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Abstract

In this work we propose a stochastic framework for the characterisation of the distribution of losses over a
period of time for a portfolio of earthquake risks. Insurance losses are assumed to be generated by a loss process
that is in turn governed by an earthquake process, a point process marked with the earthquake’s hypocentre and
magnitude, and by a conditional loss distribution for an insurance portfolio that governs the loss size given the
hypocentre and magnitude of the earthquake, and the physical characteristics of the portfolio as described in
the individual policy records. A novel model of the earthquake process, a Poisson marked point process with
spatial gamma intensity measure on the hypocentral space, and extensions of the Poisson and stress release
models are proposed. We discuss the general architectural considerations for constructing the conditional loss
distribution and, on the actuarial mathematics front, given a fully specified loss process, we address the problem
of constructing simulation based and, where possible, analytical approximations to the distribution of portfolio
losses over a period of time. We illustrate the applicability of the stochastic models and methods proposed in
this work through the analysis of a residential homeowners property catastrophe portfolio exposed to earthquake
risk. We construct approximations to the distribution of portfolio losses over a period of time under each of the
three models of the earthquake process that we propose, and discuss their relative merits.
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1 Introduction

1.1 Background

Traditionally actuaries have had difficulty pricing risks that have low frequency but potential for large sever-
ity. A case in point is earthquake risk, the actuarial mathematics of which do not fall within the framework
of conventional procedures. Although large damaging earthquakes occur rarely, they are associated with an
extremely high loss potential where all forms of insurance can be affected simultaneously. Earthquakes produce
claims that are highly correlated in time and space, depending on the density of buildings and their locations
and individual characteristics, and on the mechanics of earthquake occurrence in time and space. Although rich
data may exist on earthquake activity on a regional level, claims data are not so abundant, with many insurance
companies lacking the experience of handling claims for a major damaging earthquake. The risk assessment
and management problem in the case of earthquake risk is then transformed from a purely statistical one into
a challenging one at the interface of geophysics, engineering seismology, stochastics, insurance mathematics and
economics, whose important considerations regarding risk selection, premium pricing, portfolio management,
and risk transfer strategies such as reinsurance and securitisation, must be well grounded in a solid assessment
of earthquake risk.

In this work we propose a unified methodology comprising models and methods for the assessment of earth-
quake risk from an insurer’s point of view. It is basic to the extent that the aim is not to address the financial
mathematics and economics of pricing, portfolio management and risk transfer strategies, but to enable the
latter through the characterisation of the foundation of any risk management consideration in insurance: the
distribution of losses over a period of time for a portfolio of risks.

1.2 The mathematical problem: an insurer’s perspective

Assume an insurance company writes earthquake coverage in a given geographic region and has maintained
data files for this line of business over a certain period of time. Policy records describe the individual objects
(buildings) covered under the scheme by ascribing to each object a vector of observed characteristics ¢, including
its geographical location, its construction type (wood,unreinforced or reinforced masonry, steel frame, etc.), its
occupancy type (residential, commercial, industrial, etc.), and the financial and coverage terms such as estimated
value, deductible, coverage limit, and number of reinstatements. Claims records specify the policy number which
(together with date) identifies uniquely the damaged object and its characteristics at the time of the incident.

Assume there is an earthquake catalog available for a geographic region of interest L. C R3. The catalog
describes the generic earthquake by a triple (T, L,Z), where T € R, is its time of occurrence, time being
reckoned from the inception of the catalog, L € L is its location in space, and Z € Z C R, is its magnitude.
We will henceforth refer to T' as the téme and to the pair (L, Z) as the mark of the earthquake. We assume T,
L, and Z, reside in (R, Bg, ), (I, BL), and (Z, Bz), the time, location, and magnitude spaces, respectively, with
Br. , B, and Bz, the Borel sigma-algebras. The earthquakes (T3, L;, Z;) are assumed to occur at isolated points
of time (almost surely) so that they can be enumerated in chronological order, forming the earthquake process,
a marked point process {(T;, Li, Z;) }ien with associated counting process

N(T,L, Z) :=ZITX£X2(TZ-,LZ-,ZZ-):///N(dt,dl,dz),

the number of earthquakes occurring in the time interval 7 € Bg,, where T := (r,s], 0 < r < s, with location
in £ € By, and magnitude in Z € By,

Let the pair (Y, ¢) denote the generic insured object with characteristics ¢ and loss Y, given the occurrence
of an earthquake with location L and magnitude Z, and

G(y|l,z,c) = ]PC[Y < y|L = l,Z = Z}

be its distribution function. Consider the portfolio in force at time ¢, henceforth referred to as the t-portfolio,
and its K; constituent risks. The t-portfolio loss given L and Z is R := Zsz‘l Y}, with distribution

Gi(rll,z) = PR<rL=1,2=7]



given by the convolution of G over the t¢-portfolio. We shall henceforth refer to G; as the conditional loss
distribution.

If the mark (L, Z) for an earthquake occurring at time T is augmented to include R, the earthquake process
becomes the loss process, with associated counting process

N(t7£7ZaR) = Zl(O,t}X[:XZXR(EaL%ZhRi)

=1
/ ///N(ds,dl,dz,dr).
onJelzIr

Assuming the ¢-portfolio remains fixed during the time interval (¢, u], the aggregate loss over (¢,u] is given by

Xt ::/ /// rN(dr,dl,dz,dr).
(] JLJz IRy

Let F = {Fi}1>0 be the filtration to which the loss process is adapted, including information about the marks
and times of past events, as well as any information about external variables or processes evolving in time in
parallel with the losses. Using the usual suggestive notation, the F—intensity of the loss process is

A(dt,dl,dz, dr) := E[N(dt,dl,dz, dr)| F,-],

where A is a measure that admits a representation of the form

A(dt, dl, dz, dr) = AdtA(dD)®(dz)Gy(dr|l, 2),

with A > 0, and A and ® the location and magnitude distributions, respectively. Thus, specifying a loss process
is tantamount to specifying its underlying earthquake process and conditional loss distribution.

1.3 Outline of the paper

In this study we propose a framework for the characterisation of the loss process, and address the problem of
constructing approximations to the distribution P“*(z) := P[X;, < z]. In Section 2, we discuss the general
architectural considerations for constructing the conditional loss distribution. In Section 3, we propose a novel
model of the earthquake process, an application of a spatial Poisson model with gamma intensity measure,
along with an extension of the spatial Poisson model that incorporates epicentral location and depth as mark
components. We also introduce this feature in a specification of the stress release model of the earthquake
process, considered in Section 4. On the actuarial mathematics front, in Section 5 we address the problem of
constructing simulation based and, where possible, analytical approximations to the loss distribution P%%. In
Section and illustrate the applicability of the stochastic models and methods we propose through the analysis of
a residential homeowners property catastrophe portfolio exposed to earthquake risk in Southern California. In
Section 6 we construct approximations to P“* under each of the three models of the earthquake process that we
propose, and discuss their relative merits.

2 The conditional loss distribution

2.1 General architectural considerations

In this section we address the problem of specifying Gi(r|l, z), the distribution of R, the loss to the ¢-portfolio
given the occurrence of an earthquake with magnitude Z and location L. To the extent that G is given by the
convolution

Gi(r|l,z) = [G(-|l,z,c1) * - x G(-|l, z,c,)] (1),

we first focus on the construction of G(y|l, z, ¢).



A. The need for a mixed distribution.  Consider a policy/insured object and its record ¢, listing, among
other data, its value v. Given the occurrence of an earthquake, let p > 0 denote the probability of no loss
occurring. The magnitude of the earthquake, its location relative to the risk, the local site conditions such as
soil type, potential for liquefaction and/or landslide, and the individual characteristics of the object, all stored
in ¢, are factors influencing the probability of this event and consequently p = p(l, z, ¢). This same logic applies
to the event of total loss, occurring with probability ¢ = ¢(l, z,¢) > 0. The magnitude of the earthquake could
be so large, and its location relative to the risk in question be so close that, compounded with e.g. soft porous
soils prone to liquefaction and a weak construction profile in engineering terms, it would lead to structural
damage resulting in a total loss. Finally, between these two ends of the loss spectrum, we have an infinite
and uncountable number of possibilities for the size of loss, each occurring with probability zero and governed
by a continuous distribution G(y|l, z, ¢), say, with support on (0,v). In mathematical terms, ¥ has a mixed
distribution G(y|l, z, ¢) with probability density p and ¢, with respect to Dirac measure on 0 and v, respectively,
and probability density g with respect to Lebesgue measure on (0,v), i.e.,

p(l,z,¢) = GOl 2,¢)

q(l,z,¢) = GO|l,z,¢)—G(w—|l,z0¢), and
G’ (y|l, z, c

Tz = 29

1—p(l,z,¢) —qll,z,¢)

B. Establishing a reference hazard measure. The distribution G is a function of earthquake magnitude
and location, and of the covariates summarised in c. Without reference to a hazard measure that translates the
earthquake characteristics and the risk specifics into some form of damage potential, conditioning the size of loss
on the occurrence of an earthquake is meaningless.

The traditional approach in engineering seismology is to use the amplitude of ground motion as a reference
hazard measure. Given the location and magnitude of an earthquake, the distribution of peak ground motion is
estimated through an attenuation relation whereby e.g. the peak ground acceleration A at the site is governed
by a lognormal distribution H(a|l,z,c) with, say, mean u = u(l, z,¢) and variance o2. Attenuation relations
are developed regionally on the basis of ground motion observations for earthquakes with magnitude above a
certain threshold. Given a level of peak ground acceleration, a seismic vulnerability function, a distribution
GV (yla, c), say, relating damage to peak ground acceleration is then used to estimate damage at the site. Under
this approach, G would take the form

QWJ@:/bWWWMWWJ@' (1)

For insurance risk assessment purposes, where the aim is not so much to predict ground motion at a particular
site as to obtain the probability distribution of insurance losses over relatively long periods, the formulation in
(1) is not ideal, for a number of reasons. First and foremost, there are the natural robustness issues arising
from missing data and measurement and model specification error for each of two different models, one for GV
and one for H, with a compounding effect for the uncertainties in each of the latter likely to be reflected in the
variance structure of G. Then there is the computational burden of calculating (1) for each of the risks in the
portfolio, a behemoth of a task if more than a few hundred risks are present therein. We propose an alternative
to the engineering seismology two-staged approach through the design of a new hazard measure which enables
the modeling of G directly, without the need of the ‘auxiliary’ role played by the attenuation relation. The
construction of this new hazard measure is addressed next.

2.2 Construction of a reference hazard measure

A. Energy released by earthquakes and the inverse-square law.  The total energy E released when
an earthquake occurs includes energy required to create new cracks in rock, energy dissipated as heat through
friction, and energy S elastically radiated through the earth. Of these, only the latter is susceptible to measure-
ment by ground motion recording instruments. An approximation to S in terms of earthquake magnitude 7 is
given by the empirical relation (Vere-Jones et al. [20])



which is similar to the classical definition of seismic energy and Benioff strain (Kanamori and Anderson [11]),
with a changing coeflicient considering new seismological data.

A seismic wave loses energy as it propagates through the earth and, as a result, the energy with which an
earthquake affects a location is dependent on the distance between the location and the hypocentre. The nature
of this relationship is governed by a physical inverse-square type law, whereby the amount of energy radiated at
a site is inversely proportional to the the square of the distance from the energy source.

B. Amount of energy radiated at the site of a risk. = Taking S as a measure of the energy released upon
the occurrence of an earthquake with magnitude Z, a measure of the energy radiated at the site of the object
with policy record c is given by

s(2)

6([7 Z,C) = m,

where s(z) := 10%4+32 ||| is the Euclidean norm, and the location I* € R? of the object is stored in ¢. There
are two conspicuous features of this formulation. The first has to do with the energy per unit area when I = [*.
The energy released by an earthquake radiates from the hypocentre and, at any time, sits on a sphere centred
at [. When the sphere attains radius ||l — I*|| and hits the object, the total energy is still s(z) and the area it is
uniformly distributed over is proportional to ||l — l*H2. Thus, the energy per unit area must, by definition, be
infinite at ground 0 at time 0. The second feature is the implicit assumption of isotropy that some would argue
is inappropriate. To the extent that the complexities of energy attenuation through an elastic medium are not
being accounted for, our formulation is crude. This crudity, however, is offset by the fact that the ultimate goal is
not to predict energy or ground motion at a particular site, but to obtain the probability distribution of insurance
losses over relatively large periods of time and over a relatively large geographical region. Any sensitivity of the
loss distribution to the functional form of e(-) must then be addressed wis-da-vis the corresponding distribution
obtained under a formulation of the form (1), and the compounding effect of the uncertainties inherent in the
attenuation and vulnerability models.

2.3 Modeling of singularities

Having established ¢ = ([, 2,c) as a reference hazard measure, G can be recast as G(yle, c), with continuous
component G(yle, ¢), and probability atoms p = p(e, ¢) and g = ¢(¢, ¢). In this section we address the estimation
of the latter.

A. The singularity at zero. First, we define the binary random variable Y° = l{y—oy with probabilities
P[Y?=1] =p and P[Y° = 0] = 1 — p. Under this setup,

Y ~ Ber(p)

and the problem is to obtain an estimate for p in terms of € and ¢. A generalised linear model (GLM) of the
form

n(p) = a® + % + ¢ (3)

can be defined, where the scalars a® and 3°, and the vector 7°, are the parameters of the model, 7 is the link
function and parameter estimation is performed on the basis of information available in the claims records {x;}.
The estimates a°, 3° and 4°, are obtained upon calibration of (3), and the estimate of the probability p of a
singularity at zero is given by



B. The singularity at the value of the insured object.  The argument for the estimation of ¢ is identical
to that of p, with one caveat. If p and g were modelled separately and each using the full set of claims records,
there would be a possibility of obtaining estimates p and ¢ such that p+ ¢ > 1. To avoid this problem, we
define ¢* = P[Y = v|Y > 0] and fit the model to the observations with ¥ > 0. Thus, the random variable
Y? = 1yy—y)1{y>0), With probabilities P[Y” = 1] = ¢* and P[Y"” = 0] = 1 — ¢*, whereby

Y'Y ~ Ber(q"),
is first defined. A model

n(g") =’ + B ++"c (4)

is then specified and calibrated, from where the estimate

¢t =& + BYe +4%)
follows. Since ¢ = P[Y =v] =P[Y =v]Y > 0]P[Y > 0], it follows that

q=q"(1-p).
Alternatively, p and ¢ could be modelled together using, for instance, a multinomial logistic model for the

3-category response
Y =0),I0<Y <v),I(Y =v)).

2.4 Modeling of the continuous component

In this section we address the modeling of G(yle, c), the conditional distribution of Y given 0 < Y < v, which
we assume to be specified up to a vector of unknown parameters ¢ = 9(e,¢). The j-th non-central and central
(j > 2) moments of Y, given 0 <Y < v, are

v

m " = m®(9(e,c)) = / Y dG (y; 0(c, ©)) (5)

and

" = m" (W(e, ) = / (y — m®) dG(y; 9 (e, 0)),
0

respectively. As before, estimation of ¢ is performed on the basis of {k;}. In principle, this exercise is no different
to the estimation of p and ¢, the parameters of the distributions of Y° and Y?, respectively. Whilst the Bernoulli
distribution was the obvious choice in the the case of the latter, the specification of G is not so apparent. One
architectural restriction is the need for G to have support on (0, v), but this can be readily overcome by working
with an appropriately truncated distribution and so the candidates remain vast. Once more, we operate in the
GLM estimation framework, where the aim is to ‘regress’ Y, given 0 < Y < v, on € and ¢ in a way such that

n(p) = a+ fe+ e,

where p = p(¥) = E[Y|0 < Y < v] and, as before, o, 8 and « are parameters, with 7 a link function. See e.g.
Ferrari and Cribari-Neto [6] for a regression model where the response is beta distributed using a parameterisation
that is indexed by mean and dispersion parameters.

2.5 Derivation of moments

A. The moments of R.  On the basis of a fully specified model for the conditional loss distribution G, the
j-th non-central and central (j > 2) moments of R = ZkK:tl Y%, the conditional loss for the ¢-portfolio comprising
K, risks, are given by

mlt = mii((00)) = [ PG (1)) ©)



and

mf = mf({ﬂk}) = /(7’ - mf’)jth(T; {ﬂk})a (7)

respectively. We assume Yy, k = 1,..., K;, are independent with mean, variance, and third central moment
my g =my k(W) = E[Yi],
ma g = mg,k(ﬁk) = V[Yk], and
My, =Mmar(Wr) = E[(Yi—mip)’],

from where it follows that m = >, my j, m& = ", Moy, and ML = >, Mg k.
Below we derive analytical expressions for my j, Mok, and M3 k.

B. Analytical expressions for the mean, variance, and third central moment of Y;. The j-th non-
central moment of Yy, is

myk = (1= pr — k) /yjdé(y; Ok) + ar(ve)’, (8)
where m; , = m; 1 (pk, gr, V). From (5), (8) can be recast as
o _ - (0,v%) j
mje = (1 —pr Qk)mj,k + qi(vi)?,

with m;oév’“) = mg»o’v)(ﬁk), from where my . follows trivially. To obtain Ty we use the identity V[Yy] =

E[Y2] — E[Y;]?, from where it follows that

— 2
Mok = M2k — MY g

and, in a similar way, using the identity E[(Y} — E[Y%])?] = E[Y] — 3V[Y,]E[Y:] — E[Yi]?,

— _ 3
M3k = M3k — 3M2 gM1 g — MY .

3 Poisson type models of the earthquake process

3.1 Introduction

In this and the next section we consider models of the process of earthquake occurrence. We assume that at
the base of everything there is a filtered probability space (2, F = {F;}1>0,P) and operate in the marked point
process framework introduced in Section 1.2, where we assume that the earthquake process is intensity driven
and that, using the usual suggestive notation,

A(dt,dl, dz) = E[N(dt,dl,dz)|F,-]

is its intensity, with {F;} a filtration to which the process is adapted. The latter includes information about the
marks and times of (strictly) past events, and possibly about external variables or processes evolving in time in
parallel with the earthquake process.

We formulate two Poisson type models of the earthquake process. In Section 3.2 we present a model whereby
the earthquake process is Poissonian, setting the scene that will later allow us to assess the relative merits of
more complex formulations. In this model, the intensity of occurrence of an earthquake is constant through time,
with a deterministic time-independent marking mechanism. In Section 3.3 we propose a Bayesian formulation:
a Poisson model with gamma intensity measure where both the intensity of occurrence of an earthquake and
the marking mechanism are time-independent (a priori), albeit stochastic. The purpose of the latter model is
to capture earthquake clustering in space, a pervasive feature of earthquake occurrence.

In both Poissonian models, independence plays a central role that leads to elegant analytical expressions for
moments and representation results. Interesting extensions appear when the assumption of completely indepen-
dent marks is removed, and ways in which either the marks can influence the future development of the process,



or the current state of the process can influence the distribution of marks, or both, is considered. This is the
case in, for instance, the stress release model presented in Section 4.

3.2 The spatial Poisson process

A. Notation preliminaries. If X is a random variable, then we say L£(X) denotes the probability law
of X. The conditional law of X, given the random variable Y (or the sigma-algebra it generates) is denoted
by L£(X]Y). We may also occasionally write L(X|Y = y). In general we have L(X,Y) = L(X)L(Y|X). In
particular, L(X,Y) = L(X) L(Y) signifies that X and Y are independent. Some standard probability laws
will have given names, e.g. L(N) = Po(N;\) means that N has a Poisson distribution with mean A and
L(A) = Ga(A; a, 8) means A has a gamma distribution with shape parameter o and inverse scale parameter (.

B. The earthquake process.  Let p be Lebesgue measure on (R, B, ), AF a positive finite measure on
(L, BL), and ® a probability measure on (Z, Bz). Define the product measure A on (Ry x L x Z, Br, ® BL ® Bz)
by specifying that, for all 7 x £ x Z € Br, ® BL ® Bz,

MT, L, Z) = (u x A* x ®)(T x L x Z) = u(T)A*(L)®(2).
We assume that, for all 7 x L x Z € Br, ® B ® Bz,

L(N(T,L,2))=Po(N(T,L,2);N(T,L,2Z)),

and that N(T, L, Z) and N(T’, L', Z') are independent for any disjoint sets TxLx Z,T'xL'x 2" € Br, @BL®By.
The convolution property of the Poisson distribution ensures that N is a well defined random measure, with the
indexed family {N(T,L,Z); T x Lx Z € Br, ® BL ® Bz} satisfying the Kolmogorov consistency conditions. We
write

L:(N):PO(N’(RJ'_XLXZ,B]R+®B]L®BZ7A)) (9)

We further assume that the ground process {T;}ien of occurrence times, with associated counting process

N(T) := N(T,L,2),

the number of earthquakes occurred in the time interval 7, is independent of the marks process {(L;, Z;) =
(L, Z)(T;) }ien, that the locations {L;} are mutually independent and are governed by a probability measure
A(L),VL € By, and that the magnitudes {Z;} are mutually independent, governed by the probability measure
®, and independent of the locations {L;}. With such a setting, the earthquake process is a generalized stationary
compound Poisson process whereby the mean measure A can be recast as

AT, L, Z) = p(TAA(L)D(Z),

where p(T)A, with X := AL(L), is the mean measure of the Poisson ground process. To verify this observe that

MNT,L,2) = pw(TA*(L)D(Z)

_ AE(L)
— WAL 7 2(2)
= TIAA(L)D(2),
where A(L) := 1[\\27((]8. Define N((0, s],+,-) := N(s,-,-) and let
{(Fr = 0{N(s,£,2);0 < s <t,L € B, Z € Bz}, },og (10)

be the natural filtration generated by the counting process (trivially, N (0, £, Z) = 0). The intensity of the latter,
given F;-, is
E[N(dt,dl, dz)|Fi-] = A(dt, dl, dz) = dtAA(dl)P(dz),

from where it follows that the intensity of occurrence of an earthquake is independent of the time and past
history of the earthquake process.



C. Specification of the location and magnitude distributions. There is a host of conceivable candidates
for the location and magnitude distributions A and &, respectively. The distribution of earthquake sizes, for
instance, has been the subject of considerable research (see e.g. Utsu [18] for a thorough review). It is known
empirically that magnitudes of earthquakes follow roughly a (left truncated) exponential distribution

¢(2) = yexp (=y(z = 20)), 2> 20, (11)

with zp a minimum magnitude threshold, known in the seismology literature as the Gutenberg-Richter law
(Gutenberg [7]). Several alternatives to the latter have been proposed: the Pareto, left truncated gamma, and
tapered Pareto models (see, e.g., Kagan and Schoenberg [10]) to name a few.

The distribution of earthquake location in space has been explored by, e.g., Musmeci and Vere-Jones [14] and
Rathbun [17], where kernel density estimators have been applied to the modelling of the epicentral location of
earthquakes. In the light of the large number of observations usually found in earthquake catalogs, an avenue of
action is to avoid a particular choice of parametric model, or of kernel, in favour of a nonparametric one, using

the empirical distribution of a sample of N(7) observed locations L, .., Ly,
N(7,L,7)
A L)=—"— VLeDB
N(T)( ) N(T) ) € B,

as an estimate of the latter.

D. Estimation.  The estimation of the earthquake process amounts to obtaining estimates of A\, A(£),VL € L,
and of any parameters appearing in the specification of ® (e.g. v, under the assumption that ® has density (with
respect to Lebesgue measure on (Z,Bz)) ¢(z), given by (11)). As a result of the independence assumptions, the
estimation of each of A\, A, and ®, can be done separately, using classical methods.

For the estimation of A, consider F, and the occurrence times

T17T2,...,TN(7-) c (O,T].

The probability that N(7) = n and the n events occurring in intervals [¢;,t; + dt;), i = 1,...,n, is

PIN(r) =n,T; € [ti,t; + dt;),i = 1,...,n] = e [ [ Adt;,
i=1
from where the likelihood function and maximum likelihood estimator of A,

L(AIN(T),T1, T, ..., Ti(ry) 1= e AN

and \ = @, respectively, follow readily.

3.3 The spatial Poisson process with gamma intensity measure

In this section we propose a new model of the earthquake process, a Poisson marked point process with random
intensity measure obtained by assuming that the spatial measure A in the Poisson process introduced in the
previous section is stochastic. Under this model both the intensity of occurrence of an earthquake and the
marking mechanism are time-independent (a priori), albeit stochastic. Through the stochastic spatial intensity
the proposed model captures earthquake clustering in space, one of the most pervasive features of catalog data.

A. The spatial gamma and Dirichlet measures. Let a be a positive finite measure on (IL, By,). Define a
random measure A” on (IL, Br) by assuming that, for all £ € B,

L(AR(L)) = Ga(A"(L); (L), B),

and that A*(£) and A*(L') are independent for any disjoint sets £, £’ € Br. The convolution property of the
gamma distribution ensures that AL is a well defined random measure, with the indexed family {AL(L); £ € BL}
satisfying the Kolmogorov consistency conditions. We write

£ (A") = Ga (A% (L, B, a),B) . (12)



Let A be the random probability measure obtained upon norming A’ to a probability:

A(L) = m7 VL€ By (13)

(This is well defined: AL(LL) > 0 almost surely since (L) > 0.) We know that (see e.g. Jiménez-Huerta [9]), for
any measurable partition {Ly,...,Lx} of L, we have

L(A(LY), ..., A(Ly)) = Dir(A(Ly), ..., A(Ly);(Lr),. .., a(Ly)) .

These joint multidimensional distributions determine the random measure A uniquely, and we call this measure
the Dirichlet measure on (L, By,) with parameter a, written

L£(A) = Dir(A; (L, Br,a)) . (14)

This construction gives the following representation result (the infinite dimensional extension of (B.20) in
Jiménez-Huerta [9]):

£(A") = Ga(A%(L,BL,«),B)
& (15)
L (A*(L),A) = Ga(A"(L); a(L),B) Dir(A; (L, Br, ) .

Thus, the gamma measure can be constructed as the product of a gamma variable and a Dirichlet measure.

B. The earthquake process I.  Let u be Lebesgue measure on (R, Bg, ), AT a gamma random measure as in
(12), and ® a probability measure on (Z, Bz). Define the random product measure A on (R4 XL xZ, B, @ BL®Bz)
by assuming that, for all 7 x L x Z € Br, ® B ® Bz,

AT, L, Z) = (px AX x ®)(T x L x 2) = u(T)A*(L)D(2).

We assume that earthquake magnitude is independent of time and of location and that A drives the earthquake
generating mechanism in a way such that, conditional on A, N is a Poisson measure as in (9),

L(N|A) = Po (N; (Ry x L x Z,Br, ® BL® Byz),A) .
The gamma distribution is the natural conjugate prior to the Poisson distribution and so, for all 7 x L €
BR+ ® B,
L (A"(L)|N) = Ga (A"(L);a(L) + N(T. L), B+ u(T),
where we define N(-,-,Z) := N(-,-), which is equivalent to (using (15))

L(AR(L), (A(L), A(L)) |N) = Ga (A"(L);a(L) + N(T,L), 8+ u(T))
xDir (A(L), A(LY); (L), a(L)) .

C. Posterior distribution of the gamma measure. The posterior distribution of AZ, given N observed
in the time interval (0, 7], is obtained as follows (trivially, for all £ € Br, N(0,£) = 0). Partition (0, 7] into
(th—1,tn], h = 1,...,7 where 0 =: t; < t; < --- < t; := 7, and denote the length of the h-th interval by
Th i=tp — th—1, h = 1,...,j. Partition L into {L4,..., L}, and denote o; := a(L;), i = 1,..., k. The joint
distribution of

{Nh,i = N((th_l,th],ﬁi,Z); h = 1,...j, 1= 1,...,]{3}

and
{A; = A"(Ly);i=1,...,k}

is given by (the product of)

LAi;i=1,....k) = []Ga(Ai; ai; 8)
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and .
L(Npi; h=1,...4,i=1,.. k|Azi=1,....k) = [[ []Po®ni; 7 M) -
1=1h=1

The conditional distribution of {A;; i =1,...,k}, given {Np;; h=1,...4,¢=1,...,k}, is proportional to their
joint distribution:

D
>
| |

k[ Npsh=1,...,i=1,...k)
J
(Ga AZ7 aZaﬂ H Nh17 7—hA ))

(Aa11 —BA; Azh 1 Nni —Zh 1rhA)

ii ’:]w i ’:]w I ::]w

J
(Al; o+ 3 Nu, T+/3> . (16)

h=1

Since this holds for all partitions of (0,7] and in view of the convolution property of the gamma distribution,
(16) is also the conditional distribution of {A;; i =1,...,k}, given F, as defined in (10):

k J
LA;i=1,...,k|F;) = HGa(Ai;ai—l—ZNhi,T—FB) )

i=1 h=1

By the extension theorem for measures, we obtain
L (AL | Fr) = Ga (AL; (L, BL, () + N((0,7], -)), 7+ B) . (17)

D. The earthquake process II. The model and the results above can be recast by use of (15). Assume that

L(AM(L),A) = Ga(A*(L); a(L), 8) Dir (A; (L, B, @) (18)
and that
L(N|(A¥(L),A)) =Po (N; (Ry x L x Z, Bg, ® B ® Bz, u x A¥(L)A x @)). (19)
Then
L(AML),A|F) = Ga(A*(L); N((0,7]) + (L), 7 + B)
xDir (A; (L, B, N((0,7],-) + a(-))) (20)
and

L(NIA, F.) = Po(N;pux AML)A x @),
from where it follows that, for all 7 x £ x Z € Br, ® By, ® Bz, with T := (7, s],

E[N(T,L, Z)|F-] E[E[N(T, L, 2)|A, Fr] | Fs]
= E[u(T)A*(L)AL)®(Z)|F]
= w(TE [A(L)|F ] E[AL)|F]®(2)
B a(L) + N (1) '
= ) IO s () a(z),

where

11



A-(L) = E[A(L)|F]
a(L)+ N (1, L)

a(L) + N (1)

= prA(L) + (1—pP) AN (L),

(21)

with p2 = W, Ao(L) = a((]L), and An(y (L) = %, is a Bayes estimate of A(L). The expectation
(21) follows readily upon recognising that

L(A(L)|F;) = Be(a(L)+ N(1,L),a(L) + N(1, L)) .

Note that if «(LL) is large, relative to N(7), little weight is given to the observations. On the other hand, if
a(L) is small, relative to N(7), little weight is given to the prior estimate Ag. As «(LL) tends to zero, the Bayes
estimate A, converges to the empirical distribution function Ay ;).

In particular, we have

a(L)+ N (r7)
— 35 A, (dl) - ®(dz).

Since the factor dr annihilates the left limit, we can use the right-continuous version of the intensity of the
process and so

E [N(dr,dl,dz)|F,-] =

a(lL) + N (1)

E[N(dr,dl,dz)|F,-] = d
(N di,d)| F,-] = dr - 2

AL(dl) - B(d2).

4 A stress release model of the earthquake process

A distinctive feature of the Poisson type models proposed in the preceding Section is their time-independent
nature. In this section we will consider a model relating to the physical processes causing earthquakes, capturing
the way in which seismic activity, with its periods of quiescence and activation, depends on the dynamical change
of the underlying stress-field of a seismic region. The stress release model was first proposed by Vere-Jones [19]
to represent the deterministic build-up of stress within a region and its stochastic release through earthquakes,
further developing Knopoff’s [13] stochastic Markov model for the occurrence of main-sequence earthquakes.

4.1 The earthquake process

We operate in the marked point process framework introduced in Section 1.2 where, in the interest of simplicity
of notation, we define

N(t, Z) := N(t, Z,L), and N(t) := N(t,Z,L).

4.2 The stress process

The general assumption is that the probabilities of earthquakes occurring within the seismic region (or on the
fault) in question are determined by an unobserved state variable that increases linearly between earthquakes
and decreases instantaneously when an event occurs.

We assume that, at any time ¢ > 0,

Xt = X0+pt75t,

where X is the initial stress level, represents the balance between the accumulated tectonic stress in a region,
building up linearly at a fixed rate p > 0, and the total amount of stress released through earthquakes,

Sp = Z Lio,4(T3)s / / N(ds,dz),
i=1
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where s*(z) = 10%(z=20) jg (up to a constant of proportionality) the stress released upon the occurrence of an
earthquake with magnitude z, and zy is an appropriate minimum magnitude threshold.

It is implicit in the formulation of the model that earthquakes lower the regional stress and hence reduce the
likelihood of immediately subsequent events, limiting its validity to sequences of main events with magnitude
above a threshold zy, usually taken to be 5 or 6. This is not considered a major drawback since it is the
main events that carry the majority of tectonic information and are of primary practical concern. The build
up and release of stress from smaller events follows a much more complex mechanism; they tend to occur in
clusters resulting primarily from perturbations of a near critical system where the stress released does not simply
dissipate, it moves down the fault and concentrates in sites nearby, typically at the ends of the rupture, increasing
the level in the stress field. (See, e.g., Bebbington and Harte [1], and King et.al. [12]).

4.3 The earthquake process intensity

The stochastic mechanism governing the earthquake process and the stress process must specify how the former
is driven by the latter. Letting

{Fi=0{N(5,2,£),Xs;0<s<t,Z€Bg,LEBL}},-

denote the filtration generated by the stress and counting processes, the stress release model assumes that, using
the usual suggestive notation,

E[N(dt,dz,dl)|Fi-] = MXy-, 2, D)dt dz dl,
whereby at any time ¢ when the current level of stress is X;-, the intensity of occurrence of an earthquake with
mark in dz x dl is A(X;-, z,1)dzdl, independent of the time and past history, but dependent on the current stress.
The intensity of occurrence of an earthquake is A(X;-) = [| fzzo(t) AMXi-, z,1)dzdl, where

2(t) = 20 + glogm(Xt*) (22)

is the upper bound for the magnitude of an earthquake occurring at time ¢, (obviously A(X;-,z2,1) = 0 for
z > z(t)). The intensity of occurrence of an earthquake of magnitude z is

MX,2) = / MX,, 2 1)dl,
L

and the intensity of occurrence of an earthquake is

ANX,o) = / X 2

Z0

The ratio
)‘(Xt* y 2y l)
AMXi-)

is the joint density of the mark (Z,L) of an earthquake occurring at time t. We assume the location of an
earthquake is independent of the stress level triggering it and, as a result, of its magnitude. In consequence,

f(z0]X-) ==

f(2 11X ) = o(2]Xe-)6(0), (23)
where ¢ is the density of Z and ¢ is the density of L, and
(X 2,1) = A(Xp- )21 X, )8(0). (24)

The intensity function (24) determines the probability structure of N uniquely (see, e.g., Daley and Vere-Jones
[3], Proposition 7.3.IV) and is the key not just to the likelihood analysis, and hence to fitting and testing the
model, but also to simulation and prediction.
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A. Specification of the intensity function. A commonly used parametric model for the intensity A(-)
proposed by Zheng and Vere-Jones in [21] and [22] specifies that

AXy-) = exp(p +vXy-), (25)

where p and v are fixed parameters, the latter positive.

A problem arising is that the stress process X is not directly observable. More specifically, the initial stress Xg
plays a special role since it is an unknown random variable generated by the stationary distribution F'x of X (see
discussion in Section 4.4). If we should take account of this for maximum likelihood estimation purposes, we would
be loading an unbearable burden on ourselves. Firstly, the likelihood would be the integral of the conditional
likelihood, given X, with respect to the stationary distribution. Secondly, the stationary distribution does not in
general admit an explicit expression and would therefore render the likelihood maximization infeasible. To evade
such problems we choose to work in the conditional distribution, given the initial stress value, which amounts to
letting X be a parameter. A great gain in tractability against a small sacrifice of information. Upon absorbing
vXp into 1 and introducing new parameters a = p+ vXg, b = vp, and c = %, we arrive at the intensity function

AMXi-) =exp(a+b[t —¢S;-]). Thus, we will henceforth be working with the parametric intensity function
A(t) = A(X,-) = exp (a+ bt — cS-]),

where 6 = (a, b, ¢) is the parameter vector.

B. Specification of the mark distribution.  There is a vast number of candidates for the magnitude and

location distributions in (23) (we refer to the discussion in Section 3.2 C). Considering the restriction imposed
by the upper bound z(t), we suggest a truncated exponential distribution with support (zo, z(t)],

vexp (—y(z — 20))
zlt) = p(2|Xy-) = .
P = o) = T e (S G - =)
Note that this is effectively a truncated version of the Gutenberg-Richter law introduced in (11).
Our proposed model for the distribution of spatial location is the empirical distribution of a sample of N(r)
observed locations Ly, ..., Ly,

N(1,Z,L)

N(T) , VL € By.

Ay (L) =

4.4 Stationarity of the stress process

A. Background. With the specification above, the pair (X, N) is a Markov process, as is X taken alone,
since it consists of a non-random drift and stochastic jumps governed by an intensity that depends only on the
current state of X itself. The existence of a stationary distribution for the stress process then becomes an issue.

Elastic stress in a seismically active region accumulates due to movement of tectonic plates which are subject
to forces working in different directions. Relative to the geological timescale, our short historical time horizon is
infinitesimal and so we assume that both the tectonic forces and the conditions of the earth’s crust are constant.
Thus, one should expect the stress process to possess a stationary distribution. It is in general not a simple
matter to determine whether a given process possesses a stationary distribution. For a brief account of the vast
theory devoted to this problem we refer to Davis [4].

B. Intuition behind the existence of a stationary regime. Intuitively, the existence of a stationary
regime suggests that if X; becomes too small, the rate of stress input p should exceed the mean rate of stress
released due to the occurrence of earthquakes, and similarly that for X; large the reverse inequality should hold.
To verify that this is indeed the case, assume that X possesses a stationary distribution, which we denote by
Fx. Let H be a continuously differentiable function such that E[H(X,)] = [;° H(z)dFx () exists and is finite.
By the direct backward construction, conditioning on what happens in a small time interval (0, h),

E[H(X4)| Xo = 1]
— (1= A@)h)H(z + ph) + /O "Mz, 2)hdz H(z — s*(2)) + o(h)
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= (1= Az)h)(H () + )+

o\

)\ (z,2)hdz H(x — s*(2)) + o(h)

— H(z) + H'(a >ph/0 Az, 2)[H(z) — H(x — s*(2))] d= h + o(h),

where z, denotes the maximum possible magnitude for an earthquake occurred when the current level of stress
is z. Integrating E [H (X},)| Xo = «] with respect to Fx, using

/0 " E[H(Xa)| Xo = 2] dFx (z) = EE [ H(Xy)| Xo] = E[H(X)],

we obtain
E[H /H YdFx (z /H’ YdFx () ph
_ /0 /O Mo, 2)[H(z) — H(z — s*(2))]dz dFx (z) h + o(h).

Since X, is distributed according to F'x, the term on the left cancels against the first term on the right, and we
arrive at

/H’ VAFy (z / / e, 2)[H(z) — H(z — *(2))] dz dFx ().

This relationship holds for all H satisfying the stated conditions (H is continuously differentiable and E[H (X})]
exists and is finite) and, in principle, this determines Fx. It suffices to consider functions of the form H(z) = e™"*
since they produce the Laplace transform,

Py (n) = /OOO e " dFx(x),

which determines Fx uniquely. We find
pn/ e "dFx(x / / (z, 2) e"s G- 1} dze " dFx(x). (26)
0

One cannot hope to extract from this relationship an explicit expression for Fy (or Fx) except possibly for very
simple specifications of the intensity function A(z,z). Upon differentiating both sides of (26) with respect to 7

and setting n = 0, we obtain
p —/ / Mz, z)dzdFx(x),

from where it follows that, in the stationary state, the build-up of stress per time unit equals the expected stress
release per time unit, as expected on intuitive grounds. Observe that, since the stress is not affected by the
location of an earthquake in our model, we have omitted the location in the above and worked with A(z, z) as
the relevant intensity function.

4.5 Model estimation through maximum likelihood

Assume (a,b,c,vy) € R? is our parameter vector. Taking our stand at time 7 (the present time), the likelihood
of the observations (73, Z;), i = 1,..., N(), is (see Proposition 7.3.I1I in [3])

N(r)

L(a,b,c,) H Nape (T3) Gery (Zi T)exp( /T Aa’b,c(t)dt>, (27)
0

where the subscripts in Ay pc(-) and qbcﬁ(-) mean that functions A and ¢ are specified up to a vector of parameters
(a,b,c) and (c,7), respectively. To the extent that Xy is not directly estimable (it is confounded with a), the

3Note that the magnitude density ¢ depends on ¢ = % through z(t), where z(t) = zo + %logIO(XO +pt—S,-).
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dependence of ¢, ~(z[t) on the latter (through (z(t)) renders the maximisation of the likelihood impossible. To
overcome this obstacle, consider the log likelihood

N(r)

InL (a,b,c,7) Z I (Aape (T3) bery (ZilT3)) — / Aav.c(t)dt, (28)
0
and the likelihoods
N(r) ,
InL; (a,b,c) := Zln)\abc ; 7/ Aabc(t)dt, (29)
0
and
N(r)
In Ly (¢,7) Z In¢c (Z:|T3), (30)

1=1
where InL = 1In Ly + In L. Letting v be a nuisance parameter, and treating the marks as a set of given values,
about whose structure or distribution we have no information, In I,; can be maximised to obtain the MLE of
(a,b,c), given by

(@,b,¢) =(ap.cpere In Ly(a,b,c).
Assuming the usual regularity conditions are satisfied, the MLE is consistent
(a,b,¢) & (a,b,¢),
and asymptotically normally distributed
(a,b,&) % N ((a,b,¢), 7" (a,b,¢))

where Z(a, b, ) is Fisher’s information matrix.

To obtain an estimate of v we proceed as follows. From (22) we know that, foralli =1,...,N(7), 2(T;) > Z;.
This constraint is tantamount to requiring that, for all 4, the stress released by an earthquake of magnitude Z;
occurring at time T;, be less than or equal to the amount of stress available at time Tj, this is, for all ¢,
5(Z;) < Xo + pT; — St,-, from where it follows that

XO > S(Zz) - pTZ + STI»_, Vla (31)
and a lower bound for X is given by
Xj = ‘_1ma§ {0;(Z;) — p*T; + Sp,- }
where p* . Letting X7, := Xg + p*T; — Sy, -, for all i, the upper limit z(7;) of the support of ¢(Z;|T;) can
be calculated using (22) and so an estimator of 'y follows upon maximisation of the likelihood function
N(7)
InL*(y) = > Ingy (Z]|T;),
=1

with
o =~€R In L*(’V)'

4.6 Simulation, prediction, and diagnostic procedures

The specification of the stress release model in terms of an intensity function has the major advantage that the
latter can be used as the basis of simulation procedures, which are a key component in evaluating the numerical
characteristics of the model and in the important task of model-based prediction of insurance losses. For a
survey of the principal approaches to point process simulation, prediction and diagnostic procedures we refer to
Jiménez-Huerta [9] and references therein.
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5 Earthquake risk assessment in insurance

5.1 The aggregate loss distribution

Consider the t-portfolio and the aggregate loss in the time interval (¢, u]

Xtu/tu///ﬂhrNdel dz, dr) (32)

introduced in Section 1.2. The distribution P“*(z) = P[X;, < z] does not admit a closed form representation,
and so any insight into its probability structure goes hand-in-hand with simulation in all but the special cases
when the earthquake process is Poissonian. In the latter case, analytical expressions for the first three central
moments of X}, can be obtained, which allow us to formulate closed-form approximations of P“*. We comment
on this approach next, and defer the discussion on simulation to Section 5.4.

5.2 Formulz for selected moments of the aggregate loss under the Poisson and
Poisson-gamma earthquake processes

Below we derive analytical expressions for the mean, variance, and third central moment, given ¥, of X; ,, under
the assumption that the earthquake process is Poisson or Poisson-gamma. We assume that the t—portfolio
remains fixed throughout (¢, u).

A. Moments under the Poisson model. Consider the Poisson model defined in Section 3.2 and the
moments of R = Z?:tl Y} defined in Section 2.5. We make the dependence of mf and mf on (I, z) explicit and
define

:/ / rldGy(r|l, 2)®(dz), j=1,2,3. (33)
zZ0 R+

The mean, variance, and third central moment measures of the Poisson random measure N (dt, dl, dz, dr), are all

equal to the F;—intensity
dtA A(dl) ®(dz) dG(r|l, 2).

The first moment of X, ,, is

M{" = E[Xy.|F]

/@u // /]R+ N(dr,dl, dz, dr)| F]
/(t,u] /L / /R+ rdGy(r|l, 2)®(dz)AA(dl) dr
= )‘(“—t)/Lm{%(l)A dl

The variance of X4 ,, is

——t,u
M2 = Xt u|ft

/tu//zo /]R+ N(dr,dl,dz,dr)|F
/(t,u] /]L / . /R X r2dGy(r|l, z)®(dz)AA(dl) dr
= /\(U—t)/me(l)A di

Finally, letting 1% denote the third central moment operator, the third central moment of X}, is
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—t,u
M3 = Xt u|]:t

= /tu//zo /Dhru N(dr,dl,dz,dr)|F]
/(t,u] /]L/ZO /]R+ r3dGy(r|l, 2)®(d2)AA(dl) dT
= AMu-— t)Amg(l)A(dl)

B. Moments under the Poisson-gamma model.  Consider the Poisson-gamma model defined in Section
3.3. Conditional on A, the random measure N (dt,dl,dz,dr) is Poisson, with mean, variance, and third central

moment, given by the (random) intensity measure

A(dt,dl,dz,dr) = dtA" (dl) ®(dz) dGy(r|l, z).

A. The conditional moments. Consider the first three moments of X, ,,, conditional on the gamma measure AL.

The first conditional moment is

Mi(AY) = E[X,.|A"]

- /(tu]/L/:o /}R+ rE [N(dr, dl, dz, dr)|A"]
/@,u] /IL/:O /1R+ rdGy(r|l, 2)®(dz)A" (dl)dr

= (u—t)/me(l)AL(dl).

The second conditional moment is

My(A%) = E[X7,|A"]
= Xtu|AL + MZ(AL)

= / ///VrNdrdZdszALHMlAL)
(t,u]

= (u—t)// / r2dGy(r|l, 2)®(dz) A" (dl) + ME(AL)
L zZ0 R+
2
I — / mB ()AL (dl) + (u— 1) ( / mf(l)AL(dl)) .
L L
Finally, the third conditional moment is

Ms(AL) = E[iju\AL]
1 [Xp | AF] + 3V [Xe W |AR] My (AF) + MP(AD), (34)

where the third central moment of X, ,, given AL is

1P [XeuAT] = / // /r?’ﬂN(dT,dz,dz,dr)mL]
(t,u] L zZ0 R+
/ / / / r3dGy(r|l, 2)®(dz) A" (dl)dr
(t,u] JL Jzg JR4

= (w-t) / mE() A (dl),
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allowing (34) to be recast as

Ms(AL) = u—t/m3 (DAL (dl)
3(u —t) /m2 ALdz/m1 (DAL (dl)
+(u—1t)3 (/m AL(dl))

B. The unconditional moments. The goal is now to obtain analytical expressions for the moments of X; ,,, given
Fi. The first moment is

MM = E[X | F]
= E[E [Xtu|AL]|J-}]
= E[M(A")|F]

_ uft/ml (dl)|F]

- (w-1) / mﬁz)“fgf”,

where ay(dl) := a(dl) + N(t,dl, (z0,00)) and §; :=  + N(t) are the shape and inverse scale parameters of the
posterior gamma measure A”.
The second moment is

My" = E[X7,|F]
= E[E[X? IAL]If]
= E[My(A")|F]

= u—t/m2 E[AL(dD)|F)

(u —t)? l(/ml ALdl>
To obtain a workable explicit expression for the expectation in (35), note that
2
( / mf(Z)AL(dl)) ft] =V [ / mi () A (dl) }'t]
L L

+ <E [/L m() A" (dl) .7—}D2
= B0 ([l

result which follows from the fact that the variance of the posterior gamma measure A% is a/g(;), allowing us to
t

]—'t] . (35)

recast the second moment as

Myt = (u—t)Amg(z)“t(dl)
oty [/Lm?%l)“tﬂ(?” +(/ m{*(z)“tgf”ﬂ |
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The third moment is

MyY = E[X},|F]
= E[E[X]},IA"|F]
= E[M;(AM)|F].

This requires the evaluation of the expectations

E [ /IL mB ()AL (dl) /IL mi ()AL (dl) ft} (36)
and
3
mE L Al
E l(/L 1A (dl)) ]—'1 (37)
Let m; := [, mE(I)A*(dl), i = 1,2,3. Then (36) can be recast as
E[mom|F] = / mg (Dmi* (I)E[A" (dD) A" (dl')| F]
1Ju
= / mg (Dmi* (I')E[A" (dD)| F]E[A (d)| 7] (38)
/ mP(D)m()VIAL(dl)|F], (39)

a consequence of the fact that
E[A"(d) A" (dl')|F,] = E[A®(d)| FJEIAR(d')|Fy] + VIAR(dD)]Fiog 0y,

where § is Kronecker’s delta. If dlNdl’ = (), AL(dl) and AL(dl’) are independent, and the double integral in (38)
can be recast as

a(dl) ay(dl)
/ng(l) B, /Lm?(”T'

at()

The variance of the posterior gamma measure A% is , and so the integral in (39) is

[msamt) G,

L t

2a4 (")
Bi

The third central moment of the posterior gamma measure A¥ is 224 in consequence, recalling that ;3 denotes

the third central moment operator,

B |7 = / mf (1) [A*(dD)| 7]
L

I
o
3
=)
w
—
=
DO
Q
~+~
&
SN~—

Finally, the identity
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Emi|F] = p?[malF] + 3Vima | FJE[ma| F] + Efma | 7]

allows us to evaluate (37) and to recast the expression for M. ;“ as

ME" = (u—t)E [mg| 7] +3(u—t)°E [ma| ] E [ma] ]
#3002 [ mEOmEO G + - otz (40)

The variance and third central moment of X ,,, given F, follow readily from the non-central moments. The
former is

— 2
i [;,u A [é,u _ 1] G‘,,u 7
and the latter is

S tu _ t,u S 7tu tau t,u3
My" = MY — 30" MM — M,

5.3 Analytical approximations to the aggregate loss distribution

There exist various approximations of the aggregate loss distribution in classical risk theory (see e.g. Daykin
et al. [5]). The most well-known ones are the normal approximation and its refinements (the normal power
(NP) approximation and the Edgeworth expansions), the gamma approximation and the Esscher approximation.
Chaubey et al. [2] have introduced the inverse Gaussian (IG) and the gamma-IG approximation. The underlying
principle is to approximate the aggregate loss distribution by a function that uses the mean, variance, coefficient
of skewness, and for some approximations (Edgeworth and gamma-IG) the coefficient of kurtosis of the aggregate
loss.

5.4 Simulation of the loss process

The loss process, which can be defined in a number of ways and can be seen as a functional of a finite segment
of the future of the earthquake process, rarely falls into any general category for which analytic expressions are
available. Since, on the other hand, simulation of the earthquake process is relatively straightforward once its
intensity function is specified, prediction of the loss process goes hand-in-hand with simulation.

Suppose that our aim is to predict a particular quantity X, , that can be represented as a functional of the
future of the earthquake process over (¢,u]. So far we have considered X, to be the aggregate loss for the
t—portfolio over (¢, u], defined as in (32) or by the equivalent representation

N((t,u])

Xi o = Z ZY,H (41)

This need not be the case, however, and various con51derat10ns in portfolio management in insurance will call
for alternative specifications. The maximum ¢—portfolio loss occurring from a single event over the period (¢, u]

Xt7u_1€{l tu] Z k,is

for instance, might be of interest, as might be the n-th and subsequent event losses over (t, u]

N((t,ul])
-y S
i=n k=1

where X, := 0if N ((¢,u]) < n.
The aim is to estimate the distribution of X; ,. An outline of prediction procedures under each of the proposed
earthquake processes can be found in Jiménez-Huerta [9].
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6 Case study

In this section we illustrate the applicability of the proposed earthquake risk assessment methodology through a
case study involving the analysis of a subset of an insurer’s residential homeowners book of business. Company
XYZ is a large personal lines insurer member of the California Earthquake Authority (CEA), operating in a
number of major lines of insurance, including auto, property, life, and commercial. The business under analysis
in this example is the residential homeowners property catastrophe business exposed to earthquake risk in
Southern California. Although a typical earthquake policy offered by XYZ insures for loss against structural
damage, damage to contents, and loss of use, this example will consider losses arising from structural damage
only.

A. The loss records.  We work on the basis of a sample of XYZ’s California residential homeowners property
portfolio in force at the time of the 1994 Northridge earthquake, along with the recorded losses resulting from
the latter. Each of the loss records provided by XYZ includes a location identifier, the address of the structure in
question, its value, and the loss, if any. No information on the policies’ financial structures (such as deductibles
and limits) was provided and so we assume that the value entry refers to the property’s value, not the sum
insured, and that the loss entry refers to structural loss and not the actual claim that has been lodged against
XYZ. The geocoding details for each structure have been retrieved on the basis of its address and comprise the
structure’s location in terms of latitude and longitude, the local soil type, and geological conditions such as the
local soil’s proneness to liquefaction and landslide.

There are a total of 211 records in the Northridge earthquake reference loss experience provided by XYZ, out
of which 109 report no loss. The remaining 102 policies covered structures for which a loss occurred. The largest
concentration of high loss ratios (defined as the ratio of loss to value) correspond to structures in or around the
Los Angeles area, with close proximity to the location of the Northridge earthquake epicentre. The geographic
distribution of the available structures is suitably disperse, thus providing observations of €(l, z, ¢) over a wide
range of energy values. Furthermore, in the model considered, with conditional independence between risks and
no time dependence on conditional individual loss distributions, the conditional distribution can be estimated
from losses generated by the same earthquake or different earthquakes.

B. Modeling of the conditional loss distribution.  The conditional loss distribution G(yle,c) was intro-
duced in Chapter 2. We first focus on the modeling of the singularity of G at 0, and then proceed to model
its continuous component. Observe that the largest loss ratio recorded was 0.3001, and so there is no data to
support the modeling of a singularity at the value of the building. This, however, might not be the case if the
policies’ financial structures were to be modelled.
Consider the random variable
Y? ~ Ber(p)

and the GLM

n(p) = a® + % + ¢,

defined in Section 2.3, paragraph A. In this example, ¢ = (ST, LIQ,LL), where ST denotes soil type, LIQ
denotes liquefaction, and LL denotes landslide. Various GLM configurations, comprising different covariate
arrangements and link functions were investigated and the best, in terms of parameter significance, likelihood
ratio test, and AIC, was found to be

n(p) = aO—i—BO(e*ST*LIQ), (42)

with 7 the logit link. The model estimation results are summarised in Table 1.
To model the continuous component G(yle, ¢) of G, we considered the beta regression model referenced in
Section 2.4, whereby

Y0¥ ~ Be (d/(e,¢), B (¢, ¢)),

and
n(p) = a+ e+ e,
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CONDITIONAL L0SS DISTRIBUTION
LOGISTIC REGRESSION MODEL OF THE SINGULARITY AT ZERO

Parameter FEstimate  Std. Error  z-stat  p-value
al -3.33 0.48 —6.95 < 0.001
B0 812x107° 1.22x107° 6.64 < 0.001

Null deviance (Do) 292.28 on 210 degrees of freedom

Residual deviance (D) 75.47 on 209 degrees of freedom

P[D, — D, > 216.80] < 0.001

AIC 79.47

Table 1: FEstimation results for the conditional loss distribution. Logistic regression model of the
singularity at zero.

CONDITIONAL L0SS DISTRIBUTION
BETA REGRESSION MODEL OF CONTINUOUS COMPONENT

Parameter Estimate Std. Error z-stat  p-value
o —2.5698 0.1726 —14.89 < 0.001
Jé] 3.7645 x 1076 4.048 x 1077 9.30 < 0.001
¥ —0.1497 3.883x 1072  —3.86 < 0.001
® 35.4585 5.1233

Null deviance (Dy) 210.85 on 101 degrees of freedom

Residual deviance (Dy) 67.79 on 99 degrees of freedom

P[Dy — Dy > 143.05] < 0.001

AIC -409.73

Pseudo-R? 0.49

Table 2: Estimation results for the conditional loss distribution. Beta regression model of the contin-
uous component.

where p = E[Y ()] As before, we assume ¢ = (ST, LIQ,LL). The best model configuration, in terms of
parameter significance, likelihood ratio test, AIC, and pseudo-R2, was found to be

n(p) = a+ Blex ST x LIQ) + (ST * LIQ), (43)

with 7 the logit link. The model estimation results are summarised in Table 2.

C. Modeling of the earthquake process. For the purpose of this illustration we have used the earthquake
catalog compiled by the Southern California Earthquake Center (SCEC), comprising earthquakes occurred over
the time span 1 January 1932 - 22 February 2009, limited to the region 30 — 36° N, 115 — 120° W, and with
magnitude greater than 4. There are a total of 1740 such events.

The estimated annual rate rate of occurrence is

- 1740
T77.1452

and maximum likelihood estimation of v in the exponential density

= 22.55,
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STRESS RELEASE MODEL

INTENSITY FUNCTION

Parameter Estimate Std. Error
a -4.9975 07.5 x 1072
b 1.7911 x1075  3.6046 x 10710
c 54.18 0.2944

MAGNITUDE DISTRIBUTION

Parameter FEstimate Std. Error
¥ 2.0574 0.1721
Lower bound for Xy (X{) 195.5118

Table 3: Maximum likelihood estimation results for the intensity function and magnitude distribution
of the stress release model of earthquake occurrence in Southern California.

P(z) = vexp (—y(z —4)), z>4

results in the estimate 4 = 2.30 (with standard error = 0.055). The boundaries of the earthquake location space

L = [~2641, —2256] x [—4897,4442] x [3313, 3743]

were obtained upon conversion of the spherical coordinates in the earthquake catalog into Cartesian coordinates.
The space L was divided into 602, 602 grid cubes, each corresponding to a volume of 125 km?®. Simulation of the
empirical distribution of earthquake location (in the case of the Poisson and stress release models) and of the
Dirichlet process (in the case of the Poisson-gamma model) was performed on the basis of this grid, as was the
computation of the analytical expressions of the moments of X, , formulated in Section 5.2.

In the case of the Poisson-gamma model, our baseline results are under the assumption of a total prior mass
a(L) = 0.5 placed uniformly across the grid cubes, with the inverse-scale parameter of the gamma measure [ set
at 0.02217. The uniformity assumption corresponds to a non-informative Dirichlet prior specification, while the
prior « mass is arbitrarily set to 0.5 (which, relative to the 1740 observed events, is negligible) to give virtually
all of the weight to the empirical distribution function in the Bayes estimate of the Dirichlet process (see 21).

For the implementation of the stress release model we set zp = 5. There were a total of 171 events with
magnitude 5 or greater occurring in the time span and region under consideration.

The intensity function

A(t) =exp(a+b[t —cSi-]),

and the magnitude distribution

qﬁ(z\t) _ Y exp (7’-}/(275)), 5<z< Z(t),

1 —exp(—vz(t))
were estimated following the maximum likelihood procedure set forth in Section 4.5, paragraph A. The parameter
estimates and standard errors are shown in Table 3.
The goodness of fit of the model was assessed through residual analysis. See Papangelou [16] and Ogata [15]
for the random time change theorem suggesting that, if the compensator used for the random time change

t A(ty) = / bt
0

is that of the true model, then the transformed process will be unit-rate Poisson, whereas if the wrong compensator
is used, the transformed process will show some systematic departure from the unit-rate Poisson process. Figure
1 shows a plot of the cumulative number of events versus the transformed times
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Figure 1: Residual analysis of the stress release model. Cumulative number of events versus the transformed
times t; — A(t;).

Figure 2: Exceedance probability (1 — PY“(z)) curves estimated on the basis of 10,000 simulated (t,u] periods for
the Poisson, Poisson-gamma, and stress release models of the earthquake process.

ts R
tiHA(ti):/ AB)dt, i =1,... 171,
0

where no systematic departure from the unit-rate Poisson assumption is evident, suggesting that the intensity
function A(t) has been specified correctly.

D. Estimation of the aggregate loss distribution.  The reference exposure provided by XYZ is a subset
of its Southern California residential lines portfolio in force on 1 March 2009. It comprises policies covering 83
distinct locations with a combined value of 615,704,000 USD. We assumed this to be the t-portfolio, where we
set t equal to 00:00 hours on 1 March 2009, and K; = 83.

We set u equal to 23:59 on 28 February 2010 and the distribution of the aggregate loss

N((t ) K,
ZY;“ / // / rN(dr,dl,dz, dr)
1 (t,u] Ry

was estimated on the basis of simulation of 10,000 (¢, u] periods of earthquake activity in Southern California, in
accordance with the simulation algorithms for the Poisson, Poisson-gamma, and stress release models, introduced
in Section 5.4. We also calculated the mean, variance, and third central moment of X;, under the Poisson and
Poisson-gamma models, in accordance with the formulae derived in Section 5.2. Our findings are summarised
in Table 4, where we show selected quantiles and moments of the distribution P“* of X;,. The ezceedance
probability refers to 1 — P¥%(x) and so, for example, under the Poisson model,

=

1 — P"“(46.69) = 0.005.

The tail of the simulated distribution for each of the different models is shown in Figure 2, and the various analyt-
ical approximations to the latter are shown in figures 6, 7, and 8 (for the stress release model, the approximations
are calculated on the basis of simulated moments).
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SOUTHERN CALIFORNIA RESIDENTIAL PORTFOLIO
DISTRIBUTION OF THE AGGREGATE LOSS
(01 MARCH 2009 - 28 FEBRUARY 2010)

STRESS RELEASE POISSON POISSON-GAMMA

Ezceedance probability Loss (USD million)
0.05 8.38 7.77 7.53
0.02 19.43 17.12 14.70
0.01 35.16 32.58 23.78
0.005 57.39 46.69 48.97
0.004 66.27 53.14 53.59
0.002 79.82 73.51 79.12
0.001 96.20 86.51 95.00
0.0005 113.02 117.43 132.46
Probability of no loss 0.69 0.45 0.47
Mean (USD million) 1.87 1.851 1.767
Std. dev. (USD million) 7.57 6.907 7.05%
Coefficient of skewness 8.84 10.207 11.857

T On the basis of analytical evaluation of moments

Table 4: Distribution of the aggregate loss over the period 01 March 2009 - 28 February 2010. Ezcept where
indicated otherwise, all figures are estimates on the basis of 10,000 simulated (t,u] periods.

E. Differences in modeled results. The differences in the estimated losses under the Poisson, Poisson-
gamma, and stress release models, are seemingly moderate. We shall hypothesize as to the reasons behind the
following conspicuous features of the modeled results (we refer to Table 4):

1. Estimated coefficient of skewness of X, under the Poisson-gamma model, which is the largest, followed
by its counterparts under the Poisson and stress release models, in that order.

2. Larger estimated mean and standard deviation under the stress release model. More generally, evidence
of first order stochastic dominance of the aggregate loss distribution under the stress release model (over
the counterparts under the Poisson and Poisson-gamma models) up to the ¢. 100 million USD level, after
which the stochastic dominance is reverted.

The Poisson and Poisson-gamma models share the same magnitude distribution, and so the probability of
observing very large aggregate losses under the Poisson-gamma model is likely to be driven by a combination
of the stochastic frequency and Dirichlet-driven earthquake location components of the model. To the extent
that the prior mass «a(IL) = 0.5 is negligible (relative to N(¢t) = 1740), the Bayes estimate of the Dirichlet
process is almost entirely determined by the empirical distribution of locations, and so we think it is reasonable
to hypothesize that the differences are mainly due to the increased variability introduced by the presence of
a stochastic intensity measure. In turn, the differences are seemingly mild, which would suggest that there is
no strong evidence of spatial clustering (feature which would be uncovered by the gamma intensity measure).
However, this is likely to be influenced by the relatively geographically concentrated ¢-portfolio and so this should
not be regarded as conclusive evidence.

We tested the sensitivity of the estimated aggregate loss distribution to changes in the specification of a(L).
In the first sensitivity analysis we placed a prior mass a(LL) = %N (t) distributed uniformly across the 602,602
grid cubes. The impact of the (misspecified) prior distribution, which has a weight of % on the Bayes estimate, is
evident in the estimated losses shown in Figure 3: prior mass is being wasted in spatial regions where there is no
evidence of earthquake activity, and one could argue that knowledge of the location of earthquake faults should
be used to inform the specification of the prior o measure. In our second sensitivity analysis, we constructed a
prior a measure as follows. We assumed the observed faults to dip vertically 13 km (twice the average earthquake
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Figure 3: Analysis of sensitivity of the estimated aggregate loss distribution to the specification of the prior a

measure under the Poisson-gamma model. Case when, a priori, a(L) = $N(t) is uniformly distributed.

‘Agaregate annual loss (USD Millons)

Figure 4: Analysis of sensitivity of the estimated aggregate loss distribution to the specification of the prior «
measure under the Poisson-gamma model. Case when, a priori, (L) = N(t) is uniformly distributed on fault
planes.

depth, assuming fault rupture occurs half-way through its vertical length) under the surface of the earth, and
placed a prior mass a(LL) = N(¢) uniformly across the grid cells intersecting the fault planes. Having a(L) = N (¢)
results in the Bayes estimate of the Dirichlet process being a mixture of the prior and empirical distributions of
location, in equal parts. The resulting estimated aggregate loss distribution under this assumption is shown in
Figure 4, along with the baseline estimate. To the extent that the prior a measure was specified on the basis of
observed fault locations, there is a closer agreement between both estimates: the prior v measure (and resulting
normed probability measure %) is already largely defined by empirical evidence.

We now turn our attention to the second conspicuous feature referred to above. The stress release and
Poisson models share exactly the same distribution of spatial location, and so, most likely, the differences in
the loss estimates are due to the assumptions on the frequency and magnitude components of the models. The
estimated mean annual number of occurrences under the stress release model (on the basis of 10,000 simulated
(t,u] periods) is 2.48, with a 95% C.I. given by (2.45,2.51), and so there is strong statistical evidence to suggest
an increased frequency of event occurrence over the Poisson or Poisson-gamma models (the average annual rate
of events with magnitude 5 or above is % = 2.22). This in turn helps to explain the larger estimated mean,
standard deviation and, in general, larger quantiles of loss up to the ¢.100 million USD mark: relative to the
Poisson or Poisson-gamma models, there is an increased frequency of ‘low-magnitude’ events which prevent the
underlying stress level becoming too large and thus potentially triggering a very large magnitude event that
would result in a very large portfolio loss. Under the Poisson and Poisson-gamma models, on the other hand,
there are no restrictions on the size (magnitude) of events, as the latter is independent of the current time or
past history of the process. To get an insight into the sensitivity of this condition to the specification of the lower
bound X, we simulated event occurrence under the stress release model, and the resulting aggregate losses,
under three different assumptions for the value of the initial level of stress. We considered Xy = 500, 750, and
1000, corresponding to levels of stress required to make the occurrence of events of magnitude 8.6, 8.83, and 9,
respectively, possible. The results are shown in Figure 5 and Table 5. Under the most extreme scenario, the
‘restriction’ on very large magnitude event occurrence disappears as a result of the larger value of Xj.
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Figure 5: Sensitivity scenarios under the stress release model for the distribution of the aggregate loss over the
period 01 March 2009 - 28 February 2010.

SOUTHERN CALIFORNIA RESIDENTIAL PORTFOLIO
DISTRIBUTION OF THE AGGREGATE LOSS
(01 MARCH 2009 - 28 FEBRUARY 2010)

SRM SCENARIO
BASELINE Xy =500 Xo=750 Xy=1000

Ezceedance probability Loss (USD million)

0.05 8.38 8.67 9.79 9.15

0.02 19.43 19.10 23.37 21.84

0.01 35.16 33.90 41.20 44.07

0.005 57.39 53.62 66.31 67.92

0.004 66.27 62.34 70.31 77.16

0.002 79.82 87.21 91.84 106.03

0.001 96.20 108.67 117.56 132.54

0.0005 113.02 123.07 132.12 156.89

Table 5: Sensitivity scenarios under the stress release model for the distribution of the aggregate loss over the
period 01 March 2009 - 28 February 2010. Except where indicated otherwise, all figures are estimates on the
basis of 10,000 simulated (t,u] periods.

The baseline estimated losses would suggest that, for underwriting purposes (e.g. premium rating and
management of accumulations), the stress release model produces more conservative loss estimates, while for
reinsurance management purposes, the Poisson and Poisson-gamma models would be more conservative. This
would only be valid for the one year period (¢,u]. Should the time span considered be larger than a year
(as is typically the case for capital management considerations such as securitisation of earthquake risk), the
distribution of losses predicted by the stress release model may be completely different. Furthermore, this would
in general have to be considered in relation to the policies’ financial structures in place, such as deductibles and
limits, as the latter may have a mitigating effect (to the insurer) on large losses.

F. On the accuracy of the analytical approximations of the aggregate loss distribution. @ The NP
approximation is known (see e.g. Daykin et al. [5]) to be a fairly accurate approximation if 0 < %% < 1,
with accuracy decreasing as v>" increases. It is thus not surprising to see that the NP approximation of the
empirical distribution of simulated losses is very poor in all three cases, with the approximation on the basis of
the simulated mean, variance, and third conditional moment of X, under the stress release model being the
better of the three owing to the low value (relative to the counterparts under the Poisson and Poisson-gamma
models) of the coefficient of skewness (see Figure 8). Under the Poisson earthquake process, both the gamma and
IG approximations are surprisingly accurate (see Figure 6), and this is still the case under the Poisson-gamma
model (see Figure 7), if to a lesser degree of accuracy owing to the larger coeflicient of skewness of X, , relative
to that under the Poisson model. The accuracy of the gamma and IG approximations is further confirmed under
the stress release earthquake process (see Figure 8).
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Figure 6: Analytical approzimations of PY* under the Poisson model of earthquake occurrence, on the basis of
tu Srtau —t,u
Mp®, My, and M4 .
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Figure 7: Analytical approzimations of P¥* under the Poisson-gamma model of earthquake occurrence, on the
basis of M™, M;’u, and M;u
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Figure 8: Analytical approximations of P under the stress release model of earthquake occurrence, on the basis
of simulated moments.
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