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Context (1)

• Solvency II derectives
• To map, to identify asset/liability risks
• To analyse/modelise asset/liability  risks
• To implement an internal model of evaluation 
• of the SCR

• → Most of internal model are based on ALM   
• Stochstic Model to generate the insurance   
• portfolio cash flows profiles



Context (2)

Asset Liability Management

• Asset Risks
FFinancial Risk Rate 
F Liquidity Risk 
FCounterparty Risk 
F…

• Liability Risks Hidden options 
©Surrender Rate
©Renunciation
©Guaranteed minimum rate 
©Reduction 
©…



Context (3)

Current Asset Models

F Financial rate      → Merton, Vasicek, Cox Ingersoll et Ross

F Inflation               → Wilkie,  Kaufmann, Hull & White

F Socks                  → Black & Scholes, Hardy (RSLN), …

F Correlation     → Copulas



Context (4)

Current Liability Modelisation

F Actuarial techniques è Mathematical Reserves

F Reglementation                         è Solvency Margin

F Optional Warranties è Guaranteed minimum rate

F Hidden Options è Surrender Rate, Lapse Rate …

C Main Objectif : Evaluate the expected average cost
• Average amount needed to cover the annual hidden options
• Estimate a schedule of future cash flows profiles generated by a 

financial stochastic model 



Context (5)

C In practice a too large uncertain environment may limit 
the use of classical stochastic models 

C In the real world, the phenomenon being studied is not 
often repeated a sufficient number of times to built an 
objectif and reliable probabilitiy measure

C In practice we are not always able to identify all possible 
events (mutually independent) and assign a subjective 
probability that measure the incertainty felling



Context (6)

C In fact, probability calculation is not always adapted to a very 
imprecise environment.

C Probability theory is lacking in capability to operate on perception-
based information because perceptions have a position on centrality 
in human cognition.

C In modeling some systems where human estimation is influential, 
one must deal with a fuzzy structure of the system considered.

C Fuzzy logic may provide yet another alternative in creating 
mathematical models of phenomena which cannot be adequately 
described solely as stochastic.



Investment in France

• Life Insurance is the favorite investment of the French,
with close to 137.5 billion € invested in 2009 (almost 2/3
of financial placements)

• Four principal objectives
– Transferring
– Growing capital
– Financing retirement
– Benefiting from tax advantages

Products that concern a large audience
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Investment in France

• Explanatory factors :
– The rates offered by bank-based savings products
– The rates offered by insurance companies / special rates
– The financial crisis / crisis of confidence
– The advantageous treatment of capital gains and death

payments for tax purposes
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Investment in France

• Flexible products with the possibility to conduct at any moment
– Acts of investment :

• Initial transfer
• Transfers, at will or predetermined

– Acts of withdrawal :
• Partial withdrawals, at will or predetermined

– Reallocation of capital to different funds
– Policy endorsements :

• Introduction of dynamic asset allocation
• Change of beneficiary …

11



Investment in France

• Two classes of investment funds
– The “funds in euros”

• With a minimum guaranteed rate
• With a profit sharing clause
• Financial risk carried by insurer

– Unit funds
• Risk carried by insured
• Different kinds of investment choices denpending of the insured’s risk

aversion
• Only the number of units is guarenteed
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Solvency II : SCR Modeling

• Solvency II : A prudential harmonised European framework
– To measure the global solvency of companies
– Risk-based system
– Principle-based and not rule-based
– Based on the total balance sheet
– Market-consistent value based approach

• Assets and liabilities must be estimated at their economic value i.e. at their 
market consistent value

– A coherent economic framework
• Consistent with the bank system Basel II
• In adherence with IFRS
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Solvency II : SCR Modeling

− To align capital requirements 
with the underlying risks to 
which companies are directly 
exposed

− To increase comprehension, 
transparency and comparability 
of the financial data transmitted 
by companies  

Technical
risks

Business 
risks

Unpredicable 
risks

Financial 
risks

ALM 
risks

Other 
risks

Insolvency

• To introduce a best risk management practice by indentifying the true risk profile of 
insurance companies
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Solvency II : SCR Modeling

• Capital Requirements
– Solvency Capital Requirement (SCR)

• Value-at-Risk of the basic own funds 
of an insurance or reinsurance 
undertaking subject to a confidence 
level of 99.5% over a one-year period

– Minimum Capital Requirement (MCR) 
• Amount of eligible basic own 

funds below which policy holders 
and beneficiaries would be 
exposed to an unacceptable level 
of risk were insurance and 
reinsurance undertakings allowed 
to continue their operations
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Solvency II : SCR Modeling

• Shall cover at least
– Non-life underwriting risk
– Life underwriting risk
– Health underwriting risk
– Market risk
– Credit risk
– Operational risk

• Can be calculated with
– The standard formula
– An internal model



The calculation of provisions under Solvency II

• General principles in order to calculate Best Estimate
– Probability-weighted average of gross future cash-flows
– Appropriate assumptions for future inflation

• Base underlying inflation assumptions consistent with that implied by the
market prices of relevant financial instruments

• Plus the necessary amount to reflect the specific features of the cost of cash-
flows

– Integration of the management actions and the policyholders’ behaviour
– Projections based upon current and credible information

• Entity-specific information should only be used in the calculation to the extent
that it enables participants to better reflect the characteristics of their
(re)insurance portfolio

– Consistent market assumptions
• Possibility of using Economic Scenarios Generator
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The calculation of provisions under Solvency II : Issues specific 

to life insurance

• The Best Estimate should take into account
– Different types of benefits of the funds in euros

• Minimum guaranteed rate
• Contractual and discretionary bonuses

– Management actions
• Changes in rates of extra benefits or product charges
• Changes in asset allocation

– Policyholders’ behaviour
• Reallocation euro / UC and UC / UC
• Cyclical and structural surrenders

– Asset-liability interactions
• Asset returns and distribution rates
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Solvency II 
Surrender Rate Stochastic Modeling

• In this context, there are generally two types of surrender laws
– Structural / Endogenous rates

• For example : Surrenders based on taxation agreements

Figure 1.1
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Solvency II 
Surrender Rate Stochastic Modeling

• In this context, there are generally two types of surrender laws
– Cyclical / Exogenous rates

• For example : QIS4 National Guidance France - ACAM
– Lapse rate is a function of a spread rate, i.e. the difference between the

distribution rate R and the referenced observed rate named “TME” (Taux Moyen
d’Etat, referenced rate used for the calculation of the technical rate)



2121

Solvency II 
Surrender Rate Stochastic Modeling

Figure 1.2
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Fuzzy Logic Theory : Introduction

• Uncertainty
– Probability theory is capable of representing only one of several distinct 

types of uncertainty.
– When A is a fuzzy set and x is a relevant object, the proposition “x is a 

member of A” is not necessarily either true or false. It may be true only 
to some degree, the degree to which x is actually a member of A.

– For example: the weather today
• Sunny: If we define any cloud cover of 25% or less is sunny.
• This means that a cloud cover of 26% is not sunny?
• “Vagueness” should be introduced.
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Fuzzy Logic Theory : Introduction

• The crisp set v.s. the fuzzy set
– The crisp set is defined in such a way as to dichotomize the individuals in some given 

universe of discourse into two groups: members and nonmembers.
• However, many classification concepts do not exhibit this characteristic.
• For example, the set of tall people, expensive cars, or sunny days.

– A fuzzy set can be defined mathematically by assigning to each possible individual in 
the universe of discourse a value representing its grade of membership in the fuzzy 
set.

• For example: a fuzzy set representing our concept of sunny might assign a degree of 
membership of 1 to a cloud cover of 0%, 0.8 to a cloud cover of 20%, 0.4 to a cloud 
cover of 30%, and 0 to a cloud cover of 75%.
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Fuzzy Logic Theory : Introduction

• Three basic methods to define sets:
– The list method: a set is defined by naming all its members.

– The rule method: a set is defined by a property satisfied by its members.

where ‘|’ denotes the phrase “such that”
P(x): a proposition of the form “x has the property P ”

– A set is defined by a characteristic function.

the characteristic function 
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Fuzzy Logic Theory : Introduction
• A membership function: 

– A characteristic function: the values assigned to the elements of the 
universal set fall within a specified range and indicate the membership 
grade of there elements in the set.

– Larger values denote higher degrees of set membership.
• A set defined by membership functions is a fuzzy set.
• The most commonly used range of values of membership functions is the 

unit interval [0,1].
• We think the universal set X is always a crisp set.
• Notation:

– The membership function of a fuzzy set A is denoted by     :

– In the other one, the function is denoted by A and has the same form

– In this text, we use the second notation.

Am

]1,0[: ®XA

]1,0[: ®XAm
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Fuzzy Logic Theory : Fuzzy Sets

1.3
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Fuzzy Logic Theory : Fuzzy Sets

• Several fuzzy sets representing linguistic concepts such as low, medium, high, and so one 
are often employed to define states of a variable. Such a variable is usually called a fuzzy 
variable.

• For example:
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Fuzzy Logic Theory : Fuzzy numbers

• Fuzzy numbers (or Fuzzy intervals)
– Fuzzy sets define on R

membership function  A:Rà[0,1]
– The concepts of fuzzy number

• Numbers that are close to a given real number
• Numbers that are around a given interval of real numbers

– Applications:
• Fuzzy control, decision making, approximate reasoning, optimization, and 

statistics with imprecise probabilities.
• Required properties of a fuzzy number A

• Every fuzzy number is a convex fuzzy set.



29

Fuzzy Logic Theory : Fuzzy numbers

1.5

1.5
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Fuzzy Logic Theory : Fuzzy numbers

Bell-shaped, symmetric Bell-shaped, asymmetric

Only increasing Only decreasing
1.6



Fuzzy Linear Regression Models (FLRM)

• Following Tanaka et al (1982),  Sanchez and Gomez (2004), 
Bargiela et al (2007), Ababpour and Tata (208), the FLRM took the 
general form : 
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Where     is the fuzzy output,      is a fuzzy coefficient and 

is an n-dimensional fuzzy input vector.

The fuzzy components were assumed to be triangular fuzzy 
numbers (TFNs) or trapezoidal fuzzy numbers. 
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Fuzzy Linear Regression Models (FLRM)

• Several methods for evaluating fuzzy 
coefficients in FLRM :

• →  Mathematical Programming Methods (Gradient-
• Descent Optimisation)

• → Possibilistic Regression Model (Spread 
Minimisation)

• → Diamond metric and its generalization (Fuzzy Least-
Squares Method)
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