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Introduction

• Reasons why markets are incomplete
• Insufficiency of assets in the market relative to the class 

of risks that one wish to hedge

-jumps of volatility;

-variables that are not derived from market prices

• Market frictions

-transaction costs

-portfolio constrains

-illiquidity 
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Introduction

• Main approaches to derivative pricing in 

incomplete markets

Asset prices are modeled under

• physical probability measure

• risk-neutral probability

• upper and lower bounds for price of derivative



Introduction

Single –period model
      Suppose we have a derivative security whose payoff at time 1 

is a function of )(1 jS  , that is  

.2,1)),(( 1  jωSfV jj  

We can construct a portfolio of these two securities that has the same value 

as the derivative security in each state at time 1. Assume the portfolio 

consists of 1  units of 1B  and 2  units of 1S . We must have 
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A unique solution of this system of two linear equations exists because of the 

complete market assumption and we have 
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Introduction

If there is no an arbitrage, then the time-0 value of   the portfolio must be 

equal to the time -0 price of the derivative. Hence the time-0 price value is 

        02010 SBV   ,                                                                              (3) 

where 1  and 2  are given by (1) and (2). It is convenient to simplify the 

notations. 

Let )1()( 011 dSωS  , )1()( 021 uSωS  . If there is no an arbitrage, then 

dru  , and the equation (3) takes the form 
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Hence 
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are  risk neutral probabilities. Denoting corresponding probability measure  

Q ,   we can rewrite (4) in the form 
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Approximation of Incomplete Market

From the previous part we can conclude that if the stock price has only two 

values we can construct the replicating portfolio ),( 21  , and the derivative 

price is given by (1)-(3).  In [4] Takahashi   analyzed the situation where the 

stock price can take 3 values at time 1 and presented an approach of 

choosing the martingale measure which is the combination of the method of 

least squares and the embedded complete markets.  

       In this part we consider the situation where the stock price at time 1 can 

take more than two values. The equation (4) could not be applied because a 

risk neutral measure Q  is not unique. In this situation we introduce a fictive 

market ),( *SB  which is complete, and in some sense is close to our market.  

In this fictive market the stock price takes only two values. To introduce the 

fictive market we need a measure of closeness. It is possible to use an 

expectation of some function .),( 21 yyR  of )(Sf  and the payoff of the   

replicating portfolio in ),( *SB  market. 

 



Approximation of Incomplete Market

      More formally, let )1(01  SS , )1( *
0

*
1  SS , where   and *  are  

random variables. We assume, that the random variable *   values are u  

and d,  pdu  )Pr(1)Pr( **  . The time-1 prices of the securities 1S  

and *
1S  are completely determined by ,0S   , and     * .  We can choose 

the distribution parameters of *  to make the fictive market closer to the   

(B, S) - market. So we have the problem: 

pdu
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In the problem (5) the resulting portfolio depends on u and d . In practice the 

problem could be solved numerically by using empirical distributions. 

 



Approximation of Incomplete Market

Further we assume that 2
2121 )(),( yyyyR   .  

We will look for the random variable *  in the form 
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Thus the problem (5) in our case is to find such *  of the type (6), that 

minimizes 
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Numerical illustration

Having the observations   of the  ),,( 1100
nnnn SBSB  in the   discrete time  

moments Nn ,...,2,1  and assuming that 
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identically distributed random variables that have the same distribution as   

we can minimize empirical estimator of (7) numerically. 

The problem to be solved is 
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Numerical illustration
Here we assume that a derivative security is a 1- period European call 

option. Then  

)0,max()( 11 KSSf  , 

where K -is  the strike price of the call. We have performed the calculations 

for two choices of K . For the first one NnSKK n
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From (1)-(2) for the first choice of   K   the replicating portfolio   approximation 

is given by the equalities 
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Numerical illustration
For  the second choice of   K    
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For the numerical illustration we consider the daily data of 3 Russian stocks 

SBER, GMKH, EERS since 01.04. 2003. We use N=50, and a derivative 

security is 1-month European call option. 
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