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The idea of the report is to compare and contrast two approaches to shrinkage esti-
mators: the Stein-type and ridge regression estimators that are used by statisticians on the
one hand and the credibility estimators traditionally used by actuaries on the other hand.
The credibility estimator may be viewed as a particular case of Stein-type and ridge regres-
sion estimators. Although this fact is well-known by both actuaries and statisticians, the pos-
sibility of using more general alternatives for actuarial approach seems not to be studied be-
fore.

Some motivations for using shrinkage estimators (other than actuarial ones) are pre-
sented in this paper. It allows us to analyse the estimation problems in wider context that
actuaries usually do.

The alternatives to some classical credibility models (including the BihlImann one and
the Hachemeister one) are discussed in this paper. These alternatives allow us to analyse
data sets with more general dependence structures than one in the traditional credibility
models. Some of those alternatives are better than the traditional actuarial estimators in
many cases.

The comparison of different Stein-type estimators is based on a simulation study.
Some recommendations for using more effective estimators than the traditional credibility
ones and for the need of a preliminary study of dependence are given in the report.

Actuarial data are often multicollinear or near multicollinear. There are many direc-
tions to solve this problem. Two of them — principal components and ridge regression — are
discussed in this paper in the context of the credibility approach. Their usefulness is demon-
strated by an example with the real insurance data.

Keywords: credibility, Stein-type estimator, principal components regression, ridge regres-
sion, simulation.



1. Motivations for credibility estimators

Credibility approach is a powerful tool for actuarial modeling and forecasting. There
is extensive literature about this topic — see Goovaerts and Hoogstad (1987), and BiihImann
and Gisler (2005) for reviews. Nevertheless, the area of research is not closed and has been
intensively developing.

The traditional motivation for the credibility models is the shortage of data. The idea
is to contrast and compromise individual and collective estimates for achieving more reliable
forecast of a future size or number of loss (claims). Two source of information is actually
used for the estimation and forecasting — local (e.g. contract) data and one from wider set
(say, from insurance portfolio). Philbrick (1981) among others gave the comparison of differ-
ent branches of the credibility theory from this point of view. Analogous approach is used in
other fields. For example, the similar idea in demography is known as small area estimation
—see Rao et al. (2008) for review.

This motivation is very effective for explaining to actuaries why they need to use cre-
dibility estimators. Moreover, short time series (often for 2 or 3 years only) is typical for ac-
tuarial practice. Nevertheless, this motivation does not explain the backgrounds of the cre-
dibility models connected to such techniques as Kalman filter (see for example de Jong and
Zehnwirth (1985) among others) and some evolutionary approaches. Those techniques
usually need a large amount of data, which contradicts to the traditional motivation of the
credibility theory.

That contradiction could explain an alternative motivation for the credibility estima-
tors. This alternative motivation is based on an idea of the estimator quality. The latter in-
cludes different features — (in)admissibility, multicollinearity etc. Under some conditions, the
credibility estimators are better than the non-shrunk ones.

The aim of this paper is to discuss some aspects of the second motivation including
some extensions of usual actuarial approaches. Examples of those extensions are Stein-type
estimators and ridge regression. They are presented in this paper in the context of actuarial
models.

Stein (1955) proved that the best unbiased estimator is not admissible and optimal
(as the minimum of a quadratic loss function) and suggested a shrinkage estimator. James
and Stein (1961) found a shrinkage estimator that is uniformly better than the best unbiased
one. The approach has been intensively developed — see reviews of Hoffmann (2000) or Ku-
bokawa (1997), among others.

Stein-type estimators are used in a variety of practical fields. In particular, it is used
for economic data analysis (see Aigner & Judge (1977)) and portfolio theory (see Jorion
(1986), among others). Efron & Morris (1975) and Morris (1983a) refer to applications in
technical, medical, educational, and sports fields.

The ridge regression was offered by Hoerl and Kennard (1970) to deal with multicol-
linearity. As the ridge methods are popular among researchers and practitioners (mostly, in
technological and biomedical areas), a large number of different estimators were con-
structed. The comprehensive review of the ridge regression methods is given by Gruber
(1998).

Both approaches improve efficiency of estimators through shrinkage — see Gruber
(1998). This idea could be easily used for the credibility estimators as the latter are also
shrinkage ones: they shrunk the individual estimators of loss towards the collective one. In



other words, the credibility estimator may be viewed as a particular case of shrinkage esti-
mators. It allows actuaries to use larger toolbox for analysis of their data. The idea is dis-
cussed in this paper.

The paper is organized as follows. In Section 2, Stein-type estimators are discussed as
alternatives to the traditional actuarial approach. The analysis is limited to BiihImann-type
models, which have different dependence structure from one for the classical BiihImann
model. The comparisons of different estimators are based on a simulation study. Section 3 is
devoted to the problem of multicollinearity. The principal component and ridge regression
are used as basic tools to analyse the credibility models. The usefulness of this approach is
showed by an example with real insurance data. Some conclusions are given in Section 4.

2. Stein-type estimators comparing to the traditional credibility approach
2.1. Connections between Stein-type and credibility estimators

The idea of those shrinkage estimators may be conveyed by the following minimisa-
tion problem (hereafter “Problem 1”). There is a set of m random vectors x;,i = 1,2, ..., m,
that have an n-variate Normal distribution N(8;e,,; °1,,) where e,, is an n-dimensional row
vector with every component being equal to 1 and I,, is an n X n identity matrix. The best
estimator 8§ = (8;, 85, ..., 8;,,) of the mean vector @ = (64, 60,, ..., 8,,) is the minimum of the
objective function

m
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where ||:|| is the Euclidean norm, if §; is a linear function 6; = u + (1 — ¢)(&; — 1) where u

is an a priori fixed value, x; = Z’}:lxij are the sample means, and ¢ is an unknown constant,

0 < ¢ < 1. If vectors X; are independent” and if m > 3, the solution of that problem is not
the vector X with components X;. The solution is the James —Stein estimator

m— 2)o?
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(for details, see Efron & Morris (1972b)).

On the other hand, there is the actuarial tradition of shrinkage estimators known as
the credibility theory. For illustration, let us consider Bayes estimators under the so-called
exact credibility approach. As above, there is a set of m random vectors x;,i = 1,2, ...,m,
that have an n-variate Normal distribution N(8;e,,; 021,,). A further condition that is added
in the Bayesian tradition is that the m-dimensional column vector of the means @ =
(64,05, ...,0,,)T has an m-variate Normal distribution N(uel; v21,,). Then the Bayes esti-
mator is

6T =+ 2% — ), 3)
where Z = n/(n + 6?/v?) is the so-called Biihimann credibility factor, 0 < Z < 1. There is
an extensive actuarial literature about such estimators based on different sets of assump-
tions (see Klugman et al. (1998) as well as Bihlmann and Gisler (2005), among many others).
In this paper, we analyse the Biihimann model, because its assumptions are the simplest —

* The conditions of linearity and independence could be weakened. This case is discussed
below.



see Bihlmann (1967). The assumption about dependence structure will be weakened fur-
ther. We called this weakened model a Bihimann-type model.

The data used for the traditional credibility estimator in the framework of the
BUhImann-type model have the simplest structure, as shown in Table 1.

Table 1. Typical data structure for a Bihlmann-type model

Observable claims data | Forecasted values
Contracts Period
1 2 n n+1
X111 X1,2 X1.n E[xl,n+1] =0,
X211 X222 X2n E[xz,n+1] =0,
m Xm,1 Xm,2 Xmn E[xm,n+1] = On

One part of the credibility theory, the greatest accuracy branch, is based on the
minimisation of the quadratic loss function in the form of the objective function (1) or its
modifications. There are two approaches to that idea. The first is Bayesian, which is based on
the mixing (prior) distribution. The second is based on assumptions about the structure of
the mean vector and the covariance matrix. The idea of the second approach is to seek the
best linear estimator of form (3). This estimator is the best linear Bayes one, which is the ba-
sis for Empirical Bayes estimation.

Estimator (3) is often difficult to use in practice, because u, o2 and v2 are unknown.
The actuarial tradition uses the best unbiased estimators for those values. For Problem 1 in
the context of the Bihlmann model (also known as Model 1 of Empirical Bayes Credibility
Theory), they are correspondingly the following:
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If the estimate for $2 is negative, another estimator could be used or Z = 0 is assumed. The
latter case is based on the transformation (92), where (+), = max{0,-}. In other words, the
traditional actuarial estimator is the following:
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Nevertheless, Stein-type estimators and formula (5) give slightly different versions. It
is important to understand how dissimilar they are from each other.

Although traditional actuarial and Stein-type estimators are not identical (for exam-
ple, u = 0 is often assumed for the latter while ¢ > 0 is the important case for the former),
they are quite similar to one another. Following Efron and Morris (1972b), let Z in (3) denote
A/(1+ A), where A = nv?/c?. If A is unknown, it may be estimated from the following

property:
2

_ o
IR ~ = (1 + A,

where y2, is a random variable that has a chi-square distribution with m degrees of free-
dom. It is a well-known result that
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This result allows us to connect formulae (2) and (3) to each other: the former is an Empirical
Bayes version of the latter.

The fact that the credibility estimator is a particular case of Stein-type ones is well-
known by both actuaries and statisticians. The North American actuary Heckman (1980)
seems to have been the first to note this. Norberg (1985) also discussed the connection be-
tween the two types of estimator. The question about the connection is also raised in statis-
tical papers; see Morris (1983a) and Mashayekhi (2003).

Nevertheless, statistical literature discusses many variations for estimators of form
(2), although actuaries prefer to use the initial form of the traditional credibility estimator.
Moreover, the possibility of using alternatives to the traditional credibility estimator in actu-
arial practice seems not to have been studied yet.

The majority of results for Stein-type estimators are based on a Normal (Gauss—
Laplace) distribution. Although the assumption of normally distributed random variables is
the classical case for statisticians, it is false in actuarial practice. That being so, normal ap-
proximations and some extensions to the exponential family are discussed in this paper as
more interesting cases for actuarial applications.

However, statistical literature gives results for more general dependence structures
than the conditional independence that is traditional for actuaries. It is possible to say that
distribution-free actuarial approach is “paid” with stricter assumption about dependence.
Recent intensive studies on dependence in actuarial models raise the question about the
construction of a credibility estimator with alternative dependence structures or even de-
pendence-free.

Stein-type estimators are based on a number of different types of loss function:
guadratic, LINEX (linear-exponential) and Kullback-Leiber (entropy) ones. In the actuarial
tradition, results are achieved mostly for the quadratic loss function. The tradition was es-
tablished by Bihlmann (1967) and is the core of the credibility theory. Alternative loss func-
tions have only recently become topics for actuarial research; see Denuit et al. (2007) for
using the exponential loss function as a particular case of LINEX as well as Promislow and
Young (2000) who used a general family of loss functions that includes entropy one. Never-
theless, only the quadratic loss function is discussed in this paper.

2.2. Comparisons of different Stein-type estimators with actuarial one
in the framework of simulation study

In the statistical literature, a number of Stein-type estimators have been discussed as
alternatives to the traditional credibility one. Some of them are expected to be better than
the latter (at least, for some types of distribution). We use a simulation study to determine
whether or not the hypothesis is correct in the wider context of different underlying distri-
butions.

One of the major aims of the simulation study is to check what estimator is better in
the context of ruining traditional assumptions about conditional independence. The data is
generated for alternative covariance matrix E, that is bound to dependence in time (be-
tween components in each row of Table 1), and covariance matrix {2, that is corresponded to
dependence between contracts (components in columns of Table 1)

The following estimators are compared in this simulation study:



a) the traditional actuarial estimator 6{4 according to formula (5);
L/BSI+

b) the positive part Lindsley estimator &, based on the best scale invariant estimator

of the variation according to formula
5iL/BSI+ - <1 ~ (m=3mn-1) ) Gi— 7).
(mn—1 +2)(m-1De),

D. Lindley proved in discussion to Stein (1962) that additional shrinkage is needed while the
estimator is shrunk towards the sample mean. It explains the coefficient m — 3. The best
scale invariant (BSI) estimator §2 = m(n — 1)62/(m(n — 1) + 2) was recommended by
James and Stein (1961). Positive-part version is always better than the estimator lying in the
ground — see Saleh (2006);

c) the positive part Lindsley estimator

m — 3)6?
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+

: n||lx — x.el ||
based on the uniformly minimum variance unbiased estimator of the variation. The latter

estimator which is given in (4) is the most common choice to estimate variance;
d) the positive part Green—Strawdermann estimator (SiGS/BSH based on the best scale in-

variant estimator of the variation
m—2)(m—-1)(n—1)62
56S/BSI+ _ %+ (1- ( )( )(_ E ) & — %.).
' (m(n—1) + 2)n|x - x.epll?/,
The idea of the estimator is based on Green and Strawdermann (1991);

GS/UMVU+
i

e) the positive part Green—Strawdermann estimator § based on the uniformly

minimum variance unbiased estimator of the variation

i, (m-2)(m-16%\
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*+Mm +

f) the Efron—Morris estimator §7M*

5EM1— g 1 (1 (m=3men-1 <m(m -3) % -x| )) G-

T mn-1D+2)(m-De" " m—1 |x-x.el|?
given in Efron and Morris (1972b) with p(u) = min{l, d/\/ﬂ}, where d is an appropriate
constant from interval 0 < d < vm — 2. This function gives additional shrinkage as a fixed
number of standard deviations;
g) the positive part Berry estimator 51-33” based on formula
(m-3mn-1) /1 1 m(n —1)
(1o Cr1))) Gmrirgs 102D
(x ( (mn+2)(m—1D\¢ n-1 (% —x.),if mn—1)+2
6iBer+ — +
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see Berry (1994);
h) the positive part James—Stein estimator 6{5“ with an arbitrary covariance matrix E:
5i152+:9?*+<1— m—3 _ 2) Gi— 7).
(n—m+3)lIx; — GealZ/,
The estimator is based on more general case than Problem 1 as a dependence in time (be-
tween components in each row of Table 1) is assumed. The estimator of the covariance ma-
trix E is S. The generalisation is given by Tsukuma and Kubokawa (2005);




i) the positive part Efron—Morris estimator (SfMZJ’ with an arbitrary covariance matrix E.
It is a generalisation

X, + (x; — X,e,) [%en - c§‘1£] , ifm>=n+2,
SEM2 —

X, + x—x.el)ifn>m+2,

1-—
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of the estimator offered by Efron and Morris (1972a). This is also

|m—-n|-2
where = ————
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given by Tsukuma and Kubokawa (2005);

j) the positive part Saleh—Sen estimator 6i55+ with non-diagonal covariance matrix
showing an alternative dependence structure between contracts (components in columns of
Table 1)

SS
555 =

m-—3)(n—m
X.+(1- ( )(_ _) > | (% — X.)
mn(n —m + 2)||X — x.el |5
— see Saleh (2006). The estimator of the covariance matrix Q is S*;
k) the positive part Hadson estimator 5iH+ for Gamma distributions
§H =% M3 (og® —L)
=X — = ogx; — L,
LT S Qg — L2 o
where L, = % ™ log X; (see Hudson (1978));
) the Morris estimator 6 for Gamma distributions

1 m—1 (m — 3)x?
SM=x,4+|1- + X; — Xy).
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with scale parameter y (see Morris (1983b)).

The traditional actuarial estimator 5{4 (item (a)) is used as a benchmark. The compari-
sons between items (b), (c), (d), and (e) give an idea of how the variance estimator and/or an
additional shrinkage towards to X, affects the mean estimator quality. The comparisons be-
tween them and item (f) facilitate the analysis of the efficacy of an additional shrinkage. The
item (g), in contrast to the previous estimators, allows us to examine whether or not it is
worth using a better estimator for the variance. Items (h) and (i) are used to contrast the in-
dependent and identically distributed case with the case of an arbitrary covariance matrix
(dependence within rows). The alternative dependence structure (dependence within col-
umns) is discussed using item (j). Items (k) and (l) facilitate the study of a non-Normal case
(for example, Gamma distributions).

In order to compare the different estimators, the following criteria are used. First of
all, the values of loss function Qg(8) from formula (1) are important. Given that the gener-
ated data yield different values of Qg(8), the Pitman measure of closeness

P(8,,8;) = Pr[||8, — 6] < [|8; — 0]|*].
is a good criterion; see Keating and Mason (1988) as well as Robert, Hwang and Strawder-
man (1993). If P(8,, 8,) is greater than one half, 8, is better than 8,, or in other words, 8,
is more often being closer to the true value 0 than §,.

Moreover, the important information about asymmetry is given by the probability of
covering the true value 0 with confidence regions constructed on the normal approximation
C(8) = {y:nll8 = ylI*> < p(a)(m — 1)67},
where a is the selected confidence level, and ¢(a) is the critical value of the F-test with
m —1 and m(n — 1) degrees of freedom (about confidence regions for Stein-type estima-
tors, see Berger (1980)). In other words, the criterion is to estimate the probability of the

following inequality holding
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and comparing the probability to 1 — «.

The data are generated for the following three distributions: Normal, Gamma, and
Gumbel. The first is used a benchmark because the majority of estimators are based on it.
The second is an example of asymmetric distribution with light tail. The third is the typical
distribution with heavy tail. It is possible to compare different cases using these three types
of distribution.

First of all, the independent data are generated because this is the basis for many
Stein-type estimators. Then, the data are generated for distributions with covariance matrix
E =02, + t%ele,. This case is important because the assumption of conditional inde-
pendence is used for the traditional actuarial approach, and 72 = v2 for this assumption.
Nevertheless, the simulation study also includes the case, in which 72 > v?, to construct a
higher degree of dependence. Further, it is worth analysing the data based on covariance
matrices with a different structure. In particular, the covariance matrix
E= az[p”_j']ij:l n from the AR(1) model allows us to study both the approximately in-

dependence case (with small correlation coefficient p) and the case with high dependence
(with large p). The data based on alternative dependence matrices of type Q = oI, +
72ele, and Q = az[p“_j'] are included in the simulation study as well.

i,j=1,..n
All those cases are observed for both small and large values of variations ¢? (corre-
spondingly 5 and 100). The number of contracts m is 5. The number of periods n is 10. The
mean vector is @ = (2; 3;4; 6; 10) for all cases, and hence v? = 10. The results are given in
Tables 2 to 4.
First of all, confidence regions based on normal approximations is appropriate nei-

ther for estimators 6i]SZ+ n §EM2* nor for a multivariate Gamma distribution with high de-
pendence. The fact that the confidence regions are of poor quality for estimators for cases
with an arbitrary covariance matrix could be explained with estimation errors connected
with the methods themselves (even for a Normal distribution). Hence, alternative methods
are preferable because more robust. The fact that the confidence regions are of poor quality
for estimators for a Gamma distribution can be explained with the distribution asymmetry.
For the confidence regions given by the bootstrap approach, almost all estimators are
of good quality. Some examples are given in Figs. 1 and 2. Those figures can be compared to
contrast symmetric and asymmetric distributions with different covariance matrices. In par-
ticular, the estimators 6i152+ and 51-EMZ+ yield incorrect results for symmetric distributions
(the mean is shrunk from the midpoint of confidence intervals, especially for small 62). They

perform better for asymmetric distributions. Nevertheless, 6{” is preferable to 5i152+ and
SEM2+,

Nevertheless, all estimators (including 6{4) are of poor quality for distributions with
large asymmetry. This means that actuaries make errors assuming that the traditional credi-
bility approach is appropriate for data with a large asymmetry.

The results are contradictory for dependence within contracts. Almost all estimators
are better than 8 for covariance matrices of type Q = o2I,, + t2ele,. Nevertheless, the
quality of the estimators depends on the type of distribution and on the value of g2. Some
additional study is needed.



Table 2. Pitman measure of closeness P (8, 84) for alternative estimators compared to the traditional actuarial one 6{4
for normally distributed random values

6L/BSI+ 5L/UMVU+ 6GS/BSI+ 6GS/UMVU+ 6_EM1 6_B€T+ 6]SZ+ 6-EM2+ 5:95+ 6H+ 5M
i i i i l L i l l l 2
E=5L,,0=1, 0511 | 0504 | 0506 | 0506 | 0500 | 0,493 | 0,284° | 0,156" | 0,506 | 0,446 | 0,333
E =100L,,Q = I, 0509 | 0457 | 0477 | 0481 | 0415 | 0,338 | 0,318 | 0,364 | 0,418 | 035 | 0,397
E =51, + 10ele, , @ =L, 0077 | 0073 | 0073 | 0,073 | 0,079 | 0,071 | 0,663 | 0,784 | 0,084 | 0,336 | 0,798
E = 100L, + 10eTe, ,Q = I, 0256 | 0219 | 0232 | 0238 | 0,188 | 0,144 | 0,220 | 0,309 | 0,198 | 0,451 | 0,608
E = 51, + 20ele, , 2 =1, 0034 | 0031 | 0034 | 0034 | 0037 | 0029 [ 0,781 | 0,887 | 0,039 | 0,555 | 0,875
E = 1001, + 400e%e, , @ =L, 0,002 | 0001 | 0002 | 0002 | 0645 | 0,000 | 0,712 | 0,882 | 0,015 | 0,910 | 0,993
g=5[095] Q=1 0,182 | 0,181 | 0,181 | 0,18 | 0,196 | 0,180 | 0,694 | 0,650 | 0,183 | 0,635 | 0,696
2=100(095") @=L, | 0003 | 0003 | 0003 | 0003 | 0051 | 0,003 | 0,799 | 0,916 | 0,005 | 0,817 | 0,980
g=5l0.057] Q=1 0492 | 0478 | 0481 | 048 | 0477 | 0,444 | 0,475 | 0,315 | 0,470 | 0,471 | 0,203
g =100[0.05"] _ @=L, | 0473 | 0419 | 0432 | 0442 | 0395 | 0314 | 0,291 | 0,338 | 0,386 | 0,338 | 0,414
E=1,,@=10[09"] 0,758 | 0,726 | 0,733 0,735 | 0,709 | 0,681 | 0,549 | 0,377 | 0,682 | 0,684 | 0,731
E=1,,@=100[09"] _ = | 0787 | 0760 | 0,765 | 0,768 | 0,756 | 0,692 | 0,646 | 0,675 | 0,673 | 0,642 | 0,686
E=1,,Q =101, + 15e%e, 0987 | 0979 | 0983 | 0983 | 0981 | 0,965 | 0,821 | 0,788 | 0,968 | 0,844 | 0,795
E =1,,Q = 100L, + 400el e, 0987 | 0973 | 0978 | 0981 | 0179 | 0,721 | 0,635 | 0,687 | 0,724 | 0,793 | 0,559

* The probability of covering the true value with the confidence region is less than 95 per cent.




Table 3. Pitman measure of closeness P (8, 84) for alternative estimators compared to the traditional actuarial one 6{4
for Gamma distributed random values

6L/BSI+ 6L/UMVU+ 6GS/BSI+ 5GS/UMVU+ 5EM1 SB€T+ 6]52+ 5EM2+ 6:S'S+ 6H+ 5M
i i i i l 2 i l l L 2
E=5L,,0=1, 0540 | 0514 | 0523 | 0530 | 0490 | 0457 | 0,471" | 0,361° | 0,470 | 0,475 | 0,168
E = 100L,,Q = I, 0556 | 0,485 | 0515 | 0524 | 0482 | 0,325 | 0,314 | 0,371 | 0,304 | 0,293 | 0,249
E =51, + 10ele, , @ =L, 0013 | 0013 [ 0013 | 0013 | 0016 | 0,011 | 0,751 | 0,869 | 0,013 | 0,039 | 0,947
E = 100L, + 10eTe, ,Q = I, 0,245 | 0210 [ 0,223 | 0226 | 0234 | 0,156 | 0,238 | 0,312 | 0,140 | 0,137 | 0,529
E = 51, + 20ele, , @ = I, 0,034 | 0033 [ 0033 | 0033 | 0044 | 0032 | 0784 | 0,878 | 0,032 | 0,080 | 0,917
E = 1001, + 400e’e,, , 2 =1, 0,415 | 0,412 | 0,413" 0,413" 0,614" | 0,405" | 0,627 | 0,694 | 0,403" | 0,404 | 0,721
E=5[095] Q=1 0119 | 0118 | 0119 | 0,119 | 0,121 | 0,115 | 0,708 | 0,726 | 0,116 | 0,347 | 0,818
£=100(095"71) @=L, | 0096 | 0096 | 0,096 | 0096 | 0238 | 0,094 | 0,755 | 0,848" | 0,094" | 0,114 | 0,864
g=5[0.05] Q=1 0207 | 0189 | 0,198 | 0,199 | 0,162 | 0,159 | 0,352" | 0,495 | 0,170 | 0,164 | 0,543
g =100[0.05"/1] @=L, | 0400 | 0354 | 0365 | 0373 | 0359 | 0,253 | 0,257 | 0,318 | 0,239 | 0,231 | 0,324
E=1, @=10[09"] 0171 | 0,160 | 0,164 | 0,164 | 0,137 | 0,147 | 0,407 | 0,562 | 0,148 | 0,150 | 0,497
E=1I,,0=100009"/] _ = | 003 | 0031 | 0032 | 0032 | 0015 | 002 | 0393 | 0,657 | 0,043 | 0,019 | 0,153
E=1,,Q=10L, + 15el e, 0,861 | 0,845 | 0,848 | 0848 | 0,836 | 0,814 | 0,639 | 0,408 | 0,820 | 0,820 | 0,048
E =1,,Q = 100L, + 400el e, 0902 | 0891 | 0,893 | 089 | 0870 | 0,839 | 0,734 | 0,695 | 0,841 | 0,835 | 0,851

* The probability of covering the true value with the confidence region is less than 95 per cent.




Table 4. Pitman measure of closeness P (8, 84) for alternative estimators compared to the traditional actuarial one 6{4
for Gumbel distributed random values

6L/BSI+ 6L/UMVU+ 6GS/BSI+ 6GS/UMVU+ é‘EMl 6BET+ 6]52+ 5EM2+ 5-55+ 5H+ 6M
i i i i L l i L l L l
E=5,,Q =1, 0525 | 0511 | 0514 | 0516 | 0412 | 0,478 | 0,465" | 0,292° | 0,491 | 0,497 | 0,156
E = 100L,,Q = I, 0515 | 0468 | 0,48 | 0493 | 0414 | 0351 | 0,343 | 0,385 | 0,423 | 0,307 | 0,322
E = 51, + 10ele, , @ = I, 0092 | 008 [ 009 | 0091 | 008 | 0084 | 0631 | 0,752 | 0,093 | 0,117 | 0,711
E = 100L, + 10eTe, ,Q = I, 0,005 | 0,004 | 0004 | 0005 | 0045 | 0,004 | 0,874 | 0,941 | 0,006 | 0,404 | 0,966
E = 51, + 20ele, , @ = I, 0,046 | 0,044 | 0,044 | 0044 | 0047 | 0,041 | 0,749 | 0,851 | 0,047 | 0,151 | 0,787
E = 1001, + 400ele, , @ = I, 0,001 | 0001 | 0001 | 0001 | 0544 | 0,001 | 0,670 | 0,842 | 0,004 | 0,532 | 0,994
g=5[095] Q=1 0179 | 0177 | 0177 | 0177 | 0156 | 0,173 | 0,651 | 0,607 | 0,173 | 0,700 | 0,660
2=100(095"71) _ ~ ,@=1, | 0007 | 0003 | 0004 | 0004 | 0,062 | 0,003 | 0,659 | 0,851 | 0,003 | 0,273 | 0,949
g=5l0.057] Q=1 0,481 | 0,469 | 0474 | 0475 | 0367 | 0,439 | 0,462 | 0,334 | 0,452 | 0,455 | 0,202
g =100[0.05"/] _ @=L, | 0485 | 0424 | 0444 | 0450 | 0,369 | 0,306 | 0,319 | 0,357 | 0,369 | 0,291 | 0,356
E=1,,@=10[09" ] 0,059 | 0047 | 0052 | 0053 | 0016 | 0,034 | 0,531 | 0,583 | 0,034 | 0,074 | 0,842
E=1,,@=100[09"] _ = | 0711 | 0679 | 0690 | 0691 | 0,676 | 0,636 | 0,555 | 0,455 | 0,618 | 0,633 | 0,676
E=1,,Q=10L, + 15el e, 0989 | 0987 | 0988 | 098 | 0960 | 0,975 | 0,613 | 0,283 | 0,981 | 0,982 | 0,000
E =I,,Q = 1001, + 400e%e,, 081 | 0823 | 0836 | 0839 | 0773 | 0,770 | 0,647 | 0,631 | 0,774 | 0,759 | 0,796

* The probability of covering the true value with the confidence region is less than 95 per cent.
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Fig. 1. The comparison of confidence intervals for 8, = 6 based on
independent normally distributed random variables
(for each estimator: left-hand interval for 2 = 5, right-hand interval for 2 = 100)
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Fig. 2. The comparison of confidence intervals for 8, = 3 based on
Gamma distributed random variables with covariance matrix
E = oI, + t2el e, with 2 > v? (for each estimator: left-hand interval
for 02 = 5,72 = 20, right-hand interval for 2 = 100, 72 = 400)

A by-product of the analysis is that the BSI estimator of the variance o2 seems to be
better than others, including UMVU estimator, which has traditionally been used by actuar-
ies. The fact that this is so explains the recommendation given by James and Stein (1961).



Nevertheless, this result raises the issue of whether the traditional credibility estimators
themselves could be improved further.

To sum up, the dependence structure affects the quality of estimators, including the
traditional actuarial one. A preliminary study of dependence should be an important stage of
the credibility analysis.

3. Multicollinearity problem in credibility regression models
3.1. Hachemeister model and some of its extensions in the case of multicollinearity

The regression credibility models are a significant actuarial tool. The original version
of the regression credibility model was developed by Hachemeister (1975). The aim of this
approach is to estimate regression coefficients () in the following equation

E[x|® = 6] = WB(0), (6)
where X is a column-vector of loss observations, 8 is unobservable quality characteristics
used for modelling differences between vectors of observations, and W is known n X r de-
sign matrix (n > r). Important assumptions include the following:

1) Different vectors (0,x") are independent of each other;

2) Random variables O belonging to different vectors of observations are identically dis-
tributed;

3) The variance—covariance matrix for each random vector x has the diagonal structure

. a?(6) .
Cov[%, %10 = 0] = Sej——k=12.,n,j=12..n, (7)
J

where &y ; is Kronecker delta (§;; = 1if k = j or §;; = 0 if k # j), and ¢; is the exposure for

the jth loss. A general variance—covariance matrix is sometimes assumed, but formula (7) is
used in this paper as the basic case. The results in the outstanding part of this paper may be
easily generalised for an arbitrary covariance matrix (of course, with full rank).

In order to construct a least squares estimator, one additional assumption is re-
quired. Either the error terms must be assumed to be normal or the mean squared estimator
must be assumed to be linear. Actuaries generally adopt the latter assumption, although the
former is important for some alternative statistical approaches discussed in this paper.

The credibility estimator is as follows:

BC = ZB°S + (1 - Z)E[B(0)], (8)
where Z is the credibility matrix defined as
Z = Cov[B(©), B(©)]W’'Cov[x, x] W, (9)
and EGLS is the generalised least squares (GLS) estimator based on the usual formula
BCLS = (W'Cov[x,x]"'W) 1W'Cov[x, x] 'x. (10)

Matrix W' Cov[x,x]™1 - W should be of full rank (=7). Vector E[B(8)] and matrix
Cov[B(0),B(0)] are estimated from different sets of data using an empirical Bayes ap-
proach.

Using formula (7), it is easy to derive simpler forms of (9) and (10) as follows:

BOLS = (WC'w)lw'Cc ik,
Z = Cov[B(0), B(©)](Cov[B(0), B(O)] + o?(W'CT'W) )™t =
= (Cov[B(@), B(®)] + (W'CIW)) 'W'C W

where C1 = diag(cy, ..., ¢,) and 6% = E[c2(0)].

Actuaries often employ data that are multicollinear. Although a large number of stud-
ies on the problem of multicollinearity has been done, those solutions seem not to be incor-



porated in actuarial models. The aim of the section is to develop the regression credibility
model (in its simplest version given by Hachemeister (1975)) that could give appropriate so-
lutions for the case of multicollinear data.

There are two basic approaches to constructing the design matrix W. The first is to
use this matrix as a model for trends and/or seasonal fluctuations. It is constructed in such a
way that the regression equation describes a linear (or other kind of) trend that may also
include seasonal changes. The most famous example is the linear trend model offered by
Hachemeister (1975), according to which the jth row of Wis equal to (1,j),j = 1,2, ..., n.

As the structure of W is a priori known, it is possible to analyse the solution for a
general case. The construction procedure and its analysis guarantees, in particular, that W
has a full rank. And, hence, there is no technical problem with making the GLS and credibility
estimators.

The second approach to constructing the design matrix is to use the information
about different rating factors (or covariates — in statistical terms) for its rows. This model
employs the usual rating procedures. Nevertheless, the structure of the design matrix W is
not known in advance. In particular, it is possible that the minimum dispersion matrix
W’ C~1W could be singular or nearly singular, as the effect is data-specific. In such a case,
the traditional solution does not work, because the usual GLS estimator does not exist as it
includes the inverse of the dispersion matrix. The Hachemeister solution is also sensitive to
the problem. This may explain why this second approach is not popular in the actuarial lit-
erature.

A number of methods are offered in the statistical literature for finding a solution to
a regression problem under multicollinearity — see Rao et al. (2008). All of them involve bi-
ased and shrinkage estimators. If there is no additional (non-sample) information, some ad
hoc biased methods could be used, such as the principal components method or ridge re-
gression, among other approaches. Otherwise, some relevant restrictions for parameters
can be added to the model. An example could be a restricted Stein-like estimator. Other
shrinkage approaches to combat multicollinearity in the context of the credibility models (for
example, partial least squares or variable subset regression) could also be used.

The principal component and ridge regression methods are discussed in this section
to constructing the credibility estimators that are insensitive to multicollinear data. The vol-
ume of this paper does not allowed to discuss all of other approaches in details.

The principal component regression (also known as the canonical form) was devel-
oped by Massy (1965); see Rao et al. (2008) for some details. It is based on the spectral de-
composition of the matrix W/ C~W, which is W/ C"'W = UAU’ where U is the orthogonal
matrix of the standardised eigenvectors, and A is the diagonal matrix of eigenvalues. If A is
deficient in rank, then some diagonal elements are equal to zero.

According to this transformation, the regression equation could be re-written as fol-
lows:

E[x|@ = 6] = (WU)(U'B(6)) = W*B.(6),
where W* = WU is the matrix of the principal component, and B.(8) = U'B(0) is the cor-
responded regression parameters. The GLS estimator of the latter is the following:
BOLS = A"1(WH)'C1x. (11)
If matrix W/ C™'W is deficient in rank, A~! is changed to diag(l{l,lgl, wr A1, 0, ...,O),
where 4;,i = 1, 2, ..., p, are non-zero eigenvalues.

This approach could be easily extended to the credibility models. In particular, the

new credibility matrix, according to (12), could be written as follows:



Z, = Cov[B.(0),B.(0)](Cov[p.(0),B.(0)] + c*A~ )~ =

= Cov[B.(0), B.(©)](Cov[B.(0), B.(®)] + o*(W*)'CT'W*)"H)~! =

= U’'Cov[B(©), B(©)]U(U'Cov[B(B®), B(O)]U + c?U’'(W C W) 1U)" ! =

= U'Cov[B(0), B(0)](Cov[B(®), B(O)] + c*(W'C'W) 1)U = U'ZU
Although 02A~1 is diagonal, matrix U'Cov[B(0©), B(©)]U is not necessarily diagonal, and,
hence, Z, is not diagonal either. From (8), the new regression coefficients are as follows:

B = Z.B¢ + (1 - Z)E[B.(0)] = (12)
= U'ZBS + U'(1 — Z)E[B(O)] = U'BES,

Although the strict relationships between Z, and Z as well as between B¢ and B¢-S
are obvious, practical calculations may yield estimates for which those relationships do not
hold. This is especially true for recursive algorithms. This open problem remains to be ana-
lysed in detail, and thus appropriate solutions have yet to be presented in the current litera-
ture. Note that with this goal in mind, at the very least, the value of such errors could be an
evaluative criterion for the quality of practical algorithms.

The approach presented above differs from the process of matrix diagonalisation dis-
cussed by Danneburg (1996) in his doctoral thesis. He suggested the use of the spectral de-
composition of Cov[B(©),B(0)] in order to transit to the diagonal matrix
U'Cov[B(0), B(®)]U. For the latter case, the matrix U'W’ C"*WU is not necessarily diago-
nal.

Another standard approach addressing multicollinearity is the ridge regression model
developed by Hoerl and Kennard (1970). They analysed the homoskedastic case with the co-
variance matrix o%I,,,,;. If W W is singular or nearly singular, the following modification
was offered:

BR = (W W+ kL) 'W'x.
This modification is also known as Tikhonov regularisation. As a vector, the ridge regression
estimator is shorter than the least squares estimator in the terms of Euclidean or Mahalono-
bis distance.

The latter equation could be re-written as follows:

BF = (I, + k(W' W)=~ BES (13)
It is useful to understand the reasoning behind the transformation, especially a mixture of
the a priori covariance matrix and its sample estimator 02(W’ W)~ is used. Note that the
generalised ridge regression estimator given by Rao (1975) is actually based on the same
idea. However, this type of generalisation is not used in the present paper as the conditional
covariance matrix is assumed to be diagonal.

The generalised ridge regression estimator that was presented by Hoerl and Kennard
(1970) can be written in the canonical form as follows:

B =(A+K) (W) Cx (14)
where K = diag(kq, k5, ..., k,-). There are some different approaches to choosing k;s. In this
paper, the method presented by Firinguetti (1999) is adopted as it has no restrictions on the
values of estimates:

1,62

(n — )82 + ,(B%)°

These estimators for k;s are always bounded with an upper bound of 4;/(n —r).
There are some ways to improve the ridge regression. First of all, the ridge regression

estimator is biased. Thus, this bias can be corrected to generate an almost unbiased estima-

tor. In particular, the almost unbiased feasible generalized ridge (AUFGR) estimator is

i(\lz

(15)



BAUFGR = BSR 1 (A + R) ™ RBSR (16)
where K = diag(ky, k,, ..., k) see Ohtani (1986).

Another way to improve the ridge regression is by combining the ridge regression es-
timator with Stein-like rule. The most well known approach of this type is the Liu estimator.
Liu (1993) suggested using additional shrinkage toward the GLS estimator

B = (A + L) 1 ((W*)' € x + dBSL). (17)
He also found optimal values (in terms of minimal mean squared errors) for parameter d:
=1+ 1)t

L (B5) + )

There are other wayss to improve the ridge regression estimators, such as through
the two-parametric Liu estimator, the double k class approach, and the restricted Stein-type
rules, but these approaches are not discussed in this paper.

It is quite easy to integrate different ridge regression estimators with the credibility
approach. From (14), the following formula, which is analogous to (13), can be derived:

BSR = (A + K)'ABSES = [1 - K(A + K) 1] BeLs,
The second equation requires some relatively simple algebra. The result has the structure of
a shrinkage estimator. The multiplier at each regression coefficient has the same form as the
Bihlmann coefficient 1;/(A; + k;) although it allows for some different interpretations. The
alternative estimator in this case is the origin. Analogous results could be easily found for
formula (17).

This understanding helps to construct the credibility-like estimator based on the ridge
approach. The idea is to use another estimator or prior information to shrink the estimator.
This approach is based on the mixed estimator presented by Theil and Goldberg (1961); see
also Bacon and Hausmann (1974), who showed that the ridge estimator is a special case of a
mixed estimator. Banerjee and Carr (1971) explained the ridge regression as an impact of
the augmentation of observation E[xaugle = 0] = VB(0) and derived the following estima-
tor

2

BEC = (W'W + V'V) 1 (W' + V'xg ). (19)
Swindel (1976) actually used this understanding of estimator 5 = (W'W + kI)"1(W'x +
kb) to shrink the ordinary least squares estimator toward a known vector b. This formula
can be modified by changing kI and kb to K and Kb respectively where K is the diagonal
matrix with the elements presented in (15). Using the notation already developed in this pa-
per, note that

BMS = (A +R) ™ ((W*)'C'x + Rb). (20)

Analogous results were achieved by taking constraints into account. Haitovsky and

Wax (1980) developed the following generalised ridge regression estimator
BCRR = (W'W + kS)"1(W’'x + kSb)
under additional constraint (B — b)’'S(B — b) < s. The particular case
B=b+u (21)
where u~N(0, W) is of special interest, as S = 0¥~ in this case.

The mixed and generalised ridge estimators discused above are constructed for a
homoskedastic case without multicollinearity. If the model is more general, the canonical
form must be used. For example, the modification U'V'VU and U'V'x,,,; (where U is the or-
thogonal matrix of the standardised eigenvectors for W' C~1W) should be used in the for-
mula (19). With this modification, these three estimators are quite similar to formula (17);



the only difference is the change in the shrinkage direction, which leads to a credibility-type
formula.

The case for arbitrary variance-covariance matrices with full rank was discussed by
GraR (2003), who constructed the restricted ridge estimator. Recently, Ozkale (2009) devel-
oped stochastic restricted ridge regression as follows:

BSRRR = (W' CT'W +R' W™ IR+ kD)"}(W CIx+ R'¥1r)
under the additional stochastic restriction r=RB+u where E[u]=0,E[u] =
o?¥,Cov[u, €] = 0, and £ is the error generated using equation (6).

Additional information about B could be connected to the old tariff system or to es-
timators for the entire portfolio. In both cases, such information does not take into account
certain specific features of the analysed sub-portfolios. Nevertheless, using this specific in-
formation helps to avoid problems with individual estimators. This is the traditional motiva-
tion for credibility theory, but here it is based on multicollinearity, rather than on small sam-
ples.

The simplest way to use additional information is presented in (21), where error u is
understood as a pure random fluctuation or an unknown drift in the influence of risk factors.
Other forms of constraints are also possible, although explanations could be more compre-
hensive.

3.2. Example of the credibility estimator for multicollinear data

The data were obtained from a major Russian universal insurer that is headquartered
in St.Petersburg. The data are for automobile physical damage insurance from 2006, for two
local insurance representatives in small towns called Tikhvin and Kirishi, which are located in
some hundreds kilometres from St.Petersburg. An actuary might be interested in analysing
the specific rates for these representatives. As the volume of business in those towns was
small in 2006, only few claims were made. Since this year, the volume of business has grown
in both towns. The example is slightly simplified for illustrative purposes, but this simplifica-
tion does not change the basic features of the data.

The individual (non-aggregated) paid loss data are analysed herein. The weights are
equal to 1 (C = I). Additional information on the insured objects is known. Indicator 1 shows
the country of production (1 for Russia, O for other countries). Indicator 2 shows whether
the car is for business (1) or for household (0). Indicators 3 and 4 show the age of the car;
values (0, 0) indicate cars produced in 2006, (1, 0) indicate car produced in 2004 and 2005,
and (0, 1) indicate older cars. The data are shown in Table 5. The size of the claims is given in
Russian Roubles.

Claims from Tikhvin were more likely to involve business cars produced in Russia,
while claims from Kirishi were more likely to involve imported household cars. The propor-
tions of old cars were high among claims in both towns. Matrix W is constructed from the
data given in Table 2 by adding a column with all elements equal to 1 in order to model the
basic class, which in this case indicates recently purchased imported household cars.

Matrices W'W for both towns are singular. The singularity of the design matrix for
Kirishi is explained with a row and a column, with all elements equal to 0. This fact is not a
problem, as Indicator 1 can be ignored for Kirishi. However, it does indicate that there is a
need for a number of checks before actuarial calculations can be made. In this case, a gen-
eral algorithm with relatively few qualitative checks is preferable from a practical point of
view. The matrix W'W for Tikhvin is singular, as its columns and rows are dependent — for



example, weights 1,1, —1,—2, —1 could be used. The dependence is a result of the fact that
matrix W has not a full rank; it is equal to 4, not 5.

Table 5. Claims data from two small towns.

No. of claims ‘ Size of claim ‘ Indicator 1 ‘ Indicator 2 ‘ Indicator 3 ‘ Indicator 4
Tikhvin
1 12 838,80 1 1 0 1
2 16 055,00 1 1 0 1
3 27 593,53 0 0 0 1
4 33 201,95 1 1 0 1
5 13 400,00 1 1 0 1
6 5 018,00 1 1 0 1
7 30572,30 1 0 1 0
8 12 900,00 0 1 0 0
9 30 343,50 1 1 0 1
10 30213,00 1 1 0 1
Kirishi
1 70 154,21 0 0 0 0
2 78 679,48 0 1 0 1
3 4121,34 0 0 0 1
4 33 640,85 0 0 1 0
5 44 515,20 0 0 0 1
6 13 132,25 0 0 0 1

Matrix singularity means that the standard credibility approach (e.g. the Hachemeis-
ter model) cannot be used. However, the methods reviewed in the previous sub-section can
help to solve this regression problem. The calculation results are shown in Table 6.

This table is organised as follows. The first column includes a number of different rat-
ing classes, which are defined using a set of four indicators shown in the next columns. The
data are given only for some of these columns (columns 3, 4, 8 and 12 for Tikhvin; columns 1
to 4 for Kirishi). The estimates generated by the following methods are presented in columns
6 to 12 for Tikhvin and in columns 13 to 19 for Kirishi:

e The principal components regression — formula (11),

e The credibility estimator based on the previous approach — formula (12),

e The ridge regression with k;s from the Firinguetti method — formulae (14) and (15),

e The AUFGR estimator — formula (16),

e The Liu estimator with d to minimise the mean squared errors — formulae (17) and
(18),

e The Banerjee and Carr estimator for the canonic form with augmentation of informa-
tion for both towns together — formula (19),

e The modified Swindel estimator with shrinkage to the estimates for both towns to-
gether — formulae (15) and (20).
The information for both towns is used in the two last estimators merely to avoid the need
for additional data on the entire portfolio or the previous tariff system in this illustrative ex-
ample. Note that if the data for both towns are combined no problems occur with



Table 6. Estimates of claims for Tikhvin and Kirishi based on different rating classes

Rat- Indicators Estimates for Tikhvin by formula Estimates for Kirishi by formula

cllgfs 1(2(3]|4 (12) (12) (14), (15) (16) (17), (18) (19) (15), (20) (12) (12) (14), (15) (16) (17), (18) (19) (15), (20)
1 0|0 |0|0|20332,551|21785,58 | 17698,21 | 15434,86 | 1116,52 | 30789,80 | 16511,45 | 70154,21 | 66030,66 | 60542,27 | 52764,52 | 61175,10 | 45131,06 60426,31
2 00| 1]|0/|30580,44|31641,03 | 26426,74 | 22871,63 | 1541,31 | 39899,49 | 22095,60 | 33640,85| 30960,20 | 27437,91 | 23429,58 | 33610,15 | 40742,32 25892,35
3 0]0|0|1]|27593,53|30219,89 | 24224,17 | 21316,86 | 3277,12 | 31264,05 | 26051,84 | 20589,60 | 20134,63 | 22529,09 | 23703,85 | 22860,67 | 28739,63 23440,72
4 0(1|0]|0|12900,00| 14004,80 | 11897,91 | 10976,49 | 9249,84 | 32582,20 | 12954,57 | 128244,09 | 121249,00 | 109975,73 | 94713,00 | 111035,76 | 62946,29 113797,18
5 0(1]1]0|23147,93|23860,25 | 20626,45 | 18413,26 | 9674,64 | 41691,89 | 18538,72 | 91730,73 | 86178,54 | 76871,38 | 65378,06 | 83470,81 | 58557,55 79263,23
6 0(1|0]|1|20161,02|22439,12 | 18423,87 | 16858,50 | 11410,45 | 33056,45 | 22494,96 | 78679,48 | 75352,97 | 71962,55 | 65652,32 | 72721,33 | 46554,36 76811,59
7 1{0|0|0|20324,38| 20364,46 | 18182,75 | 16297,18 | 11143,50 | 18333,29 | 17151,82 | 70154,21| 66030,66 | 60542,27 | 52764,52 | 61175,10 | 20758,09 60426,31
8 1/0|1|0/|30572,31|30219,91 | 26911,28 | 23733,95 | 11568,29 | 27442,98 | 22735,97 | 33640,85| 30960,20 | 27437,91 | 23429,58 | 33610,15 | 16369,35 25892,35
9 1|0|0|1/|27585,40| 28798,78 | 24708,71 | 22179,18 | 13304,11 | 18807,54 | 26692,21 | 20589,60 | 20134,63 | 22529,09 | 23703,85 22860,67 4366,66 23440,72
10 1{1)|0|0|12891,87|12583,69 | 12382,46 | 11838,81 | 19276,83 | 20125,69 | 13594,94 | 128244,09 | 121249,00 | 109975,73 | 94713,00 | 111035,76 | 38573,32 113797,18
11 |1(1|1]|0(23139,80|22439,14 | 21110,99 | 19275,58 | 19701,62 | 29235,38 | 19179,10 | 91730,73 | 86178,54| 76871,38 | 65378,06 | 83470,81 | 34184,58 79263,23
12 |1]1]|0|1|20152,89|21018,00 | 18908,42 | 17720,81 | 21437,43 | 20599,94 | 23135,33 | 78679,48 | 75352,97 | 71962,55 | 65652,32 | 72721,33 | 22181,89 76811,59




multicollinearity; however the quality of the estimates is quite low, as these two towns demon-
strate different statistical patterns.

All estimators yield appropriate values with the possible exception of the Liu estimator
and the Banerjee and Carr estimator for Tikhvin. The estimates generated from the different
methods are quite similar to each other. Nevertheless, the estimates for Tikhvin and Kirishi are
different from each other, which is a result of the different portfolio structures in those towns.
Using this information, an actuary may be able to provide advice on the construction of real rat-
ing classes, differentiating premium rates according to geographical aspects and other data.

Conclusions

The traditional motivation for credibility models (shortage of data) is not sufficient for
insurance practice and model building. Additional motivation should be the quality of estima-
tors and features of data. According to this, two aspects are discussed in the paper — alternative
estimators (especially in the framework of different dependence structures) and combating the
multicollinearity.

The traditional credibility estimator for the Bihimann model is a particular case of Stein-
type estimators. In the foregoing, the latter have been discussed in comparison with the tradi-
tional credibility estimator. Although there are some differences in the assumptions of the
Stein-type estimators these estimators can be used in actuarial analysis. The alternative estima-
tors are better than the traditional actuarial one in many cases. The only exception seems to be
a weak dependence. The results are contradictory for dependence between contracts. Al-
though almost all the estimators are better than the actuarial one, the dependence structure
and the value of variation has a strong effect on the quality of estimators. This type of depend-
ence needs to be studied further.

The preliminary analysis of dependence structure must be the important stage of the
construction of a credibility estimator. Some features of the distribution used (say, asymmetry)
might be important for the quality of estimators.

Actuaries often employ data with multicollinearity. The traditional credibility models
ignore this problem as they are developed for well-conditioned problems. The transition to the
principal components allows actuary to solve the problem. Principal components estimator
could be used for the construction of some shrinkage estimators. It improves the quality of
forecasting. These shrinkage estimators could be based on traditional credibility approach and
on alternative methods (for example, the ridge regression).

Ridge regression estimator could be improved through additional shrinkage toward the
prior vector based on additional (non-sample) information. Such modified estimators have a
credibility-type form. In other words, restricted or further shrunk ridge estimators are a source
for new credibility formulas.

Using these estimators, an actuary may be in a position to provide advice on the con-
struction of real rating classes and premium rates differentiations in situations that are difficult
or even impossible to address using traditional approaches.
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