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Introduction

Basic question:

Given a pure savings scheme with fixed, stipulated premiums and 

benefits and a free policy option for the policyholder, can a sufficient 

reserve be calculated by adding the current exercise value of the 

option to the value of the fixed payments?

Value of fixed net 

payments

(benefits minus 

premiums)

Additional reserve

Value of free 

policy benefits

?

Exercise value

(bonus potential 

on premiums)

Exercise value

(bonus potential 

on premiums)



Problem

• Standard pension scheme with fixed, stipulated premiums and 

benefits

• Policy term [0,T’]

• Present time t0

• Retirement time T

• Disregarding (unprescribed) bonus benefits

Premiums Benefits

0 t0 (now) T T’



Problem

• Biometric risks (mortalitity etc.) disregarded

• Premiums B(-), benefits B(+)

• First order interest rate r* (to the safe side, i.e., low)

First order reserve:

First order equivalence at time 0:
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Problem

Financial market and reserves:

• General, standard Brownian motion-driven complete financial

market

• Short interest rate r (stochastic)

• Price of u-bond at time t < u: p(t,u)

Market reserve corresponding to fixed payments:

Note: We should have 
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Problem

Free policy benefits upon exercise at time t < T: 

• Proportional to original benefits, B(+)

• First order reserve, V*(t), unchanged

Thus, 

where
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Problem

Market value of free policy benefits:

where

Note: We expect (but need not have)

  ),()()();(),()( )()(

]',(
tVtVtVtudButptV GP

Tt

FPB  

.)(),()(
]',(

)()(


 

Tt

GP udButptV

).()( tVtV GPFPB 



Problem

Now, let Amin(t0) denote the smallest possible amount such that

there exists an investment strategy financed by Amin(t0) and the 

premiums, under which the wealth process exceeds VFPB(t) and
VGP(t) at any time t є [t0, T] (almost surely). 

Clearly, Amin(t0) ≥ max (VFPB(t0), V
GP(t0)).

Overall problem: When do we have

Amin(t0) > max (VFPB(t0), V
GP(t0)) ?



Results

Proposition 1:

If VGP dominates VFPB, i.e., if VGP(t) ≥ VFPB(t), a.s., for every t є [t0, T], 

then Amin(t0) = VGP(t0) = max (VGP(t0), V
FPB(t0)).

Note: Very unnatural condition. 

Intuition: By simply hedging the guaranteed payments, the free policy 

option is always out of the money.



Results

Proposition 2:

If VGP does not dominate VFPB, then Amin(t0) > VGP(t0).

Note: Very natural condition. 

Intuition: The amount VGP(t0) is insufficient as it only allows you to 

hedge the fixed payments.

Corollary:

If VGP(t0) ≥ VFPB(t0), then Amin(t0) = max (VGP(t0), V
FPB(t0)) if and only if

VGP dominates VFPB. 



Results

We now focus on the case where

VFPB(t0) > VGP(t0). 

Proposition 3:

Regardless of whether VFPB dominates VGP or not, we can only
conclude that Amin(t0) ≥VFPB(t0) in general.

Note: 

• Very general, but slightly ”boring” result

• Even if VFPB dominates VGP, we may have Amin(t0) >VFPB(t0).



Results

More specific and interesting results require more specific conditions...

Let t1 be the time of the first future premium payment, i.e., 

Proposition 4:

If (i) t1 > t0, and (ii) there is at least one t є [t0, t1) such that

P(VGP(t) ≥ VFPB(t)) > 0, then Amin(t0) > VFPB(t0).

Note: Condition (i) always holds in the case of discrete-time premiums.

Intuition: With VFPB(t0), only the free policy benefits can be hedged.
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Results

For more general results we need conditions on the relationship

between VGP(+) and V*(+), in particular at time t1. The factor 

VGP(+)/V*(+) acts as a multiplier on the premium payments at time t in 

the dynamics for VFPB.

Proposition 5:

If V*(+) dominates VGP(+), then Amin(t0) = VFPB(t0).

Proposition 6:

If P(VGP(+)(t1) > V*(+)(t1)) > 0, then Amin(t0) > VFPB(t0).



Results

The case t1 = t0 (continuous-time premiums) is somewhat unsettled…

Proposition 7:

If t1 = t0, we can only conclude Amin(t0) ≥VFPB(t0) under the following

conditions (all assumed to hold):

(i) VFPB(t0) > VGP(t0)

(ii) VGP(+)(t0) ≤ V*(+)(t0)

(iii) There exists a t є S (the support of B(-)) such that

P(VGP(+)(t) > V*(+)(t)) > 0.

In other words, both equality and strict inequality can occur.



Conclusion

The case t1 > t0 (discrete-time premiums), still VFPB(t0) > VGP(t0):

If 

(i) there is at least one t є [t0, t1) such that P(VGP(t) ≥ VFPB(t)) > 0, or

(ii) P(VGP(+)(t1) ≥ V*(+)(t1)) > 0,

then Amin(t0) > VFPB(t0).

If 

(iii) V*(+) dominates VGP(+), 

then Amin(t0) = VFPB(t0).

Otherwise, both strict inequality and equality can occur.



Conclusion

The case t1 = t0 (continuous-time premiums), still VFPB(t0) > VGP(t0):

If  VGP(+)(t0) ≥ V*(+)(t0), then Amin(t0) > VFPB(t0).

If  V*(+) dominates VGP(+), then Amin(t0) = VFPB(t0).

Otherwise, both strict inequality and equality can occur.



Conclusion

Thank you.


