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Summary and objectives of this talk

Aim is to describe the time dynamics of the solvency probability of
life insurance contracts
Idea is to represent the conditional solvency probability and the
underlying risk sources as the solution of a forward-backward
system
Key results are

I Additive decomposition of the total solvency probability with respect
to time and different risk sources

I General, intuitive yet practical framework to study risk sensitivities,
capital requirements, ...

I Analysis of the forward-backward system and indication of potential
numerical approaches (PDE and Monte Carlo)

Please don’t be disappointed by the lack of technical details here
– see the paper for the ε’s and a numerical illustration

2 / 20



Introduction

Contents

1 Introduction

2 Model framework

3 The dynamics of solvency risk in two pictures

4 References

3 / 20



Introduction

One perspective of the management of a firm is in
terms of solvency

Define the net value as

Nt := Assetst − Liabilitiest .

Common solvency objectives are

(i) accounting perspective: P[N0 ≥ 0] = 1
(ii) regulatory perspective: P[N1 ≥ 0] ≥ 0.995
(iii) rating agency perspective: P[Nt ≥ 0] ≥ α
(iv) run-off perspective: P[N∞ ≥ 0] =?

In-depth discussion and more in Merz & Wüthrich (2013)
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Introduction

We study the dynamics of solvency risk
We define the net value as

Nt =

(
retrospective

reserve

)
t
−
(

prospective
reserve

)
t

and investigate

s 7→ P[NT ≥ 0|Fs]

for fixed T considering individual policies.

This is related to
ruin theory : focus on non-life insurance
e.g. Lundberg (1903), Schmidli (2007), Asmussen & Albrecher (2010)

optimal control : focus on E[u(NT )|Fs]
e.g. Møller & Steffensen (2007), Delong (2013)
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Model framework

Our insurance model is diffusion-based

Summary of the model (all functions deterministic)

Reality Model
Finite time horizon T
Economic variables Xt
Discounting and mortality k(t ,Xt )
Benefits and contributions g(t ,Xt )
Terminal payment f (XT )
Initial reserve v0

Model the economic variables X in an n-dimensional diffusion setting{
dXt = µ(t ,Xt ) dt + σ(t ,Xt ) dWt , t ∈ (0,T ]

X0 = x0

Information flow: filtration (Ft ) generated by Wiener process Wt .
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Model framework

The liability dynamics are phrased via (B)SDEs

The retrospective liabilities / accrued assets are defined as

V−t = v0 e
∫ t

0 k(τ,Xτ ) dτ −
∫ t

0
g(s,Xs) e

∫ t
s k(τ,Xτ ) dτ ds

and have SDE representation{
dV−t =

(
k(t ,Xt ) V−t − g(t ,Xt )

)
dt , t ∈ (0,T ]

V−0 = v0.

The prospective liabilities are given as

V+
t = f (XT ) e−

∫ T
t k(τ,Xτ ) dτ +

∫ T

t
g(s,Xs) e−

∫ s
t k(τ,Xτ ) dτ ds.

Note that V+
t is not Ft -adapted, so cannot be reserved at time t
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Model framework

The prospective liabilities can be expressed in terms
of a BSDE solution
We have the representation

V+
t = Yt +

∫ T

t
e−

∫ r
t k(τ,Xτ )dτZ>r dWr

where (Y ,Z ) is the solution of the backward SDE{
−dYt = (−k(t ,Xt ) Yt + g(t ,Xt )) dt − Z>t dWt , t ∈ [0,T )

YT = f (XT ).

The combination with the forward SDE for X is a forward-backward
system. There are deterministic functions u,d such that

Yt = u(t ,Xt ), Zt = σ(t ,Xt )
>d(t ,Xt )
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Model framework

This is similar to the classical surplus decomposition

Using suitable Thiele equations, Norberg (2001) obtains

V+
t =V

+
t +

∫ T

t
e−

∫ r
t φ(τ)+µ(a+τ)dτ︸ ︷︷ ︸

financial discounting
and survival

(
c(r)− V

+
r

−V
+
r

)>
︸ ︷︷ ︸

sensitivity factor

(
µ(a + r)− µ(a + r)

φ(r)− φ(r)

)
dr︸ ︷︷ ︸

deviations
in the underlyings

.

Our approach automatically yields

V+
t = Yt︸︷︷︸

best estimate for the
prospective liabilities

+

∫ T

t
e−

∫ r
t k(τ,Xτ )dτ︸ ︷︷ ︸

discounting
and survival

d (r ,Xr )>︸ ︷︷ ︸
sensitivity

factor

(
σ(r ,Xr )

0

)
dWr︸ ︷︷ ︸

random fluctuations
in the underlyings

.

Recovers a result of Schilling et al. (2015) (limiting case) obtained by
the Martingale Representation Theorem.
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The dynamics of solvency risk in two pictures

Represent the dynamics of the net value by a BSDE

Consider the forward-backward system
d
(

Xt
V−

t

)
=

(
µ(t ,Xt )

k(t ,Xt )V−
t −g(t ,Xt )

)
dt +

(
σ(t ,Xt )

0

)
dWt ,

(
Xs
V−

s

)
=
( x

v

)
−dYt = −Z>t dWt , YT = 1{NT≥0}

with
(forward) initial condition: today’s actuarial/economic conditions
and initial reserve
(backward) terminal condition: solvency indicator.

Proposition (Pardoux & Peng (1990))
The FBSDE system has a unique square-integrable solution((

Xt ,V−t
)
,Yt ,Zt

)
.
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The dynamics of solvency risk in two pictures

The BSDE solution covers the solvency probability
and its time evolution

Standard BSDE results imply an interpretation of the solution (Y ,Z ):

The process Y can represent the solvency probability at inception
of the contract

Y (t ,x ,v)
t = P

[
NT ≥ 0

∣∣(Xt ,V−t ) = (x , v)
]
.

The control process Z describes the time changes in this
probability: for every 0 ≤ t1 ≤ t2 ≤ T

P
[
NT ≥ 0

∣∣∣Ft2

]
− P

[
NT ≥ 0

∣∣∣Ft1

]
=

∫ t2

t1
Zr
>dWr
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The dynamics of solvency risk in two pictures

The control process encodes the solvency risk drivers

For a deterministic function d of the economic variables, Z is given as

Zr
> = d(r ,Xr ,V−r )>

(
σ(t ,Xr )

0

)
.

This leads to a natural sensitivity analysis

1{NT≥0}︸ ︷︷ ︸
solvency

status

= P
[
NT ≥ 0

∣∣∣Ft

]
︸ ︷︷ ︸

estimate for the
solvency status

+

∫ T

t
d
(
r ,Xr ,V−r

)>︸ ︷︷ ︸
sensitivity factor

(
σ(t ,Xr )

0

)
dWr︸ ︷︷ ︸

martingale part of dXr

.

Martingale part of dXr : random fluctuations in the underlying process X

Sensitivity function d(r , x , v): effect of random fluctuations of X on solvency risk
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The dynamics of solvency risk in two pictures

There is a naturally associated PDE

Set u(t , x , v) := Y (t ,x ,v)
t , a deterministic function of x and v . Then u is

the natural candidate for the solution of{
∂tu(t , x , v) +Au(t , x , v) + (k(t , x)v − g(t , x)) ∂v u(t , x , v) = 0

u(T , x , v) = 1{v−f (x)≥0}

Au(t , x , v) = 1
2

n∑
i,j=1

[
σ(t , x)σ(t , x)>

]
ij
∂xi∂xj u(t , x , v)

+
n∑

i=1

µi(t , x) ∂xi u(t , x , v)

Type of solution tricky
(a) evolution equation not uniformly parabolic
(b) terminal condition not even continuous, let alone differentiable
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The dynamics of solvency risk in two pictures

The processes can be expressed in terms of the
economic variables
Under certain assumptions one can prove a Feynman-Kac-type result
that links the BSDE and the PDE

Theorem (Christiansen & F. 2015)
Assume that

the process (Xt ,V−t ) has a suitably regular probability density
u is a classical solution of the above PDE.

Then

Yt = u
(
t ,Xt ,V−t

)
Zt = σ (t ,Xt )

>∇xu
(
t ,Xt ,V−t

)
The theorem holds for example for hypoelliptic operators, i.e. operators
satisfying Hörmander’s condition
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The dynamics of solvency risk in two pictures

The proof relies on the linearity of the PDE
Proof.
Similar to Zhang (2005).

Approximate the terminal condition Ψ by smooth function Ψk such
that Ψk ↑ Ψ pointwise for k →∞
Consider PDE with terminal condition Ψk . By the existence of a
density p we can write the PDE solution as uk =

∫
pΨkdx

A classical Feynman-Kac theorem shows that this uk can be
expressed as the solution (Yk ,Zk ) of the obvious BSDE
Use stability theorems on BSDEs to prove the desired limit
behaviour

lim
k→∞

E

(
sup

t≤s≤T

∣∣∣Y k
s − Ys

∣∣∣+

∫ T

t

∣∣∣∣∣∣Z k
s − Zs

∣∣∣∣∣∣2 ds

)
= 0.
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The dynamics of solvency risk in two pictures

The numerical treatment is nontrivial in either picture

Recall
(a) PDE not uniformly elliptic
(b) terminal condition not differentiable

One possible regularization approach

(a) replace
(
σ(t ,x)

0

)
by
(
σ(t , x) 0

0 ε

)
(b) replace 1{y≥0} by Fermi function (1 + exp(−y/ε))−1

Related to treatment of digital options
Cvitanić at al. (2003): Malliavin calculus & Monte-Carlo simulation
Christiansen & F. (2015): explicit formulas for present problem
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