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Abstract

From 2006,  when  International  Financial  Reporting  Standard  IFRS  4  became in 
force, an insurer has to prepare Liability adequacy test at the end of each calendar 
year  which  has  to  show that  company’s  insurance  liabilities  are  adequate  using 
current estimates of future cash flows under company’s insurance contracts. It is very 
common to forecast future cash flows independently for each business line in nonlife 
insurance. But it comes out from practice that different business lines can be highly 
correlated. The aim of the present paper is to take into account dependencies between 
different business lines and to apply different multivariate copulas for finding the best 
model  for  forecasting  future  cash  flows.  Used  data  are  claims  from  three  main 
different business lines of a Latvian insurance company. The individual business lines 
are modelled by Gamma, Pareto and lognormal distributions. The analysis showed 
that daily payments were correlated. The joint distribution is modelled by different 
copulas:  the  Gaussian  copula,  the  skew  normal  copula  and  the  skew  t-copula 
introduced in Kollo & Pettere (2009). Simulations from the joint distribution were 
carried out to predict the next year cash flow and results were compared with the 
case when the dependencies between the business lines were not taken into account. 
For selecting the best model we used Genest & Rivest (1995) construction on each 
coordinate  plane and found values  of  the  Kolmogorov’s  test  statistic  for  pairs  of 
marginal distributions.

Keywords: Gaussian  copula,  loss  distributions,  simulation,  skew normal  copula, 
skew t-copula, skew t-distribution, VaR

1 Introduction
There are several reasons why future cash flow modelling is important for nonlife 
insurance companies. It can be used to find necessary economical capital like it was 
presented at the previous congress by Bagarry (Bagarry, 2006). But the mentioned 
modelling can be useful to check adequacy of reserves in different business lines too. 
From 2006,  when  International  Financial  Reporting  Standard  IFRS  4  became in 
force, an insurer has to prepare Liability adequacy test at the end of each calendar 
year  which  has  to  show that  company’s  insurance  liabilities  are  adequate  using 
current estimates of future cash flows under company’s insurance contracts. It is very 
common to forecast future cash flows independently for each business line in nonlife 
insurance. But it comes out from practice that different business lines can be highly 
correlated. The aim of the present paper is to show how it is possible to model future 
cash flows in the situation when different business lines are correlated. Distributions 
in nonlife insurance are skewed and joining them by Gaussian or Student copula not 
always  gives  good  approximation.  Several  copulas  based  on  skew  elliptical 
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distributions have been are introduced recently: skew normal copula (Selart, 2009), 
skew t-copula by Demarta & McNeil (2005) and another variant of the skew t-copula 
by Kollo & Pettere (2009). In this paper we examine how well some of the mentioned 
above copulas approximate our data. It came out that skew copulas give us better 
models.  To reach the aim the authors have constructed a joint  distribution of the 
business  lines  using different  copulas:  Gaussian copula,  skew normal copula  and 
skew t-copula. It is a problem to find a good and easily applicable fitting measure for 
copulas in the multivariate case. To solve that problem the authors have used the 
Genest & Rivest (1995) construction on each coordinate plane for original data and 
for simulated from a copula data. Kolmogorov’s test statistic was used to find out  the 
best copula. Finally, by simulation from the joint distribution we get an empirical 
distribution of annual losses which is used to find the stochastic risk measure VaR for 
expected future cash flow. As information we have used paid claims in the current 
year and the history of the loss ratio.

2 Used copulas
From symmetric multivariate copulas we used the Gaussian copula (Cherubini et. al., 
2004, p. 139). 
Construction of the skew normal copula (Selart, 2009) is based on the multivariate 
skew normal distribution, given by the density function (Azzalini & Capitanio, 2003):
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where  ( , ) ( )Nf μ Σ x  is the density function of  ( , )N μ Σ ,  ( )Φ Ч  denotes the distribution 

function of the standard normal distribution (0,1)N  and ( )11 ,..., ppdiag σ σ=W . 
Here p -vectors μ  and α  are the location and shape parameters respectively while
Σ : p pґ  is the scale parameter.
In  the  case  when  the  parameter  μ  equals  zero,  the  estimates  of  Σ  and  α  are 
obtained from the first moments’ expressions (Gupta, Kollo & Selart, 2007):
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where  Z  and  ZS  are the sample mean and the sample covariance matrix from a 
sample, distributed according to (2.1).
The construction of the  used skew t-copula introduced in Kollo & Pettere (2009) is 
based on the p-variate skew t-distribution introduced in Azzalini & Capitanio (2003) 
with the density function: 
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where ν  denotes degrees of freedom, Σ  is a positive definite p p −ґ matrix, μ  is a 
p − vector and Tx  denotes the transposed vector x , Q  is the quadratic form
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Here , ( , , )pt ν xμ Σ  is the density function of the multivariate t-distribution:
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and 1, ( )pT ν + Ч  denotes the distribution function of the central univariate t - distribution 
with pν + degrees of freedom.
The parameter  α  is called the shape parameter and it  regulates both,  shape and 
location, while μ  is considered as the location or shift parameter and Σ  is the scale 
parameter.
The skew t-copula is defined through its density function (Kollo & Pettere, 2009).
DEFINITION. A copula is called skew t -copula, if its density function is 
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where the density function  , ( ; , , )pg ν Чμ Σ α : pR R→  is defined by (2.4) and function 
1

1, ( ; , , )G i ii iν µ σ α− Ч :  1R I→ ,  { }1,...,i pО  is  the  inverse  of  the  univariate  1,t ν -
distribution function.
Parameters  Σ  and  α  are estimated from the expressions of the first two moments 
(Kollo & Pettere,  2009). Let  X  and  XS  denote the sample mean and the sample 
covariance matrix, respectively. Then the estimates are:
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In formula (2.6) we have to assume that 2ν >  .

3 Description of the model and data
The model is based on loss ratio triangles obtained under the calendar year approach 
for  paid  claims.  Using  information  from  past  it  is  possible  to  obtain  loss  ratio 
distribution in development years corresponding to each calendar year. Further the 
following assumptions are taken into account:
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          1) the loss ratios in following development years (paid claims in development 
year over gross premiums written in corresponding calendar year) are known (they 
are constant or  obtained from analysis of economic characteristics of the country 
and tariff politics in a company),
          2) claim amounts paid in different working days are considered as i.i.d. 
random variables for each business line.
The total claim amount paid in one year is the sum of the individual claims which 
have occurred over the selected time periods. We have taken two-days periods from 
250 working days in a year. If  we consider year  t,  the total  claim amount of  l-th 
business line is
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where , ,t j lC  is the sum of paid claims in period j .

Total amount of claims paid in year t is equal to the total amount of written premiums 
in  years  0, 1, 2,..., ls− − − ,   multiplied  by  corresponding  loss  ratios: 
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calculated in the following way
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where  ,t n lC +  denotes the claims paid in the year  t n+  for the contracts started in 
period t .
To calculate cash flow for the next year one has to take into account additionally 
previous year’s premiums’ impact to future claims and the inflation. Therefore we 
have to project claims for the next year 1,t lC +  by correcting the sums of the previous 
year ,t lC  using formula
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where ti   is inflation in year t.  
The model can be used for any number of variables. To make it more visible and 
better understandable we have used data (paid claims in periods of one year) from 
three business lines which are correlated. The correlation matrix between them is in 
the form:

1 0.140 0.600
0.140 1 0.114
0.600 0.114 1

R =
ж ц
з ч
з ч
и ш

.

The first  and third business  lines  are highly  correlated  ( 1,3r =0.6) while  the other 
correlations are relatively small ( 1,2r =0.14 and 2,3r =0.114). Descriptive statistics of 
the marginal distributions of business lines are presented in Table 1.

Table 1. Descriptive statistics of  data
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Business lines 1 2 3
Size 125 125 125
Mean 43 769.01 6 794.74 62 390.55
Median 41 274.28 3 285.15 59 154.16
Standard 
deviation 21 622.92 8 425.98 28 879.03
Skewness 0.96 2.15 0.46
Kurtosis 1.42 5.00 0.25

Marginal  distributions  were  approximated  by  Gamma,  Pareto  and  lognormal 
distributions. The best fit for the business line 1 was obtained by Gamma distribution, 
for business line 2 Pareto distribution gave the best model and for the business line 3 
lognormal distribution gave the best  fit.  The goodness-of-fit  was measured by the 
Kolmogorov test (the 5% critical value equals 0.1216). Results of testing are shown 
in Table 2. 

Table 2. Testing results for the marginal distributions 
Business line Used 

distribution
Parameters

1 Gamma α 4
β 10 680
Test value 0.0478

2 Pareto α 5.7
λ 32 000
Test value 0.0740

3 Lognormal µ 10.9
σ 0.44
Test value 0.0957

From the table we see that all univariate marginal distributions have good fit with the 
found model distributions.

4 Results
The  found  marginal  distributions  were  joined  into  a  three-dimensional  joint 
distribution by the Gaussian copula,  skew normal copula and skew  t-copula.  The 
shape parameter  1α  and the scale parameter  1Σ  for skew normal distribution and 
the  shape  parameter  α  and  the  scale  parameter  Σ  for  skew  t-distribution  were 
estimated from data using formulas  (2.2)-(2.3)  and (2.6)-(2.8)  with  4ν = .  As  the 
result we obtained the following estimates:

            (0.000107 0.000107 0.000161)ˆ1T = −α ; 
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(0.268108 0.102999 0.053204)ˆ T = −α ; 
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The number of degrees of freedom for skew t-distribution ν  was taken 4 because data 
were not  very  skewed and preliminary  analysis  showed that  4ν =  gave  the  best 
approximation.  In  Table  3  we  have  presented  simulation  results.  Simulation 
procedure for skew t-copula is based on the representation of a random vector X  
with the multivariate skew  t-distribution (see Kotz & Nadarajah, 2004, p. 103, for 
instance):

1/ 2 ,V= +Xμ Y
where  μ  is  the  shift  parameter,  Vν  is  chi-square  distributed  with  ν  degrees  of 
freedom and Y  has multivariate skew-normal distribution with parameters α  and Σ  
(for the skew-normal distribution see Kotz & Nadarajah (2004), p. 103 or Azzalini & 
Capitanio  (2003)).  The  simulation  rule  can  be  found  in  Cherubini,  Luciano  & 
Vecchiato (2004), p. 181.
In the simulation experiment triples from normal, skew normal and skew  t-copula 
were simulated to model the joint 3-variate distribution of business lines. The number 
of  replications  was 150.  We  have used  the  Genest-Rivest  construction  (Genest  & 
Rivest, 1993) to check accordance between sample data and simulated data for each 
coordinate plane and compared the module of maximum distance between obtained 
univariate cumulative distribution functions.  Results are shown in Table 3.

Table  3. Descriptive  statistics  for  fitting  measures  (maximum  distance  between 
distribution  functions  of  simulated  and  given  data  obtained  using  Genest-Rivest 
construction for different copulas (NC-Gaussian copula, SNC- Skew normal copula, 
STC- Skew 3,t ν -copula with 4ν = ). The 5% critical value of the Kolmogorov test is 
0.1216. 

XY coordinate plane XZ coordinate plane YZ coordinate plane
Copula NC SNC STC NC SNC STC NC SNC STC
Mean 0,0890 0,0917 0,1001 0,0890 0,0871 0,0927 0,0922 0,0901 0,0990
Mode 0,1040 0,1120 0,0880 0,0800 0,0800 0,0960 0,1040 0,1040 0,1040
Median 0,0800 0,0880 0,0960 0,0880 0,0800 0,0880 0,0880 0,0880 0,0960
Stand. 
dev. 0,0279 0,0265 0,0298 0,0183 0,0189 0,0245 0,0218 0,0197 0,0222
1% 
percent
. 0,0480 0,0480 0,0480 0,0519 0,0560 0,0480 0,0400 0,0519 0,0519
99% 
percent
. 0,1763 0,1600 0,1680 0,1402 0,1321 0,1520 0,1401 0,1401 0,1561
98% 
confid. 
interval 0,1283 0,1120 0,1200 0,0883 0,0761 0,1040 0,1001 0,0882 0,1042

Simulation  results  show  that  the  best  approximation  is  reached  by  skew  normal 
copula in our case. Simulated data from the  skew normal copula has not only the 
smallest distance between simulated data and given data almost in each coordinate 
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plane  (except  XY  plane)  but  it  has  also  the  smallest  standard  deviation  at  98% 
confidence level. Therefore for further investigation the authors have chosen the skew 
normal copula to join given business lines.
Estimate for the future annual cash flow is obtained by simulation from the copula. 
Results of simulation are collected in Table 4. On the first line `Real values´ we have 
the total annual claims paid out in the individual business lines (cash flow) and their 
sum (portfolio) in the current year. On the next lines characteristics of the simulated 
cash flows are given. From the obtained empirical distributions of cash flows we get 
estimates of VaR for all business lines as well as for the portfolio on the last line of 
Table 4.

Table 4. Simulation results 
Business lines

Portfolio1 2 3
Real values 10 942 253 1 698 685 15 597 638 28 238 577
Mean 10 656 852 1 681 548 15 551 814 27 890 214
Median 10 664 495 1 682 210 15 552 372 27 838 616
St. deviation 328 298 129 592 483 897 748 449
95% confidence 
interval for mean 10 102 061 1 462 122 14 809 961 26 876 455

11 176 203 1 901 900 16 369 732 29 319 900
Skewness -0,067 0,114 0,154 0,265
Kurtosis -0,207 0,015 -0,438 -0,413
VaR(99.5%) 11 439 266 2 015 309 16 644 899 29 647 780

For prediction of the cash flow for the next year we have to calculate corrected claim 
amounts which take into account written premiums and inflation rate using formula 
(3.1).  From these values the coefficients for all three business lines are found. The 
results are summarized in Table 5.

Table 5. Calculated coefficients for the next year using formula (3.1)
Business line 1 2 3
Coefficients 0.88 1.10 0.81

Now we are able  to  find  the predicted  cash flow as  a linear  combination  of  the 
simulated mean values of marginal total claim amounts for the next year combining 
data from Tables 4 and 5. In the same way we get prediction of 99.5% VaR for the 
next year. For comparison we present in the third line of Table 6 the predicted cash 
flow in  the  case  when  the  business  lines  are  considered  as  independent  random 
variables. As one can see we can decrease the needed capital for next year taking into 
account correlations between the business lines and it is possible to find additional 
capital needed to have the best estimate of future cash flow. 

Table 6. Projected cash flow for the next year and additional capital
Mean of future cash flow 23 824 702
VaR (99.5%) of future cash flow 25 286 523
Calculated cash flow (independent variables) 23 505 195
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5 Conclusions
The  study  showed  that  when  forecasting  next  year  cash  flow  for  an  insurance 
company it is important to take into account dependencies between different business 
lines.  Using copula approach it  was possible  to construct a reliable  model which 
enables to model loss distributions with heavy tail area and gives a more adequate 
model than the traditional approach.
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