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Motivation

The mathematics of natural hazards insurance (catastrophe risk) do
not fall within the framework of conventional actuarial procedures.

Historically there has been little actuarial involvement in catastrophe
risk pricing in insurance.

Earthquake risk is a case in point:

Low frequency, high severity
All forms of insurance can be affected simultaneously
Claims are highly correlated in time and space
Law of large numbers does not operate (in general)
Lack of historical data

Problem of earthquake risk assessment is one at the interface of
geophysics, engineering seismology, stochastics and actuarial
mathematics.

Earthquake risk management considerations must be grounded on a
solid assessment of earthquake risk.
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Contribution of this work

There have been significant advances in statistical seismology.

There have been significant advances in engineering seismology
(attenuation, vulnerability of structures).

There has been interesting mathematical work in mathematical
finance and insurance economics of catastrophe risk (done at
macro-level).

The actuarial problem has not been articulated properly .

The contribution of this work is to articulate the actuarial mathematics
problem as a corollary of statistical seismology postulates through the
development of models and methods for the assessment of earthquake risk
in insurance.
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Formulation of the actuarial problem

Assume an insurance company writes earthquake coverage in a given
geographic region and maintains relevant data files:

Policy records: Each policy record is a vector c .
Claims records: Each claim record is vector κ.

Suppose an earthquake catalog is available for the geographic region
under consideration, describing the generic earthquake by a triple
(T , L,Z )

T ∈ (0, ∞) is its time of occurrence
L ∈ R3 is its location in space
Z ∈ (0, ∞) is its magnitude

Let T be the time and the pair (L,Z ) be the mark of the earthquake.
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Formulation of the actuarial problem

Indexing the earthquakes in chronological order they form a marked
point process (Ti , Li ,Zi ), i = 1, 2, . . . , with associated counting
process

N(t,L,Z) := ∑∞
i=1 1(0,t]×L×Z (Ti , Li ,Zi ) =

∫
(0,t]

∫
L
∫
Z N(ds, dl , dz),

the number of earthquakes occurred by time t with mark in a Borel
rectangle L×Z .

In the sequel we refer to such a process as the earthquake process.
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Formulation of the actuarial problem

Let (Y , c) denote the generic insured object with characteristics c
and loss Y , given the occurrence of an earthquake with location L
and magnitude Z and

G (y |l , z , c) := Pc [Y ≤ y |L = l ,Z = z ] (1)

be its distribution function.

Consider the t-portfolio and its Kt constituent risks. The t-portfolio
loss given L and Z is R := ∑Kt

k=1 Yk , with distribution

Gt(r |l , z) := P[R ≤ r |L = l ,Z = z ] (2)

= G (y |l , z , c1) ∗ · · · ∗ G (y |l , z , cKt ).

In the sequel we refer to Gt as the conditional loss distribution.
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Formulation of the actuarial problem

If we augment the mark (L,Z ) for an earthquake occurring at T to
include R, the earthquake process becomes the loss process

N(t,L,Z ,R) =
∞

∑
i=1

1(0,t]×L×Z×R(Ti , Li ,Zi ,Ri ) (3)

=
∫
(0,t]

∫
L

∫
Z

∫
R
N(ds, dl , dz , dr).

The aggregate loss to the t-portfolio over (t, u] is given by

Xt,u :=
∫
(t,u]

∫
L

∫
Z

∫
R+

rN(dτ, dl , dz , dr).

The ultimate goal is to estimate Pt,u(x) := P[Xt,u ≤ x ].
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Formulation of the actuarial problem

Let F = {Ft}t≥0 be the filtration to which the loss process is
adapted

Times and marks of past events
Information about external variables
Information on processes evolving in time in parallel with the loss
generating mechanism

Using the usual suggestive notation, the F -intensity of the loss
process is

Λ(dt, dl , dz , dr) := E[N(dt, dl , dz , dr)|Ft− ], (4)

where Λ is a measure that admits a representation

Λ(dt, dl , dz , dr) = Λg (dt)Φ(dl , dz , dr |t), (5)

with Λg (dt) the intensity of the ground process {Ti} and
Φ(dl , dz , dr |t) the density of a mark at t given Ft− .
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Formulation of the actuarial problem

The mark distribution Φ takes the form

Φ(l , z , r |t) = F (l , z |t)Gt(r |l , z), (6)

where F is the joint distribution for location and magnitude and Gt is
the conditional loss distribution.

The intensity of the loss process can be recast as

Λ(dt, dl , dz , dr) = Λg (dt)F (dl , dz |t)Gt(dr |l , z). (7)

Characterising a loss generating mechanism is tantamount to
characterising its underlying earthquake generating mechanism and
conditional loss distribution.
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Modelling of the conditional loss distribution

Recall the t-portfolio loss given L and Z is R := ∑Kt
k=1 Yk , with

distribution

Gt(r |l , z) := P[R ≤ r |L = l ,Z = z ] (8)

= G (y |l , z , c1) ∗ · · · ∗ G (y |l , z , cKt ).

Y has a mixed distribution G (y |l , z , c) with probability density p and
q, with respect to Dirac measure on 0 and v , respectively, and
probability density g with respect to Lebesgue measure on (0, v), i.e.,

p(l , z , c) = G (0|l , z , c)

q(l , z , c) = G (v |l , z , c)− G (v − |l , z , c) , and

g (y |l , z , c) =
G ′ (y |l , z , c)

1− p(l , z , c)− q(l , z , c)
.
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Modelling of the conditional loss distribution

Without reference to a hazard measure that translates the earthquake
characteristics and the risk specifics into some form of damage
potential, conditioning the size of loss on the occurrence of an
earthquake is meaningless.

The total energy E released when an earthquake occurs includes
energy required to create new cracks in rock, energy dissipated as
heat through friction, and energy S elastically radiated through the
earth. Of these, only the latter is susceptible to measurement by
ground motion recording instruments. An approximation to S in
terms of earthquake magnitude Z is given by the empirical relation

S = 102.4+
3
4Z (9)
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Modelling of the conditional loss distribution

Traditional seismic vulnerability function

G (y |l , z , c) =
∫

GV (y |a, c)dH(a|l , z , c). (10)

Taking S as a measure of the energy released upon the occurrence of
an earthquake with magnitude Z , a measure of the energy radiated at
the site of the object with policy record c is given by

ε(l , z , c) :=
s(z)

‖l − l∗‖2
,

where s(z) := 102.4+
3
4 z , ‖·‖ is the Euclidean norm, and the location

l∗ ∈ R3 of the object is stored in c.

Having established ε = ε(l , z , c) as a reference hazard measure, G
can be recast as G (y |ε, c), with continuous component G (y |ε, c),
and probability atoms p = p(ε, c) and q = q(ε, c).
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Modelling earthquake occurrence (Poisson)

We assume that at the base of everything there is a filtered
probability space (Ω,F = {Ft}t≥0, P) and operate in the marked
point process framework introduced earlier.

We assume L (N(T ,L,Z)) = Po (N(T ,L,Z); Λ(T ,L,Z)) ,

Define N((0, s ], ·, ·) := N(s, ·, ·) and let

{Ft = σ{N(s,L,Z); 0 < s ≤ t,L ∈ BL,Z ∈ BZ}, }t>0 (11)

be the natural filtration generated by the counting process (trivially,
N(0,L,Z) = 0). The intensity of the latter, given Ft− , is

E[N(dt, dl , dz)|Ft− ] = Λ(dt, dl , dz) = dtλ∆(dl)Φ(dz),

from where it follows that the intensity of occurrence of an earthquake
is independent of the time and past history of the earthquake process.
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Modelling earthquake occurrence (Poisson)

There is a host of conceivable candidates for the location and
magnitude distributions ∆ and Φ, respectively. It is known empirically
that magnitudes of earthquakes follow roughly a (left truncated)
exponential distribution (Gutenberg-Richter Law)

φ(z) = γ exp (−γ(z − z0)) , z > z0, (12)

with z0 a minimum magnitude threshold.

The empirical distribution of a sample of N(τ) observed locations
L1, . . . , LN(τ), is given by

∆N(τ)(L) :=
N(τ,L, Z)

N(τ)
, ∀L ∈ BL.
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Modelling earthquake occurrence (Poisson)

For the estimation of λ, consider Fτ and the occurrence times

T1,T2, . . . ,TN(τ) ∈ (0, τ ].

The probability that N(τ) = n and the n events occurring in intervals
[ti , ti + dti ), i = 1, ..., n, is

P[N(τ) = n,Ti ∈ [ti , ti + dti ), i = 1, . . . , n] = e−λτ
n

∏
i=1

λdti ,

from where the likelihood function and maximum likelihood estimator
of λ,

L
(

λ|N(τ),T1,T2, . . . ,TN(τ)

)
:= e−λτλN(τ)

and λ̂ = N(τ)
τ , respectively, follow readily.
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Modelling earthquake occurrence (Poisson-Gamma)

Let α be a positive finite measure on (L,BL). Define a random
measure ΛL on (L,BL) by assuming that, for all L ∈ BL,

L(ΛL(L)) = Ga(ΛL(L); α(L), β),

and that ΛL(L) and ΛL(L′) are independent for any disjoint sets
L,L′ ∈ BL.

Let ∆ be the random probability measure obtained upon norming ΛL

to a probability:

∆(L) :=
ΛL(L)
ΛL(L)

, ∀L ∈ BL. (13)

(This is well defined: ΛL(L) > 0 almost surely since α(L) > 0.)
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Modelling earthquake occurrence (Poisson-Gamma)

Λ(T ,L,Z) := (µ×ΛL ×Φ)(T × L×Z) = µ(T )ΛL(L)Φ(Z).
We assume that earthquake magnitude is independent of time and of
location and that Λ drives the earthquake generating mechanism in a
way such that, conditional on Λ, N is a Poisson measure

L (N(T ,L,Z)|Λ) = Po (N(T ,L,Z); Λ(T ,L,Z)) ,

The gamma distribution is the natural conjugate prior to the Poisson
distribution and so, for all T × L ∈ BR+ ⊗BL,

L
(

ΛL(L)|N
)
= Ga

(
ΛL(L); α(L) +N(T ,L), β + µ(T )

)
,
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Modelling earthquake occurrence (Poisson-Gamma)

E [N(dτ, dl , dz)|Fτ− ] = dτ · α(L)+N(τ)
τ+β · ∆τ(dl) ·Φ(dz), where

∆τ(L) := E [∆(L)|Fτ]

=
α(L) +N (τ,L)

α(L) +N (τ)
(14)

= p∆
τ ∆0(L) + (1− p∆

τ )∆N(τ)(L),

with p∆
τ := α(L)

α(L)+N(τ)
, ∆0(L) := α(L)

α(L)
, and ∆N(τ)(L) =

N(τ,L)
N(τ)

, is a

Bayes estimate of ∆(L).
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Modelling earthquake occurrence (Stress release)

The general assumption is that the probabilities of earthquakes
occurring within the seismic region (or on the fault) in question are
determined by an unobserved state variable that increases linearly
between earthquakes and decreases instantaneously when an event
occurs. We assume that, at any time t > 0,

Xt := X0 + ρt − St ,

where X0 is the initial stress level, represents the balance between the
accumulated tectonic stress in a region, building up linearly at a fixed
rate ρ > 0, and the total amount of stress released through
earthquakes,

St :=
∞

∑
i=1

1(0,t](Ti )s
∗(Zi ) =

∫ t

0

∫ ∞

z0
s∗(z)N(ds, dz),

where s∗(z) := 10
3
4 (z−z0) is the stress released upon the occurrence

of an earthquake with magnitude z .
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Modelling earthquake occurrence (Stress release)

The stochastic mechanism governing the earthquake process and the
stress process must specify how the former is driven by the latter.

Let {Ft = σ{N(s,Z ,L),Xs ; 0 < s ≤ t,Z ∈ BZ,L ∈ BL}}t>0

denote the filtration generated by the stress and counting processes.

The stress release model assumes that, using the usual suggestive
notation,

E [N(dt, dz , dl)|Ft− ] := λ(Xt− , z , l)dt dz dl

The intensity of occurrence of an earthquake is

λ(Xt−) =
∫

L

∫ z(t)
z0

λ(Xt− , z , l)dzdl , where

z(t) = z0 +
4

3
log10(Xt−) (15)

is the upper bound for the magnitude of an earthquake occurring at
time t, (obviously λ(Xt− , z , l) = 0 for z > z(t)).
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Modelling earthquake occurrence (Stress release)

The intensity of occurrence of an earthquake of magnitude z is

λ(Xt− , z) =
∫

L
λ(Xt− , z , l)dl ,

and the intensity of occurrence of an earthquake is

λ(Xt−) =
∫ z(t)

z0
λ(Xt− , z)dz .

The ratio

f (z , l |Xt−) :=
λ(Xt− , z , l)

λ(Xt−)

is the joint density of the mark (Z , L) of an earthquake occurring at
time t.
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Modelling earthquake occurrence (Stress release)

We assume the location of an earthquake is independent of the stress
level triggering it and, as a result, of its magnitude. In consequence,

f (z , l |Xt−) = φ(z |Xt−)δ(l), (16)

where φ is the density of Z and δ is the density of L, and

λ(Xt− , z , l) = λ(Xt−)φ(z |Xt−)δ(l). (17)

Assume (a, b, c , γ) ∈ R4 is our parameter vector. Taking our stand
at time τ (the present time), the likelihood of the observations
(Ti ,Zi ), i = 1, . . . ,N(τ), is

L (a, b, c , γ) =
N(τ)

∏
i=1

λa,b,c (Ti ) φc,γ (Zi |Ti ) exp

(
−
∫ τ

0
λa,b,c(t)dt

)
,

(18)
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Estimation of the aggregate loss distribution

Consider the t-portfolio and the aggregate loss in the time interval
(t, u]

Xt,u =
∫
(t,u]

∫
L

∫
Z

∫
R+

rN(dτ, dl , dz , dr). (19)

The distribution Pt,u(x) = P[Xt,u ≤ x ] does not admit a closed form
representation, and so any insight into its probability structure goes
hand-in-hand with simulation in all but the special cases when the
earthquake process is Poissonian. In the latter case, analytical
expressions for the first three central moments of Xt,u can be
obtained, which allow us to formulate closed-form approximations of
Pt,u.
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Estimation of the aggregate loss distribution

Consider the Poisson model introduced earlier and the moments of
R = ∑Kt

k=1 Yk . We make the dependence of mR
j and mR

j on (l , z)
explicit and define

mR
j (l) :=

∫ ∞

z0

∫
R+

r jdGt(r |l , z)Φ(dz), j = 1, 2, 3. (20)

The mean, variance, and third central moment measures of the
Poisson random measure N(dt, dl , dz , dr), are all equal to the
Ft−intensity

dtλ ∆(dl)Φ(dz) dGt(r |l , z).
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Estimation of the aggregate loss distribution

Mt,u
1 := E [Xt,u | Ft ]

=
∫
(t,u]

∫
L

∫ ∞

z0

∫
R+

rE [N(dτ, dl , dz , dr)|Ft ]

=
∫
(t,u]

∫
L

∫ ∞

z0

∫
R+

rdGt(r |l , z)Φ(dz)λ∆(dl) dτ

= λ(u − t)
∫

L
mR

1 (l)∆(dl).

M
t,u
2 := V [Xt,u | Ft ]

=
∫
(t,u]

∫
L

∫ ∞

z0

∫
R+

r2V [N(dτ, dl , dz , dr)|Ft ]

=
∫
(t,u]

∫
L

∫ ∞

z0

∫
R+

r2dGt(r |l , z)Φ(dz)λ∆(dl) dτ

= λ(u − t)
∫

L
mR

2 (l)∆(dl).

letting µ3 denote the third central moment operator, the third central
moment of Xt,u is

M
t,u
3 := µ3 [Xt,u |Ft ]

=
∫
(t,u]

∫
L

∫ ∞

z0

∫
R+

r3µ3 [N(dτ, dl , dz , dr)|Ft ]

=
∫
(t,u]

∫
L

∫ ∞

z0

∫
R+

r3dGt(r |l , z)Φ(dz)λ∆(dl) dτ

= λ(u − t)
∫

L
mR

3 (l)∆(dl).
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Case study

Figure : Northridge earthquake reference loss experience for Company XYZ.
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Case study

Figure : Southern California seismicity from 1932 - 2009. Events with magnitude
greater than 4.
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Case study
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Figure : Exceedance probability (1− Pt,u(x)) curves estimated on the basis of
10,000 simulated (t, u] periods for the Poisson, Poisson-gamma, and stress
release models of the earthquake process.
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