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History introduction s~y Saanyay
N RAAL
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o Stein (1955) proved that the best unbiased estimator
IS not admissible and optimal (as the minimum of a
guadratic loss function) and suggested a shrinkage
estimator

o« James & Stein (1961) found a shrinkage estimator
that is uniformly better than the best unbiased one
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Statistical Problem 1 :

(James-Stein estimator) AN ARNA
]Clﬂlalo C,lﬂ

e Set of mrandom n-variate vectors
X, ~ N(qien;szln), i=1,2,K,m
+ The problem is to find the best estimator & =(d,,K, d.)

of the mean vector 0=(g,,g,, K, g.) as the minimum
the following criterion

Q@) =[6-0 = &l -4y

=1

if it is a linear function o = m+(1-c)(x - m)
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Solution of Problem 1 st i
N\ AL
;Ic/ﬂ‘l.al’ac,iﬂ

e |f vectors X; are independent (the condition
weakened) as M 3 3 the optimal solution is the
James-Stein estimator

B = /77+gl— (m - 2)522 ?(_u - /77)
{ o
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Shrinkage estimators s~y Saanyay
N RAAL
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are based on different distance (statistical loss)
functions (as the objective function of a optimisation
problem)

are minimax

are Bayesian

Exist in different forms, which are good enough
under different conditions

have relatively wide applications on practice
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Bayes approach N
y PP i S
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« The quadratic distance (statistical loss) function is
used

« Unknown parameters 0=(g,q,,K,qg,) are
randomised (this is the effect of the information
shortage)

« The solution (the best estimator) is the conditional
mean given 0=(q,,9,.K,q_)

e the information (or assumptions) about the
distributions plays a key role to construct this type
of estimator
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Exact credibility /\/* e
i
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« The Bayes estimator is linear and has the traditional

form of
aft = m+Z(x - m)
where
N
/ =
n+s?/v?

for linear exponential family of distributions
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Empirical Bayes approach mas. 37 SaaaEy

P y PP e
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. 2
Basic parameters /1, S° and v® are unknown

The idea Is

— to minimise the conditional distance (statistical l0ss)
function given observations X

— to estimate both the best estimator and the basic
parameters

The solution is the conditional mean given X
Traditional actuarial approach is of this type
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Buhlmann model e ic it
— structure of data LN
]C,ﬂmamc,iq
Observations Forecast
KoH- [lepuon
TpakT
1 2 N n+1
1 X11 X12 X1n E[X; 41l
2 X21 Xoo Xon E[X; n41]
m X1 X o ... Xn E[Xm,n+1]
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Biuhlmann model N

—traditional estimator NN
|C/»11a10(:,lf1

e The actuarial tradition uses the best unbiased

estimators
V2 = ﬁ%(z - %) —%5“2
« We have a’ =X, +g1— (m-1)$° %(Yi - %)
¢ nfx-xel];
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Lindley adjustment Hie. oy aseed
I
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 D. Lindley proved for Normal-Normal case in the
discussion of a report by Stein (1962) that it is
possible to additionally shrink while using the global
mean
& 2 0
_ m-3)s® _ _
gt =x. +51- M=) — (%, - x.)

0
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Alternative estimators? N
NRAL
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« The Bayes approach is the same for statisticians and
actuaries

« The alternatives are based on different ways to
construct Empirical Bayes estimators

 The traditional actuarial approach is not unique
e Other possible ways:

— Other estimators of the basic parameters

— Assuming different dependence structures

— Estimating Z orB=1-/7 as awhole
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Other estimators of the NG
basic parameters TN e
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« The best scale invariant (BSI) estimator for variance

$2=m(n-1)32/(m(n-1)+2)

« The estimator with Lindley adjustment

& A2 0
OIiL/BSI - % +§1_ ( (m-3)m(n-1)s T(Xi ~ Y*)

m(n -1) + 2)nHX - X.er
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Assuming different dependence
structures — Problem 2 FEEN
|C/»11a10(:»lf1

 Set of mrandom n-variate vectors
x. ~N(ge ;E),i=12 K, m
« The problem is to find a good enough estimator
8=(d,d,,K, d,) of the mean vector 8 with respect to

criterion Hﬁ ) OH; _ (6 _ 9)§(§ . O)T

where é/(m -1) is an estimate of covariance matrix =
and
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Efron — Morris estimator

e—
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Normal case)

1%+ (6, - e )

dEMZ — -I,- 4
! :Y g n-m-2 0
1 8 (3m - n)|lx; - YienHi 2

 One possible solution of Problem 2 (for Normal —

e, - ¢S é;H m3n+2

(X -%.),n3m+2
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Estimating ZorB=1-Zas i deudit
a whole VAN
|C/»11al’o(:,lf1

 For subset of exponential family with quadratic
variance function

V (m) = w, + wm+ w,m’
e Morris estimator

d" =x +[-B)x - x.)

where w, m—l+ n (m-3)V(m)

Wy +N MmN g - el i
*~m
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Simulation study M—\,\
]C/ﬂlalocllﬂ

« Changed from the paper on the Congress site

« The comparison between the credibility and
alternative estimators

« Criterion —the (statistical) risk function (the expected
guadratic loss/distance)

Q,(8)=E|(3(x) - 0)’|6]

No. of periods: 3; No. of contracts: 15
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Results for Normal distribution /\/*m\

]C/ﬂ 2olo C-'lﬂ

dA dL/BSI+ dEMZ dM+

X=5] 22,95 22.81 141,68 141,68
X =400 | 411,30 469,17 286,82 290,15
X=51+10] 152,39 155,02 152,03 152,03
X=4001+10] 45281 523,39 290,31 293,45
X=51+501 74435 74917 192,34 192,30
X =4001+50] 72371 843,00 341,92 348,47
X = 5 (0.95)iii 71,20 71,32 145,10 145,10
X =400 (0.95)H  5360,74  5391,31 531,67 552,12
X =5 (0.05)lH 24,34 24.31 141,95 141,95
X =400 (0.95)H 467,42 538,49 303,11 305,44
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Results for Gamma distribution A=
1C»1 2olo C.,iq
dA dL/BSI+ dEMZ dM+

X=5] 38,19 38,75 148,30 171,37
X =400 | 387,62 424,06 300,31 165,86
X=51+10] 236,07 239,63 165,86 179,46
X=4001+10J) 37022 41512 265,83 197,66
X=51+50] 857,04 860,00 198,40 198,40
X=4001+50J) 61564 727,24 305,45 306,31
X = 5 (0.95)lHl 122,18 122,32 151,60 254,56
X =400 (0.95)i  5611,06  5626,22 541,24 542,46
X =5 (0. 05)|i-n 43,77 44,63 152,42 172,31
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Results for Pareto distribution =
]C/ﬂlalo C,'h‘]

dA gL/BSl+ dEM2 gM+
X =400 | 199,52 20320 201,60 197,13

X =4001+10 210,18 219,18 208,73 209,17
X =4001+50) 271,48 301,34 199,92 199,90
X =400 (0.95)i1 334641 334735 382,39 390,25
X =400 (0.95)H 193,62 200,18 19350 193,50
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Multicollinearity problem in R

credibility regression model ";:12’1\

« Hachemeister (1975) model for regression credibility
estimators is very well known

e This model is based on well-conditioned situation with
matrices of full ranks

e In practice, it is possible that ranks are not full

 This multicollinearity problem may be solved with
shrinkage estimators as well
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Hachemeister model M—\,\
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e Credibility regression model
E[x |©=6]=W[(0)
e Variance-covariance matrix
Cov[x, x|Q = q] =5°(9) diag(cl‘l, ¢, K, c,;l)
+ Credibility estimator B¢ = Zp®* + (1 - Z) E[(Q)]

B = (wew) ' wcx

7 = (Cov[ls(Q), BQ)]* + Wc-lw)'lwcrlw
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Design matrix W I
]C/ﬂlalocllﬂ

 Basic assumption: full rank

« Hence (WC1W)! exists <=> matrix WCIW is not ill-
conditioned

« Variation of estimator is proportional to it

« Two understanding of W:

— Structural matrix (standard example is linear trend,
sometimes with seasonal fluctuations)

— Set of rating (risk) factors or covariates
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Principal component regression  —*__
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Spectral decomposition: WCtW=UTAU

Regression equation:
E[x|©=6]=(WU)(U'B(8)) =W'B.(6)

Estimator: g2~ = A™(W")'C'x

Deficient in rank: A™ = diag(ll“l, L' K, I;l,O,K,O)
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Principal component credibility M—\,\
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o Credibility regression model could be used for the
canonical form

Z.=UTzZU, BS=UTg°
« Different from Danneburg (1996) who diagonalised

Cov[B(Q),B(Q)]
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Ridge regression I
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Hoerl and Kennard (1970)
Homoscedastic case S°I

Va¥

B% = (WTW+kI) "WTx =

A
_ (l n k(WTW) 1) goLs
Tikhonov regularisation
The canonical form could be directly used
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Generalised ridge egression M—\,\
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« Different shrinkage for each component

Va¥

Bt = (A+K) (W) C '
« Different methods to estimate k;. Firinguetti (1999)
;= hs”
" (n-nS*+ L (LSS
 Almost unbiased (AUFGR) estimator

Fa N VoSV o N

B*AUFGR _ ﬁfR + (A + k)‘l KﬁfR
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Liu estimator I
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 Additional shrinkage towards GLS

e

pr=(A+1)" ((\/V)T Cx + dpes )

« Different approaches to estimate d. For minimal mean
squared error
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Mixed estimators M—\,\
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« Banerjee and Carr (1971): shrinkage to augmented
data

B = (WW+VTV) (Wx+VTx,, )

e Modified Swindel estimator

A

B = (A + f()_l((w*)T C'x+ f(b)
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Example I
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 Russian universal insurer with head-quarter in
St.Petersburg

« Two small towns Tikhvin and Kirishi (few hundred
kilometers from St.Petetrsburg)

e 2006: few claims (portfolio was growing from that
time)

* Individual data about risk factors used: C=l

« Both matrices are singular
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Results
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Rating| Indicators

Estimates for Tikhvin by formula

class 213

Princ. Comp.

PC Cred.

GR

AUFGR

Liu

BC

Mod. Swin.

[

20332,51

21785,58

17698,21

15434,86

1116,52

30789,80

16511,45

30580,44

31641,03

26426,74

22871,63

1541,31

39899,49

22095,60

217593,53

30219,89

2422417

21316,86

3277,12

31264,05

26051,84

12900,00

14004,80

11897,91

10976,49

9249,84

32582,20

12954,57

23147,93

23860,25

20626,45

18413,26

9674,64

41691,89

18538,72

20161,02

22439,12

18423,87

16858,50

11410,45

33056,45

22494,96

20324,38

20364,46

18182,75

16297,18

11143,50

18333,29

17151,82

30572,31

30219,91

26911,28

23733,95

11568,29

27442,98

22735,97

O|loo|N|O|OI|B|W|DN

217585,40

28798,78

24708,71

22179,18

13304,11

18807,54

26692,21

BN
o

12891,87

12583,69

12382,46

11838,81

19276,83

20125,69

13594,94

RPIFPr|IP|IP|IPIOIOCO([O[|O|O|O|EK
PIPIO|IO0O|IO0O|FR,|FRP|IPLP|IO|O|O
O|O|R,|O|O|RP|O|O|(FR,|O|OC| P&

[HEN

23139,80

22439,14

21110,99

19275,58

19701,62

29235,38

19179,10

O|rRr|IO|O0O|FRr|O|O|FRP|O|O|FL|O

12 |11 1

20152,89

21018,00

18908,42

17720,81

21437,43

20599,94

23135,33
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Conclusions - 1 I
iICA2el0 CiA

 The traditional motivation for credibility models
(shortage of data) is not sufficient for insurance
practice and model building

 Additional motivations open other ways to construct
credibility models

e Some advanced models could be built

 The traditional credibility estimator for the Bihlmann
model Is a particular case of Stein-type estimators

o Stein-type estimators gives wider view to credibility
estimators
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Conclusions - 2 I
iICA2el0 CiA

 Actuaries often employ data with multicollinearity
 Traditional actuarial approach ignores this problem
« Different approaches could be used

— Principal component regression

— Ridge regression

— Other (not presented here)

« The connection to the traditional form of credibility
estimator through mixed or restricted models
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Andrey A.Kudryavtsev

St. Petersburg State University, Russia
Phone: +7 — 812 — 2732400

E-mail: kudr@AK1122.spb.edu
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