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Bagarry Marc

“Economic capital: a plea for Student copula”, 2006,
International Paris Congress of Actuaries

Economical capital or Capital at Risk is the
capital needed to be covered against of ruin at
the date t iIn (1-a)% of cases.
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IFRS 4 Insurance Contracts
(http://ec.europa.eu/internal market/accounting/ias/
standards _en)

Liability adequacy test

15. An insurer hall assess at the end of each reporting period
whether its recognized insurance liabilities are adequate, using
current estimates of future cash flows under its insurance
contracts. If that assessment shows that the carrying amount of
its insurance liabilities is inadequate in the light of the estimated
future cash flows, the entire deficiency shall be recognized in
profit or loss.
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Liability adequacy test:

Years

Claims
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Our aim:;

To create a model for future cash flows for Liability adequacy
test taking into account correlations between different
business lines in nonlife insurance.

Used copula models:
Gaussian copula,

skew normal copula (Selart, 2010),
skew t-copula (Kollo & Pettere, 2010)
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Development years
Calendar Known loss ratios Estimated loss

years GPW ratios
0 1 2 3 4 5

2006 | GPW_6 r06 rf r26 0

2007 | GPW_7 r07 r17 r27

2008 | GPW_8 r08 r18 r28

2009 | GPW_ 9 r09 r19 r29
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The following assumptions are made:

1) the loss ratios in following development years
are known (they are constant or obtained from
analysis of economic characteristics of the country
and tariff politics in a company),

2) claim amounts paid in different working days
are considered as values of I1.1.d. for each business
line.
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claims over period j for the business line I:
K
C_],I — a CJ,I,k
k=1

previous year

1. The total claim amount is found as a sum of total amounts of

2. Projected claims for the next year by correcting the sums of the

y.l

1 1
: - r. P +...+1P
-5 +1,1 10yl
CGjI :Cj|(1+iy)2(1+iy+1)zx S y-§* y
rs| F)y—sl N Tt r1Py—1,l u r0 I:)y,l
where
rn = Cy+n’|
| P
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Business lines 1 2 3
Size 125 125 125
Mean 43 769 6 794 62 390
Median 41 274 3285 59 154
Standard
deviation 21622 | 8425.98 28 879
Skewness 0.96 2.15 0.46
Kurtosis 1.42 5.00 0.25
Correlations between business lines: r,=0.6, r,=0.14 and r,,=0.114
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Business line Used distribution Parameters
1 Gamma a 4
b 10 680
Test value 0.0478
2 Pareto a 5.7
I 32 000
Test value 0.0740
3 Lognormal m 10,9
S 0,44
Test value 0,0957
Kolmogorov test 5% critical value equals 0,1216

INTERNATIONAL CONGRESS OF ACTUARIES | 7-12MARCH 2010 | CAPE TOWHN



S—

Used copulas (CA20t0 Cig

If X;, iT{L2,..., p} are continuous random variables, the density
f (x,%,,...x,) Of their joint distribution can be presented through a

copula density c(u,,u,,...,u;) and marginal densities f,(x):

(40100 %,) = 6(F 06),m Fy (1) (X 10 B 6,
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Skew t-distribution (Azzalini & Capitanio, 2003)

A random p-vector x:(xl,...,xp)T has p-variate skew t-distribution with

parameters p, ¢ and x , if its density function is of the form
é + "_l\;l
Gpn OB B 00) =208, & B E )Ty, 8 W T *)eoTnt i
8 i

where Q denotes the quadratic form

Q=0 E X(m ).
T, .., () denotes the distribution function of the central univariate t- distribution with
n + p degrees of freedom.

INTERNATIONAL CONGRESS OF ACTUARIES | 7-12MARCH 2010 | CAPE TOWHN



Used copulas VAN
Skew t-copula \Crphateih

For example
« Demarta, McNeil (2005) , use a different definition,

 several other approaches can be found in the
monograph Kotz, Nadarajah (2004).
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Definition: (Kollo&Pettere,2010)

A copula is called skew t-copula, if its density function is

9,,[{G, (u;0,5,,4),...G,> (0,5 ,a )} X a
Cp,,,(uu}la)= pn 1n\"1 11'™1 1n\"p pp’=tp

D _
9191,/7 [Gl,; (U5 . Siir@y); M, S5, & |

where g, ,(ip X @) RP ®R is the density of the p-variate skew t-distribution and

function G_1¢;m,s;,4): R*®1, iT{L,.., p} denotes the inverse of the univariate t, -
distribution function.
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Parameter estimation (method of moments)

Y= (S, +XX")
n
" b(7)xp
o =
P2 - XE" X

where
1 nnq—
p=——WX X,
b(n)

with W = (g, \/g) i, j=1,.., p, where g is the Kronecker delta and

1 G(n —1)
b(n) = enuz " 2 °
Epll G(/;)

We have to assume that n > 2.
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Construction of the skew normal copula (Selart, 2010) is based
on the multivariate skew normal distribution, given by the
density function (Azzalini & Capitanio, 2003):

fxp X o) =201,k ) F& W 7k 1))

where  fy.5(X)  is the density function of N(p,X)

F(Y) denotes the distribution function of the standard normal
distribution

and W = diag (J;nﬂ)
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Parameter estimation
Gupta, Kollo & Selart, 2007

X=S,+7ZZ'

] (s,+2Z")" ng

é
J S (s,+2Z")" Z

where Z and SZ are the sample mean and the sample covariance
matrix.
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Simulation
v Skew normal copula
Start from multivariate normal distribution

+ additional selection rule for skew normal
copula

v Skew t-copula
Skew normal copula + chi-square distribution
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Estimates of parameters

The estimated shape and scale parameter for skew t-
copula from data:

a' =(0.268108 0.102999 - 0.053204)

£2.409x10* 1.425:10* 1.918:10° §
BE 81'425X104 35.810x10" 1.482x10"

§1.918:10° 1.482 10 4,199)(1045

n=4
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Estimates of parameters

The estimated shape and scale parameter for skew
normal copula from data:

1" =(0.000107 0.000107 - 0.000161)

£4.818:10* 2.850x10" 3.837 10" 0
21 (22 850110" 71.630x10" 2.964x10"

¢ .
83.837><10 2.964110" 8.397X1045
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Fitting data to the model
Used the Genest-Rivest construction (Genest & Rivest, 1993)

LXYi = CopTSkewXYi - Linelei

Cop T SkewXY;

Lines12;

LMXY=0.092

l l l l
0 50 100 150 200 250
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XY coordinate plane

XZ coordinate plane

YZ coordinate plane

Copula NC SNC STC NC SNC STC NC SNC STC
Mean 0,0890 | 0,0917 | 0,1001 | 0,0890 | 0,0871 | 0,0927 | 0,0922 | 0,0901 | 0,0990
Mode 0,1040 | 0,1120 | 0,0880 | 0,0800 | 0,0800 | 0,0960 | 0,1040 | 0,1040 | 0,1040
Median | 0,0800 | 0,0880 | 0,0960 | 0,0880 | 0,0800 | 0,0880 | 0,0880 | 0,0880 | 0,0960
Stand.

dev. 0,0279 | 0,0265 | 0,0298 | 0,0183 | 0,0189 | 0,0245 | 0,0218 | 0,0197 | 0,0222
1%

percent. | 0,0480 | 0,0480 | 0,0480 | 0,0519 | 0,0560 | 0,0480 | 0,0400 | 0,0519 | 0,0519
99%

percent. | 0,1763 | 0,1600 | 0,1680 | 0,1402 | 0,1321 | 0,1520 | 0,1401 | 0,1401 | 0,1561
98%

confid.

interval | 0,1283 | 0,1120 | 0,1200 | 0,0883 | 0,0761 | 0,1040 | 0,1001 | 0,0882 | 0,1042
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Simulation results
Business lines
1 2 3 Portfolio

Real values 10 942 253 1698 685 | 15597 638 28 238 577
Mean 10 656 852 1681548 | 15551 814 27 890 214
Median 10 664 495 1682210 | 15552 372 27 838 616
St. deviation 328 298 129 592 483 897 748 449
95% confidence

Interval for mean 10 102 061 1462 122 | 14809 961 26 876 455

11 176 203 1901900 | 16369 732 29 319 900

Skewness -0,067 0,114 0,154 0,265
Kurtosis -0,207 0,015 -0,438 -0,413
VaR(99.5%) 11 439 266 2015309 | 16 644 899 29 647 780
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vV it Is Important to take into account dependencies
between different business lines;

vV it is possible to model loss distributions with heavy
tail area,;

v copulas give more adequate model than the
traditional approach.
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