portfolio 
is rebalanced to 
maintain a fixed 
duration D.

Volatilities:
Nor. stocks  21%, 
Int. stocks    14%, 
Real estate    8%, 
Gov. bonds    1%



Best estimate
► The best estimate of the liabilities is computed as the 

probability-weighted average of future cash-flows, discounted 
to its present value:

► Here, T is the time to ultimate run-off, S is the number of 
simulations, Xt,s are the liability cash flows in year t and 
simulation s, and dt,s is the discount factor in the same 
year/simulation.

► The cash flows are given as the sum of guaranteed benefits, 
future discretionary benefits (FDB) and operating expenses
minus the premiums. 
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L̂ =
1

S

SX
s=1

TX
t=1

dt,sXt,s.
We used 
S=10,000 simulations 
T=55 years



Results:  Old age pension 
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The development of the guaranteed benefits and the premiums is assumed to 
be deterministic, but the resulting cash flows are discounted at a stochastic 
interest rate. 



Results: Paid-up polices
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Summary
► We have studied three interest rate models; the CIR++-

model, the G++-model and the Libor Market model. 

► Even when calibrated to the same historical data, the 
simulations from these models have very different mean 
value and volatility characteristics, especially far out into 
the future. 

► However, when using these simulations when computing 
the best estimate of the liabilities, the differences between 
the models are surprisingly small. 
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Summary
► There might be several reasons for the small differences:

▪ First, the discounted cash-flows far out in the future are 
less important for the best estimate than those in the first 
10 years.

▪ Second, we simulate interest rates that have similar 
maturities (1-3 years), meaning the perfect correlation 
induced by the one-factor model probably is not very      
wrong in principle. 

► If our findings also are valid for other yield curve shapes 
and other portfolio weights, we would conclude that model 
transparency and ease of use should be the deciding 
factors, rather than which model is ideal in theory alone.
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