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Stochastic mortality modelling

• Death rate for age x in year t

m(x,t) = D(x,t) / E(x,t)

D(x,t) : death count

E(x,t) : exposure

• Generic mortality model

m(x,t) = F( η(x,t), E(x,t))

η(x,t) : true death rate

F : error-structure

• Systematic variability (η) 

• Unsystematic variability (random deaths)

fitting extrapolation
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Variability in η

• Generally

• Parameter uncertainty

– uncertainty in θ

– (magnitude of ω’s)

• Structural uncertainty

– untertainty due to ω’s

• Model uncertainty

– choice of G
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θ : parameters

G : model structure

ω’s : randomness
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Random walk type models

• Most mortality models rely on a random walk with drift to describe 

the continued decrease in death rates over time (the period effect)

• Example: The model by Lee and Carter (1992) takes the form

• The index is typically modelled as a random walk with drift

– parameter uncertainty (uncertainty in μ and σ2) 

– structural uncertainty (stochastic evolution due to εt)

systematic variability unsystematic variability

txtxx kbatxm ,)),(log( e++=

,1 ttt kk em ++= - ),0( i.i.d. ~ 2se Nt



Uncertainty accumulation

• Parameter estimates 

where Δkt = kt-kt-1 for t =1, …,T

• 95%-confidence intervals for forecasted values
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Projection uncertainty 
under random walk structure

• Random walk structure implies that the same parameter (σ2) controls:

– uncertainty in annual improvements (short-term structural uncertainty)

– size of accumulated deviations (long-term structural uncertainty)

– uncertainty in average improvement (parameter uncertainty)

• … but the estimate of σ2 depends only on annual fluctuations
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Long-term uncertainty 
reflects short-term fluctuations
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Incoherent mortality projections

• Convergence of mortality levels

– Similar mortality evolution in most developed countries, due to similarities 

in socio-economic factors, lifestyle, level of treatment etc.

– Mortality levels are likely to continue to evolve in parallel 

with temporary country-specific deviations 

• Incoherent mortality projections

– Separate analyses exaggerate short-term differences and lead to diverging projections

– Seems highly implausible in the light of historic similarities 

– Example*: Austria, Australia, Belgium, Canada, Finland, France, Germany, Holland, Denmark, 

Italy, Japan, Norway, Portugal, Switzerland, Spain, Sweden, United Kingdom, United States

*Data from Human Mortality Database 



Divergent Lee-Carter projections 
from separate analyses
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Historic similarities are not preserved
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Short-term deviations 
from long-term trend

• All countries appear to follow the same long-term trend
– But improvements occur at different times in the individual countries

– Variation in annual improvement rates differ between countries

• Separate analyses
– Diverging projections with non-overlapping confidence intervals

– Unreasonable variation in forecasting uncertainty

• inability of random walk to distingush between short- and long-term uncertainty

• Coherent mortality projections
– Model common long-term trend

– Allow country-specific short-term deviations from trend



SAINT framework 
Spread Adjusted InterNational Trend

• Common international trend

– Model of choice for ηInt(x,t) estimated from pooled international data

• Model for country i:

– Multivariate, stationary time series model for yt
i (fixed regressors rx)

• Assuming independence between trend and spread 

– Asymptotically, trend uncertainty dominates, since spread uncertainty is bounded

• The SAINT-framework is described in Jarner and Kryger (2008)
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Coherent projections 
and levels of uncertainty
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Appendix

Additional details



Systematic and 
unsystematic variability

• Two types of variability in m(x,t)
– Variability in η(x,t)  

• systematic variability, independent of sample size

– Measurement error

• unsystematic variability, depends on sample size

• Example
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Sources of systematic uncertainty

Model uncertainty
Lee-Carter, logistic, etc.

Parameter uncertainty
Improvement rates, drift etc.

Structural uncertainty
Stochastic projections  

Type Assessment

Sensitivity analysis
Bayesian methods

Confidence intervals
Posterior distributions

Mean forecast with 
pointwise confidence bands 



Uncertainty accumulation

• Random walk with drift

– building block used in most mortality models to describe the continued 

decrease in death rates over time (the period effect), e.g.

• the model by Lee and Carter (1992), and its variants

• the class of models considered in Cairns et al. (2008)

– parameter uncertainty (uncertainty in μ and σ2)

– structural uncertainty (stochastic evolution due to εt)

• Instructive to study how parameter uncertainty and 

structural uncertainty accumulate in these models
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Example: Lee-Carter

• The model proposed by Lee and Carter (1992) takes the form

• To ensure identifiability the parameters are constrained by

• Estimates of the age-dependent constants (ax) are given by the averages over time of 
log(m(x,t)), while (bx) and the time-varying mortality index kt are obtained by SVD. 
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Refinements

• Brouhns et al. (2002) consider the model

– μ is the force of mortality

– introducing a statistical model allows joint MLE of ax, bx and kt

– the mortality index, (kt), is modelled as in Lee-Carter

• As in LC, the dynamics of the mortality index is estimated 
as if (kt) were observed rather than estimated quantities

– in principle joint estimation of all parameters – including those governing the k-dynamics –
is possible by MLE

– Czado et al. (2005) describe a full Bayesian analysis using MCMC
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Forecasting

• Forecasts are readily obtained from the expression 

• 95%-confidence intervals with and without uncertainty in

• Ignoring other sources of uncertainty these confidence intervals 
directly translate into confidence intervals for m(x,t)
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Uncertainty in forecasts with 
and without uncertainty in drift
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Large variation in projected 
mortality and levels of uncertainty
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SAINT framework 
Spread Adjusted InterNational Trend

• Common international trend
– Model of choice for ηInt(x,t) estimated from pooled international data

• Model for country i:

– Multivariate, stationary time series model for yt
i

• controls length and magnitude of deviations (spread)

– The spread, log ηi(x,t) - log ηInt(x,t), is parameterized by rx

• e.g. level, slope and curvature

• for example, rx = (1, x-a, (x-a)2 )’

• The SAINT-model is described in Jarner and Kryger (2008)
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Example

• Lee-Carter specification of ηInt(x,t)

• Three-dimensional vector autoregressive model for yt
i

• In this case the forecast variance takes the form

– First term is the Lee-Carter variance of the common long-term trend

– Second term is the (bounded) variance of the country-specific spread
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Random walk type mortality models

• Uncertainty

– Unreasonably large differences in projection uncertainty

• Level

– At odds with expected mortality convergence

Large annual fluctuations 

ß
Large accumulated uncertainty (structural)
Large trend uncertainty (parameter) 

Short-term differences

ß
Diverging projections



Coherent mortality modelling

• Uncertainty

– Similar long-term uncertainty, different short-term uncertainty

• Level

– Long-term (mean) forecasts evolve in parrallel

Large annual fluctuations 

ß
Large, but bounded, spread uncertainty
No impact on trend uncertainty 

Short-term differences

ß
Different levels relative to common trend
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