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Abstract 
 
Stochastic models for outstanding claims valuation have been recently developed with the 
aim to obtain a variability coefficient or the probability distribution of the reserve, useful for 
the assessment of the Reserve Risk capital requirement. Different methodologies, like 
Bootstrapping or Bayesian methods, allow to obtain the prediction error and the claims 
reserve distribution under some assumptions based on the data figured out in the run-off 
triangle. The International Actuarial Association (IAA)1 proposed a different way to analyse 
outstanding claim reserve, focused on a paper by Meyers, Klinker and Lalonde wherein the 
overall reserve of a single LoB (without any distinction among different accident years) is 
assumed to be a compound mixed poisson process, by a similar approach used for aggregate 
amount of claims when premium risk is to be estimated. In the present paper we propose an 
extension of this approach based on the assumption that each single cell of the lower part of 
the run-off triangle can be described by a Compound Poisson Process (either Pure or Mixed). 
This assumption leads, under independence constraint, to obtain quite easily the exact 
moments of the reserve distribution only through the knowledge of the characteristics of the 
two main random variables (number and claim size of future payments). Furthermore, Monte 
Carlo methods allow to simulate outstanding claims distributions for each accident year, for 
both the overall reserve until complete run-off and the next calendar year only (in case of a 
one-year time horizon as prescribed in Solvency II). 
Model’s parameters are calibrated from observed data and through a deterministic model (in 
the present paper an average cost method is used, namely Fisher-Lange method) based on the 
separate estimate of number of claims to be paid and future average costs for each cell of the 
lower triangle to be estimated. 
Finally, we analyze the one-year reserve risk in the perspective adopted by Solvency II. In 
particular a simulation approach, now usually called “re-reserving”, is here applied with the 
target to estimate the variability of claims development result and the percentiles, in order to 
quantify the capital requirement for the reserve risk. Main results will be compared using 
different stochastic reserving models, analyzing the effect on both capital requirement for only 
reserve risk and risk margin. 

Keywords: stochastic models for claims reserve, capital requirements, reserve risk, 
collective risk model, average cost methods. 
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Introduction 
 

The estimate of claims reserve plays a key role to determine insurance liabilities and 
many algorithmic methods have been developed in the past, in order to obtain an estimated 
value of claims reserve. Stochastic models for outstanding claims valuation have been 
recently developed with the aim to obtain at least a variability coefficient related to the point 
estimate of the reserve (i.e. central/best estimate). 
Mack2 proposed a first approximate way to know the standard error of the Chain-Ladder 
method as a measure of uncertainty enclosed in the data (Process Error) and produced by the 
parameters estimation of the selected model (Estimation Error). 
Different papers, published by various institutions, paid an explicit attention to the 
appropriate modelling of outstanding loss liability uncertainty. 
At this regard the probability distribution of claims reserve must be specified to obtain the 
capital requirement for Reserve Risk with an Internal Model under the Solvency II 
framework3 or the same distribution would be necessary in order to quantify the risk margin 
by a quantile approach4: distributional assumptions (e.g. assuming a LogNormal distribution 
with mean and standard deviation equal respectively to the best estimate of the reserve and 
the Mack prediction error) or some stochastic models allow to derive claims reserve 
distribution too. 
A first way to obtain both the prediction error and the distribution of claim reserve is the use 
of bootstrapping method, described for instance by England and Verrall5.  
Bootstrapping is a powerful tool to obtain information from a simple sample of data which 
would be usually determined using analytic techniques. This methodology, based on 
sampling with replacement of observed adjusted Pearson residuals, can be very simple to 
simulate. 
However this technique and some distribution models, applied to paid incremental losses 
obtained by bootstrapping6, are based on Chain-Ladder assumptions giving a best estimate 
close7 to the classic version of this deterministic method. 
Other methodologies, like GLM or Bayesian methods, allow to obtain the prediction error 
and the claims reserve distribution under some other conditions. 
At this regard another deterministic method (Bornhuetter-Ferguson) can be implemented with 
a stochastic structure based on a Bayesian approach8 and measures of precision of reserve 
estimates have been obtained for this method too9. 
Finally, the International Actuarial Association (IAA)10 proposed a different way to analyse 
outstanding claim reserve with the aim to obtain the capital requirement for Reserve Risk. 
The approach, based on a paper of Meyers, Klinker and Lalonde11 focused on premium risk, 
describes the overall reserve of a single line of business (LoB) as a compound mixed poisson 
process with the assumptions that the total number of claims reserved is Negative Binomial 
distributed and the severity of outstanding claims has mean and variability coefficient known. 
In the present paper we propose an extension of this approach assuming that each single cell 
of the lower run-off triangle can be described by a Compound Poisson Process (either Pure or 
Mixed). 
Under some assumptions, it is possible to obtain quite easily the exact moments of the reserve 
distribution only through the knowledge of the characteristics of the two main random 
variables (number and claim size of future payments). Furthermore, Monte Carlo methods 
allow to simulate outstanding claims distributions for each accident year, for the overall 
reserve and for the next calendar year (in case of a one-year time horizon as prescribed in 
Solvency II). 
Model’s parameters are calibrated from observed data and through a deterministic model (in 
the paper an average cost method is used, but different algorithmic methods could be 
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assumed) based on the separate estimate of number of claims to be paid and future average 
costs for each cell of the triangle to be estimated. 
Furthermore, following the development of the Solvency II project, it is raised the need not 
only to evaluate the best estimate of claim reserve and its variability estimate, but also the 
reserve risk on a one-year time horizon for capital requirement purposes. 
In the last years the actuarial literature started to focus on this one-year approach in order to 
be able to evaluate the capital requirement under Solvency II 
Some closed formulas have been proposed12, all of them based uniquely on Bootstrap-CL 
method and in force for without tail triangles only. 
This approach has been implemented by also simulative algorithms, for Bootstrapping 
models and Bayesian methods, by the so called “re-reserving” approach13.  
In the present paper, we analyze the one-year reserve risk in the perspective adopted by 
Solvency II applying the “re-reserving” with the target to estimate the variability of claims 
development result and the percentiles, in order to quantify the capital requirement for the 
reserve risk. Main results will be compared using different stochastic reserving models, 
analyzing the effect on both capital requirement for only reserve risk and risk margin. 
 

 
 
 

1. Collective Risk Model (CRM) 
 

The purpose of this model is to obtain a distribution of future claims, paid in each 
development and accident years, i.e. in each cell of the triangle, based on concepts of 
Collective Risk Theory. 
The collective risk models, typically used to evaluate premium risk, describe the aggregate 
claims amount as the sum of a random number of claims, each one randomly selected by a 
claim-size distribution. 
Some papers14 proved how to obtain the exact characteristics of aggregate claims amount 
under some assumptions and different methods15 allow to determine an approximate 
distribution too. 
Applying this context in order to evaluate the claims reserve distribution, we can regard a 
generic triangle for a single LoB with dimension (N,N+) where rows (i=1,…,N) represent the 
claims accident years and columns (with j=1,…,N+) are development years for payments. It is 
to be emphasized that frequently columns are not equal to rows, because of a payments tail in 
the triangle (in this case N+=N+1). 
It’s assumed that Xi,j denotes payments in development period j for claims with accident year 
i (incremental payments) while cumulative payments Ci,j for accident year i after j 
development years are given by: 
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Figure 1: The triangle structure 
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Furthermore we assume that ni,j is the observed number of paid claims in development period 

j and for accident year i, and 
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, =  is the average cost of claims generated in 

accident year i and paid after j years. 
Different deterministic methods, for example Fisher Lange (see next section)16, allow to 
determine values of ni,j and mi,j for the lower part of the triangle too and to have a point 
reserve estimate. Finally, we could obtain from observed data the variability coefficient of 
claim size paid for each development year j: CoVj.  
In order to build up a stochastic model based on a Compound Poisson Process we assume that 
in each cell of the lower part of the triangle, the incremental paid claim cost will be equal to 
the aggregate claim amount: 
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where: 
- jiK ,

~
 is a random variable that describes the number of claims of accident year i and that will 

be effectively paid in a future development year j. This variable could be Poisson 
distributed with parameter ni,j (if we assume a pure Poisson Process) or it could be 
described by a mixed Poisson Process in order to consider the uncertainty linked to the 
parameter estimation through a multiplicative structure variableq~ . In the next, we will 
assume that the structure variable is distributed as a Gamma with equal parameters with 
mean 1 and standard deviation equal to σq; 

- hjiZ ,,

~
 is the random amount of the hth claim paid after j years and originated in the accident 

year i. The distribution of the severity could be fitted on the observed data, however we can 
determine the exact moments of the aggregate claims amount without making any 
assumption on the severity probability distribution. As made for claim count, we can 
introduce for the single claim cost a parameter uncertainty by a multiplicative structure 
variable having an impact on the variability coefficient cZj. In particular this uncertainty is 
described by the multiplicative random variable r (in the next assumed as well Gamma 
distributed with the same parameters) having mean 1 and standard deviation σr (in the next 
assumed equal for each development year). 
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Once both the independence assumption between claim count and claim costs and i.i.d. 
assumption for the single claim costs (in each cell of lower run-off triangle to be estimated) are 
fulfilled, it is possible to obtain the exact moments and cumulants in each cell of the triangle. 
 
In particular, ignoring the parameters uncertainty, the main characteristics of paid incremental 
claims could be obtained as:  
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ji
=  is the hth moment about zero of the claim-size distribution and mi,j is 

the average cost (mi,j =a1,Zi,j). 
 
As well known, the standard deviation of the claim amount jiX ,

~
 in each cell is rising up 

according to the square root of the expected number of claims of the year. The skewness is 
both positive and affected by a ratio depending on the second and third-order moments of the 
claim size distribution jiZ ,

~
. Furthermore the magnitude is reducing only accordingly the 

number of claims. In the special case a two parameters lognormal distribution is assumed for 
the claim size, that ratio is only depending on the coefficient of variation cZj (being  cZj = σZi,j 

/ mi,j ), always equal to 2/32 )1( jZc+  17.  

 
Assuming that the deterministic parameter of the Poisson distribution for the number of 
claims will turn to be a stochastic parameter qn ji

~
, ⋅  (where q~  is a random structure variable 

having its own probability distribution with an expected value equal to 1), the same 
characteristics could be obtained. 
Furthermore, in the following relations, structure variables are assumed i.i.d. in each cell of 
the lower part of the triangle. 
 
 

2/322
,

2
,,2,

33
,1

3
,

2
,2,

2
,,3,

,

22
,

2
,,2,,

2

,,,

)(

3
)

~
(

)
~

(

)
~

(

,

,,,

,

qjijiZji

qqZjiqZjijiZji

ji

qjijiZjiji

jijiji

mnan

anamnan
X

mnanX

mnXE

ji

jijiji

ji

σ
γσσ

γ

σσ

⋅⋅+⋅

⋅⋅⋅+⋅⋅⋅⋅+⋅
=

⋅⋅+⋅=

⋅=

 

 
 
The structure variable obviously affects standard deviation of paid claims. As well known, 
parameter uncertainty appears as a non-pooling risk that could not be reduced with larger 
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number of claims. Finally a positive skewed distribution for the structure variable leads to an 
increase of the skewness of X too.  
 
Under the assumption of a multiplicative structure variable r~  assumed as well Gamma 
distributed with the same parameters and having an impact on the variability coefficient cZj, 
the next relations describe the first two cumulants of the distribution of future paid claims in 
accident year i and development year j:  
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Standard deviation is now affected by three components: the first one derives by the 
stochastic error related to claim count and claim size, the others describe the variability 
connected to the estimation of claim size variability coefficient and of expected claim count.  
How expected, the variability coefficient of the incremental payments for each cell is 
decreasing for larger number of claims. It could be observed how it is obtained a finite 
convergence level equal to only the standard deviation of the structure variable q, while the 
standard deviation of random variable r is reducing for larger number of claims too.  
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Furthermore, assuming independence between the total incremental paid amounts of the 
different cells, it is possible to determine the exact cumulants of the total claim reserve 
(mean, variance and skewness in particular). 
For the independence assumption between all incremental payments in each cell of the same 
accident year, the moments of the claim reserve Ri are consequently derived for each accident 
year: 

 

)
~

(

)
~

()
~

(
)

~
(

)
~

()
~

(

)
~

()
~

(

3
2

,,
3

2
,

22

2
,

i

N

iNh
hihi

i

N

iNh
hii

N

iNh
hii

R

XX
R

XR

XERE

σ

γσ
γ

σσ

∑

∑

∑

+

+

+

+−=

+−=

+−=

⋅
=

=

=

 

 
 



 7 

Extending the above mentioned independence assumption to all cells of the triangle (not only 
for development year but also for accident year), we can as well to get the moments of the 
overall claim reserve distribution R: 
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2. Parameter estimate by the Fisher-Lange Method 
 

As above mentioned, for the proposed Collective Risk Model we firstly need the 
expected number of paid claims for each cell of future triangle as well as the expected claim 
cost. 
At this regard we can use any of numerous average cost methods, and among these we here 
describe the Fisher-Lange Method, very popular in practical valuations in Italian market.    
 
To estimate expected number of claims to be paid (ni,j), the Fisher-Lange method applies to 
the number of claims reserved at the valuation date (nr) two coefficients (aliq and v): 
 

jijiNiji valiqnrn ,1,, ⋅⋅= +−  

 
– the percentage of claims at reserve having a whatever payment in the future years 

(aliqj): in other words, that is the estimate of the portion of claims at reserve at the 
valuation date having effectively a payment in the future, regarding implicitly either nil 
and reopened claims. Throughout these percentages (one for each duration), estimated 
on the basis of past data and applied to the number of reserved claims (nri,N-i+1), it is 
obtained the estimate of number of claims to be paid in the future for each accident year 
i;  

– settlement speed (vi,j): representing the timing of the claims count payments estimated 
to have effectively a payment in the future. In practice we need an estimate concerning 
the timing of the paid claims count in the future for each separate accident year. This 
can be obtained by the number of claims effectively paid in the last calendar year for 
different development years (j=2, 3 ….. N, N+), but where the origin of different 
accident years has to be made homogenous (by a proportionality rule based on the 
number of reported claims). Moreover, the average of the last three calendar years can 
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be taken into account with the aim to assure a major stability of the estimate (in the 
forthcoming the latter choice will be adopted in our numerical examples). 

 
 
Finally we have to estimate the expected average paid costs (mi,j) for each cell of future 
triangle, including future inflation. These figures are obtained according four progressive 
steps: 
– to adjust the historic payments (set in the upper part of run-off triangle) at the current 

value of the last calendar year available, by annual effective economic inflation rates 
(i.e. endogenous inflation is not taken into account); 

– to compute the average paid claims for each cell of the “adjusted” historical triangle; 
– to select for each development year the average cost ( jm ) as a simple average (or 

alternatively as a weighted average, having the number of effective paid claims as 
weights) of all/part of available average costs for the same duration (average by 
column)18. The simple average will be adopted in our numerical examples; 

– to inflate the chosen average cost of each column, according to the future assumed total 
claim inflation (either endogenous and exogenous):  
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In this way we get for each cell of the future triangle both needed figures: expected number 
of paid claims (ni,j) and average cost (mi,j). 
 
 
 
 
 

3. Case Studies 
 

The analysis considers claim experience data on Motor Third Party Liability (MTPL) 
from two Italian insurance companies, according to accounting years from 1993 to 2004. 
Clearly the real data has been partially modified to save the confidentiality of the data. The 
main information used were data regarding number of paid and reserved claims, number of 
closed and reopened claims, number of reported claims and finally incremental costs of paid 
claims and reserved claims.  
Next figures show only the historical cost of incremental paid amounts for the two companies 
analyzed. In particular the triangle SIFA is referred to a small-medium company whereas the 
triangle AMASES has as a reference a company roughly 10 times larger: 
Data shows how the complete run-off period is longer than 12 development year and a tail 
must be added. In these triangles the tails are the level of statutory reserve fixed by the 
companies. 
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Figure 2: Triangle SIFA (Historical cost of incremental paid amounts, thousands of Euro) 
 

AY/DY 1 2 3 4 5 6 7 8 9 10 11 12 12+ 

1 28,446 29,251 12,464 5,144 2,727 2,359 1,334 1,238 941 860 282 727 1,068 

2 31,963 36,106 13,441 5,868 2,882 2,422 918 1,076 734 458 456   

3 37,775 40,125 12,951 6,034 3,010 1,264 1,250 1,135 904 559    

4 40,418 44,499 15,370 5,594 2,616 1,984 2,137 1,184 873     

5 44,116 45,490 15,339 5,478 2,541 2,906 1,294 1,124      

6 50,294 48,040 17,843 7,035 3,934 2,726 2,267       

7 49,620 49,991 19,570 10,047 5,750 3,313        

8 46,410 49,694 20,881 8,202 4,714         

9 48,295 49,354 18,304 8,833          

10 52,590 50,606 18,604           

11 58,599 53,743            

12 60,361             

 
 
Figure 3: Triangle AMASES (Historical cost of incremental paid amounts, thousands of Euro) 
 

AY/DY 1 2 3 4 5 6 7 8 9 10 11 12 12+ 

1 193,474 172,618 87,200 45,798 29,768 19,795 19,782 17,315 13,372 12,552 8,831 8,053 19,889 

2 199,854 168,966 80,543 40,656 29,053 21,121 19,964 14,249 10,720 13,684 6,008   

3 225,578 186,764 93,349 47,609 30,971 26,291 17,621 18,410 14,662 7,591    

4 256,398 236,678 105,616 51,172 37,338 24,085 20,754 12,082 14,137     

5 282,956 263,196 120,383 63,689 37,220 29,239 23,120 15,509      

6 292,428 284,401 141,400 56,390 40,195 27,955 29,987       

7 312,350 285,506 131,687 75,252 46,549 38,731        

8 327,673 307,992 161,516 77,965 52,696         

9 339,899 326,280 185,911 101,273          

10 371,275 385,847 193,006           

11 388,025 390,737            

12 398,686             

 
 
The portion of claims reserve having effectively a payment in future has been obtained, 
through the Fisher-Lange method described in previous section, using the estimated rate of 
claims at reserve of each development year (aliqj) equal to the average of the percentage of 
claims of all accident years. 
The number of claims (ni,j), effectively paid in each future development and accident year, 
has been determined through the portion of claims reserve and the settlement speed, based on 
the average of last three calendar years with the aim to assure a major stability to the 
estimate. 
This number represents the mean of the Negative Binomial obtained as a mixture of a 
Poisson with mean ni,j and a structure variable described by the random variable q distributed 
according to a Gamma having mean 1 and standard deviation equal to 10%. 
The costs of single claims are distributed as a Gamma with mean equal to the average cost 
mi,j, estimated by Fisher-Lange method and depending on the average of all average costs 
available in the upper part of the triangle expressed at current values and projected by the 
future claim inflation structure, here used as deterministic. 
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Variability of claim cost is described by the next cZj, obtainable from the Claim DataBase of 
the company different for each development year and depending on both the analysed line of 
business and the company portfolio characteristics. 
It’s not considered, at the moment, the uncertainty parameter on the claim size variability 
coefficient. 
However, in the next section, it will be carried on various analyses according to different 
assumptions on the standard deviation of parameters uncertainty (σq and σr) and on the 
distribution of claim cost. 
 
Table 1: Variability coefficient of claim cost for each development year for both companies  
 
Development Years 1 2 3 4 5 6 7 8 9 10 11 12 12+ 

cZj  0.50 0.75 1.00 1.50 2.00 3.00 4.00 5.00 6.00 7.00 8.00 10.00 

 
 
The stochastic model, here proposed, has been applied, by MonteCarlo simulations to the 
MTPL triangles. The next table shows the comparison between simulated and exact 
characteristics of the claim reserve distributions (for each accident year and overall) for SIFA 
Insurer, evaluated, at the moment, on undiscounted basis. 
It is to be emphasized that results of 100,000 simulations are fairly consistent with the exact 
value for mean and standard deviation, for which we have a deviation of 0.001 per cent from 
the exact value for the mean values and of 0.12 per cent for the standard deviation. On the 
other hand, as expected, notwithstanding the relevant number of simulations, simulated 
skewness is still a little far from the exact value, with a deviation of 3.9 per cent from the exact 
value. Indeed, it is worth remembering that a larger number of simulations is needed when 
higher order moments have to be estimated accurately. Anyhow we regard as negligible these 
differences in the next variability and capital requirement estimates.  
 
 
Table 2: Simulated and exact characteristics of the claim reserve distribution for SIFA Insurer (undiscounted 
values – 100,000 Simulations) 
 

Simulated characteristics 

Year Mean 
(Thousands €) 

St. Dev. 
(Thousands €) 

CV Skewness 

1              1,406              2,354  167.46%          3.33  

2              1,767              2,516  142.41%          2.96  

3              1,942              2,516  129.55%          2.84  

4              2,375              2,646  111.41%          2.66  

5              4,082              3,269  80.07%          2.07  

6              5,664              3,594  63.45%          1.93  

7            11,002              4,421  40.18%          1.53  

8            19,880              5,107  25.69%          1.30  

9            24,880              4,926  19.80%          1.33  

10            34,884              4,965  14.23%          1.31  

11            49,557              4,949  9.99%          1.04  

Previous          157,440            12,947  8.22%          0.51  

Current            91,881              6,653  7.24%          0.51  

Total          249,320            14,549  5.84%          0.39  
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Exact characteristics 

Year Mean 
(Thousands €) 

St. Dev. 
(Thousands €) CV Skewness 

1            1,406             2,354  167.48%            3.33  

2            1,765             2,499  141.61%            2.93  

3            1,930             2,519  130.54%            2.89  

4            2,376             2,641  111.18%            2.69  

5            4,078             3,269  80.16%            2.11  

6            5,664             3,587  63.33%            1.90  

7           11,010             4,425  40.19%            1.53  

8           19,879             5,100  25.65%            1.32  

9           24,900             4,962  19.93%            1.35  

10           34,882             4,945  14.18%            1.29  

11           49,566             4,968  10.02%            1.09  

Previous         157,455           12,962  8.23%            0.51  

Current           91,869             6,646  7.23%            0.51  

Total         249,324           14,567  5.84%            0.41  

 
 
The CRM model leads for SIFA Insurer to a best estimate of roughly 250 millions of Euro, 
equal, as expected for the assumptions, to the Fisher-Lange deterministic method claims 
reserve estimate. Furthermore it is obtained a variability coefficient equal to 5.84% and a not 
negligible skewness (+0.4). 
Finally it could be observed how claims reserves of early accident years have very high 
variability coefficient and skewness because of the high impact of the estimate on the last 
development years.  
Obviously the prominent weight of current generation and the aggregation under 
independence assumption, lead to a lower skewness for the overall claims reserve. 
 
The next Table 3 shows the comparison between the two companies (SIFA and AMASES) of 
mean, variability coefficient and skewness using not only the CRM, with parameters based 
on Fisher-Lange assumption, but also the well-known Bootstrapping model, based on Chain-
Ladder method, and developed using adjusted Pearson residuals with a constant scale 
parameter φ19 for different development years and through LogNormal simulations. 
The analysis has been carried on considering the same triangles without the tail too. 
 
Table 3: Comparison between CRM and Bootstrap LogNormal for both insurers (100,000 simulations – 
undiscounted values)  
 

 Mean (Thousands €) CV Skewness  
 

CRM 
Bootstrap 

(LogN) 
CRM 

Bootstrap 
(LogN) 

CRM 
Bootstrap 

(LogN) 

SIFA 249,320  246,383  5.84% 4.95% 0.39  0.08 

SIFA No Tail 235,764  226,875  4.60% 4.49% 0.24  0.08 

AMASES 2,666,204 2,834,635  2.89% 4.00% 0.10  0.07 

AMASES No Tail 2,445,833  2,463,840  2.57% 3.57% 0.07  0.07 

 
 
Firstly it is to be noted a difference between averages, clearly due to the different 
assumptions implicitly included in the two deterministic methods (Fisher-Lange and Chain-
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Ladder) underlying the stochastic models. However, averages are not so far for these insurers 
and CRM leads to higher Best Estimate for SIFA and a lower for AMASES. 
Secondly it is to be emphasized how the different dimensions and development patterns of 
two triangles are affecting on the different variability provided by the stochastic methods 
leading to a lower variability for the bigger Insurer. 
It should also be noted that there is not a prevalence of one model on the other. AMASES 
Insurer has variability equal to 2.9% with the CRM lower than 4% obtained by Bootstrap, 
while the sampling with replacement methodology shows lower variability (4.9%) than CRM 
(5.8%) for SIFA Company. 
Finally, the skewness is not affected so much when the Bootstrap method is used both in case 
of different triangle dimensions and of different probabilistic assumptions (LogNormal, ODP, 
Normal, Negative Binomial, etc.) 
Results of 100,000 simulation (not reported in the paper) based on different probabilistic 
assumptions (LogNormal, ODP, Normal and Negative Binomial) applied to Bootstrap 
samples show a skewness from 0.56 to 0.8 for SIFA Insurer and from 0.78 to 0.85 for 
AMASES. 
Instead CRM returns a larger skewness for both insurer, with a lower value for the bigger 
company because of the larger number of claims paid. 
 
Considering two hypothetical companies similar to AMASES and SIFA, but with the first 
accident year completely closed, it could be observed how the lack of the tail decreases the 
variability. 
The reduction appears more significant for the bigger company with the bootstrap method for 
the higher tail factor (the last development factor is equal to 1.031 for AMASES against 1.012 
for SIFA). 
While CRM shows a larger reduction for SIFA because of a very high variability coefficient in 
the development 12+ due to the small number of claims. 
Furthermore the prediction error, obtained by the Mack formula for the No-Tail triangles, is 
lower than both models for SIFA (3.6%) and it lies between CRM and Bootstrap for the 
AMASES (3.3%).   
Finally skewness differences between models decrease without the tail effect. 
 
The overall claim reserve is obtained as the sum of the discounted future paid losses too.  
The discount factors are determined by the term structure of risk-free interest rates, given by 
CEIOPS for QIS4 valuation, assuming a mid-year discount. 
The discounted reserve shows reduced CV obtained by both approaches because of the lower 
weight of last development years. It could be observed a larger CV reduction for triangles 
with tail (see Table 4).  
 
 
Table 4: Comparison between CRM and Bootstrap LogNormal for both insurers (100,000 simulations)    
 

Mean (Thousands €) CV Skewness 
CRM Model 

Undiscounted Discounted Undiscounted Discounted Undiscounted Discounted 

SIFA 249,320 225,182 5.84% 5.22% 0.39 0.32 

SIFA No Tail 235,764 216,430 4.60% 4.34% 0.24 0.19 

AMASES 2,666,205 2,350,061 2.89% 2.74% 0.10 0.08 

AMASES No Tail 2,445,833 2,205,802 2.57% 2.56% 0.07 0.05 
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Mean (Thousands €) CV Skewness Bootstrap 
(LogNormal) Undiscounted Discounted Undiscounted Discounted Undiscounted Discounted 

SIFA           246,383     222,501  4.95% 4.60%                0.08  0.07 

SIFA No Tail           226,875  207,924  4.49% 4.29%                0.08  0.07 

AMASES        2,834,635  2,475,346  4.00% 3.70%                0.07  0.08 

AMASES No Tail        2,463,840  2,201,294 3.57% 3.38%                0.07  0.07 

 
 

 
 

4. Some sensitivities 
 
 The risk of assessing inappropriate parameters has a relevant importance on claims 
reserve estimate. At this regard some exact characteristics of claims reserve distribution and 
some results of the simulation model, illustrated in previous sections, are reported, in order to 
explain the effect on claims reserve variability of changes in variability of either structure 
variables (measuring the impact of σq and σr) or claim size (through the variability coefficient 
cZ). 
Figure 4 shows the variability coefficient of Overall Claims Reserve (CVR) for different 
values of variability coefficient of claim size *

jZc  of each development year, obtained by 

applying to each single cZj the same multiplier kZ (where jkcc ZZZ jj
∀⋅=* )20.  

Higher cZj for all development years leads obviously to a high variability of the claims 
reserve. 
It is to be emphasized how the lower numbers of claims produce a higher effect of increasing 
claim size variability for the smaller company. In fact, it could be observed that when kZ=2, 
variability coefficient of total reserve is almost doubled for SIFA Insurer, while AMASES 
undergoes an increase of roughly 64%.  
Finally, very high values of cZ produce a negligible impact of the parameter uncertainty on 
number of claims. 
 
Figure 4: Variability of Overall Claims Reserve of both Insurers, according to different variability coefficient of 
claim size (cZj)  
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Skewness has a similar behaviour than variability according to an increase of variability 
coefficients of claim size of each development year. 
It could be observed how, for high values of cZ, the aggregation leads to lower values of 
skewness when parameter uncertainty is greater than zero, despite of in each single cell the 
relation is reversed. 
 
Figure 5: Skewness of Overall Claims Reserve of both Insurers, according to different variability coefficient of 
claim size (cZj)  
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Table 5 shows how the greater effect on the CVR pattern is strictly linked to the increase of 
the cZ in the last development year. 
In fact considering a double value of claim size variability coefficient on the tail only (j=12+), 
the CV of Total Reserve increase to a value (9.09%) not so far from that obtained considering 
double cZ for all development years (10.77%).  
Nevertheless the distribution has a fat tail too.  
 
Table 5: Variability and Skewness of Overall Claims Reserve of SIFA Insurer, according to different variability 
coefficient of claim size (cZj)  
 

cZ assumptions CV Skewness 

Standard 5.84%        0.41  
Reduced by 50% 3.69%        0.14  
Doubled 10.77%        1.00  
Doubled only tail (cz12+) 9.09%        1.34  

 
 
Small numbers of claims lead to similar effect due to increasing σq between two insurers and 
a lower impact than high cZ (see Figure 6).  
Furthermore the reserve variability appears more sensible to claim count parameter 
uncertainty (σq) than to claim size parameter uncertainty (σr). In Figure 6 it is showed that 
the claim size parameter uncertainty contributes in a limited way to the overall variability: 
introducing a structure variable r with standard deviation equal to 20%, CV of total reserve 
increases from 5.84% to 5.93% for SIFA and from 4.74% to 4.81% for AMASES. 
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Figure 6: Variability of Overall Claims Reserve for both Insurers, according to different standard deviation of 
structure variables q and r 
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Also the choice of the claim-size distribution may have relevant impacts on the reserve 
distribution and then on the capital requirement.  
Skewness of claim reserve is an important element respect to Bootstrap when the simulation 
is carried on through different claim-size distribution family. The distribution family has, 
obviously, a negligible impact on variability but a large effect on skewness (see the case of 
LogNormal distribution): 
 
Table 6: Variability and Skewness of Overall Claims Reserve according to different claim size distributions 
(SIFA Insurer - 100,000 simulations) 
 

Distribution CV Skewness 
Gamma 5.84%                     0.43  
LogNormal 5.85%                     8.62  
Weibull 5.86%                     1.76  

 
 
 
 

5. One-Year Approach and Main Results 
 
 In this section, we analyze the one-year reserve risk in the perspective adopted by 
Solvency II applying the “re-reserving” approach with the aim to estimate the variability of 
claims development result and the percentiles, in order to quantify the capital requirement for 
the reserve risk. Main results will be compared using CRM and Bootstrap Model. 
The capital requirement for reserve risk at the α confidence level (RBCα) has been obtained as 
the difference between the percentile of the distribution of the insurer obligations at end of 
next accounting year (−

1V ), opportunely discounted at time zero with the risk-free discount 
factor v1, and the current exit value of the technical provision at time 0 (V0): 
 

( ) 011 VVVaRvRBC −⋅= −αα  
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The value of claims reserve (V0) shall correspond to the current amount that insurance and 
reinsurance undertakings would have to pay if they were to transfer their insurance and 
reinsurance obligations immediately to another insurance or reinsurance undertaking21.  
The value of technical provisions shall be equal to the sum of a best estimate (R) and a risk 
margin (RM). 
The best estimate shall correspond to the probability-weighted average of future cash-flows, 
taking account of the time value of money (expected present value of future cash-flows), 
using the relevant risk-free interest rate term structure. 
The risk margin shall be calculated by determining the cost of providing an amount of 
eligible own funds equal to the Solvency Capital Requirement necessary to support the 
insurance and reinsurance obligations over the lifetime thereof. For Solvency purpose only 
certain types of risks are considered for Risk Margin assessment (underwriting risk including 
premium risk for existing business and reserve risk, default risk with respect to reinsurance 
and operational risk in QIS422). 
In general the risk margin in QIS4 is calculated as the sum of the cost (at a CoC rate of 6%) 
of discounted (using risk-free curve) future capital requirements (RBCt) as follows: 
  

∑
=

+⋅⋅=
T

t
tt vRBCCoCRM

0
1

%5.99
0  

 
The distribution of the insurer obligation at end of following year ( −

1V ) is determined 
assuming that two variability sources will come in force during the year. These variability 
sources are described by two random variables representing respectively the payments 
occurred in year 1 (i.e. the elements located on the next diagonal of the triangle) and the new 
claims reserve (best estimate plus risk margin) estimated at time 1 conditionally to additional 
information available during the year. 
With the aim to solve the circularity between the assessment of RBC and Risk Margin, due to 
the fact that the latter is obtained as a function of the capital requirement at time 0 and the 
former is function of the fair value of the reserve comprising risk margin too, the YEE 
approximation23 has been used under both simplifications that the ratio of the SCR to the best 
estimate technical provisions is assumed to be constant throughout the whole run-off period of 
the insurance obligations and only capital requirement for reserve risk affects the evaluation of 
risk margin.  
Tables 7 show the RBC for reserve risk obtained by Bootstrap and CRM for both Insurers 
according to three different confidence levels and regarding the 99.5%, adopted by Solvency II 
Directive, as our benchmark. 
It could be observed how both models have for all insurers capital ratio (between capital 
requirement and best estimate) lower than that are actually requested by QIS4 standard 
formula for MTPL line (roughly 3 times for a volatility factor equal to 12%). 
How expected, the smaller insurer has a higher RBC ratio due to the more variable and 
skewed claim reserve distribution. 
Considering similar insurers with the first accident year closed, the lack of tail leads clearly to 
lower requirements. 
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Table 7: Ratio between RBC for reserve risk and Best Estimate obtained by CRM and Bootstrap according to 
three different confidence levels (100,000 simulations) 
 

RBC0/BE0 CRM Model 
99.00% 99.50% 99.97% 

SIFA 12.95% 14.46% 21.10% 
SIFA No Tail 10.43% 11.57% 16.14% 
AMASES 9.01% 10.23% 14.14% 
AMASES No Tail 6.08% 6.91% 10.08% 

 

RBC0/BE0 Bootstrap 
(LogNormal) 99.00% 99.50% 99.97% 

SIFA 10.59% 11.96% 16.76% 
SIFA No Tail 7.99% 8.93% 12.19% 
AMASES 8.45% 9.51% 13.04% 
AMASES No Tail 5.82% 6.48% 8.74% 

 
 
Furthermore it is to be emphasized how the insurers have a different pattern of the ratio 
between the capital requirement and the Best Estimate at time 0 (see Figures 7). The slow 
settlement speed of the bigger insurer, confirmed by a higher tail development factor, leads in 
the next years to greater ratio than SIFA (from year 2 with Bootstrap and from year 5 with 
CRM). 
Considering the two triangles without tail, the same behaviour could be seen in final calendar 
years before the run-off: 
 
Figure 7: Ratio between RBC99.5% for reserve risk and Initial Best Estimate until the total Run-Off 
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Despite SIFA has a higher RBC ratio than AMASES, higher SIFA development factors in first 
years lead for a stochastic model based on Chain-Ladder assumption to similar ratio between 
Risk Margin and Best Estimate for both insurers, while CRM confirms a higher ratio for the 
small insurer. 
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Table 8: Ratio between Risk Margin (considering only reserve risk) and Best Estimate obtained by CRM and 
Bootstrap (100,000 simulations) 
 

RM0/BE0 CRM Bootstrap 

SIFA 2.19% 1.80% 
SIFA No Tail 1.55% 1.20% 
AMASES 1.84% 1.81% 
AMASES No Tail 1.07% 1.07% 

 
 
Finally, the slow claims settlement process of the bigger Insurer shows a higher cost of 
capital allocated in the years. Both models, with a different behaviour, emphasize a greater 
ratio between Risk Margin and initial best estimate for AMASES in future years.  
Similar trend could be observed in last calendar years for triangles without tail too. 
 
Figure 9: Ratio between Risk Margin (considering only reserve risk) and Initial Best Estimate until the total 
Run-Off 
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Conclusions 
 
The paper proposes a different way to analyse outstanding claim reserve based on a 
Collective Risk Theory approach.  
According to us the CRM model seems to represent a valid stochastic model to be added to 
models suggested at the moment by the actuarial literature. 
Parameters of the models may be easily estimated using claims DataBase and the 
deterministic model “Fisher-Lange”, method rather popular in Italy based on the estimate of 
separate number of claims to be paid and future average costs. 
The same model could be used also with deterministic methods other than Fisher-Lange, 
providing separate estimates for either number of future payments and average claim costs. 
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Furthermore the sensitivity analyses, here reported, put in evidence the relevance of a reliable 
parameter calibration and the strict link between parameter uncertainty and the variability of 
the overall claim reserve. 
Finally the One-Year approach is representing a key approach to be fully investigated in 
order to perform evaluations consistent with Solvency II in order to obtain both capital 
requirement for reserve risk and risk margin. 
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EndNotes 
1 See IAA (2004), Appendix B: Non-Life (P&C) Insurance Case Study  
2 See T. Mack (1993) 
3 See Directive 2009/138/EC of the European Parliament and of the Council of 25 November 2009 (Solvency II 
Directive in the next) and QIS Technical Specifications 
4 Solvency II Quantitative Impact Studies (QIS3-QIS4) and Solvency II Directive imposed that the Risk Margin 
will be obtained with a Cost of Capital Approach. However in QIS2 and in other framework, a quantile 
approach, based on 75% percentile, had been proposed. 
5 See for example England & Verrall (2002) 
6 For example it’s possible to simulate future paid losses from an Over Dispersed Poisson (ODP) model (see at 
this regard England & Verrall (2002) or De Felice & Moriconi (2003)). Other models are based on LogNormal 
or Normal distributions. 
7 Bootstrapping gives usually a best estimate not fully coincident with the “true mean” (obtained with chain-
ladder) because adjusted Pearson residuals have not mean equal to zero. 
8 See England & Verrall (2002) 
9 See Mack (2008) 
10 See IAA (2004) 
11 See Meyers, Klinker, Lalonde (2003)  
12 See Merz & Wüthrich (2008) and  Buhlmann, De Felice, Gisler, Moriconi, Wüthrich (2009)) 
13 See Ohlsonn & Lauzenings (2008) and Diers (2009) 
14 See Daykin, Pentikainen, Pesonen (1994) and Havning & Savelli (2005)  
15 Normal Approximations, Recursive Panjer Formula, Fast Fourier Trasform, etc. 
16 See Fisher & Lange (1973) 
17 In case of a two-parameter lognormal distribution, the skewness of the claim size is simply given by 

)3( 2
ZZ cc + .  

18 As regard to the methodology of average cost assessment, we are implicitly assuming that settlement of 
partial claims payment is consistent over time. 
19 See England & Verrall (2002) and England (2002) for Bootstrap model. See Pinheiro et al. (2003) and 
England & Verrall (2006) for different types of residuals and for different scale parameters φj for each 
development year. 
20 In standard scenario kZ is equal to 1 (cZj*=cZj). In the other cases cZj* is obtained applying to cZ, reported in 
Table 1 for both Insurers, different values (with a range 0-2) of kZ (the same for each development year j). For 
example, the highest value (kZ=2) could be obtained for the last development year: 20210

1212

* =⋅=⋅=
++ ZZZ kcc  

21 See Article 76 of Solvency II Directive 
22 Consultation Paper 42, published by CEIOPS, analyzes the Article 85 of the Directive on the calculation of 
risk margin. It’s provided the possibility to include other kind of risk in the risk margin valuation as the 
unavoidable market risk. 
23 See De Felice & Moriconi (2006) 


