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1. Classical Risk Model

Premium arrivals:
m ¢ > 0 is a constant premium intensity.
Claim arrivals:
m claim sizes form a sequence (Y;);>1 of nonnegative i.i.d.

random variables with c.d.f. F(y) =P[Y; < y| and finite
expectation y;

m the number of claims on the time interval [0, t] is a Poisson
process (N¢)¢>o with constant intensity A > 0;

m the random variables Y;, i > 1, and the process (N;);>o are
independent;

m the total claims on [0, t] equal >-M, Yi; we set S0, Y; =0
if Np =0.



1. Classical Risk Model

Let the net profit condition hold, i.e. ¢ > Au.

The insurance company uses the expected value principle for
premium calculation: ¢ = Ap(1 4+ ), where 6 > 0 is a safety
loading.

Surplus:
B an insurance company has a nonnegative initial surplus x;

m X;(x) is a surplus at the time t > 0 provided that the initial
surplus equals x.

The surplus process (X;(x)),, follows

N
Xe(x)=x+ct=>_Y;, t>0 (1)
i=1



1. Classical Risk Model

m The infinite-horizon ruin probability is given by
¥(x) = P[infr>0 Xe(x) <0].
m The infinite-horizon survival probability are given by

p(x) =1 —9(x).



2.1. Classical Risk Model with a Franchise and a Liability

Limit

The function ¢(x) is a solution to the integro-differential equation

ey (3) = Ap(x) — A /0 " olx— ) dF(y). )

If the claim sizes are exponentially distributed, then the closed
form solution to (2) is

-1 g i)



2.1. Classical Risk Model with a Franchise and a Liability

Limit

A franchise is a provision in an insurance policy whereby an
insurer does not pay unless damage exceeds the franchise amount.
It is applied to deter a large number of trivial claims.

A liability limit determines the maximum amount that is paid by
an insurer. It is used to restrict the insurer’s liability to the insured.

m d and L are franchise and liability limit amounts:
0 < d < L < 400 (we choose them at the initial time and do
not change them later);

m in particular, if d = 0, then a franchise is not used; if
L = +o0, then a liability limit is not used;

m

m F(4D(y)is the c.d.f. of Yi(d’ b,

, I >1, is an insurance compensation for the ith claim;



2.1. Classical Risk Model with a Franchise and a Liability

Limit

Normally, a franchise and a liability limit also imply reduction of
insurance premiums.
We suppose that the safety loading 6 > 0 is constant.
The premium intensity is given by
@D = \1+60)E[Y{"D].
Let Xt(d’ L)(x) be the surplus of the insurance company at time t

provided that its initial surplus is x, and the franchise and liability
limit amounts are d and L, respectively, then

N
X0 =x+ D=3y tz0 ()
i=1

Let (% D)(x) be the corresponding infinite-horizon survival
probability.



2.2. Survival Probability in the Classical Risk Model with a

Franchise

Theorem 1

Let the surplus process (Xt(d’ Jroo)(x))t>0 follow (3) under the

above assumptions with 0 < d < 400 and L = 400, and the claim
sizes be exponentially distributed with mean . Then

(& +0)(x) = g0n+1+°°)(x) for all x € [nd,(n+1)d), n>0,

where



2.2. Survival Probability in the Classical Risk Model with a
Franchise

SOgd,+00)(x) _ Cl,l ex/fy’

ng’ +oo)(x) = (C,1+ Az 0 x) /7 4 G pe ™/,
d n—1 .
‘PSIJF’lJrOO)(X) = (Cn+1, 1+ Z Antl,i x’“) e/
i=0

n—2
+ <Cn+1,2 4 Z Bni1,i xi"'l) e_X/“, n> 2.
i=0



2.2. Survival Probability in the Classical Risk Model with a

Franchise

The constants in Theorem 1 are defined in the following way:

v=1+0)(n+d),

0
1Ty

0 ,e_d/’y’
(L+0)(v+n)
0 m+dy+1) g )
Coi=— (14T TH) —d/y
b 1+9< " (v + 1)?

Oyp d
G r — — e
227 T 0)(v+ p2©

Az o= —




2.2. Survival Probability in the Classical Risk Model with a

Franchise

the constants A,41.4, 0 <7 < n—1, are given in a recurrent way

by formulas
An n—2 —d
A i =——""°" ¢ /’}’7 n> 27
n+1,n—1 n(’Y+M) =
Arerj= |G+ DA ja + —
n+1,j — Nt J YHAP, j+1 j+1
n—2 o i+1
(E ma ()]
= J
i=j—1

]-SJSn_z; n237

n—2

1 .

Apnt1,0=——— [2’YMAn+1,1+<Cn,1+Z An,i (—d)'H) ed/y] ,n>2
TrH i—0



2.2. Survival Probability in the Classical Risk Model with a

Franchise

the constants B,,1,j, 0 </ < n— 2, are given in a recurrent way

by formulas
C
3.0 = 2,2 ed/n
!
Boit pp— —DR0=3dln 53
SN TR CEaD =
B o1 U+ 2)yuB + — 1
n+l,j — vt J THBn+1,j+1 Ji+1
n—3 .
_ 1
(S a7 )],
i=j—1

1<j<n—-3, n>4,

1
Bni1,0 = T [27M5n+1,1+< n 2+Z B, i '+1> ed/y} ,n>3;



2.2. Survival Probability in the Classical Risk Model with a

Franchise

the constants C,41,1 and C,y1 2 are given by formulas

Ao — A
Crr1,1=GCo1 + 1A n+1.0)

vt
n—3 .
(i + 2)yu(An, i1 — Ans1 i+1)> i1
+ Ani— Anyr,i+ ’ : nd)'
2;( = Ana, el (nd)
Ny An41, n—1 n—1
+ An, n—2—An 1,n-2 — 7) nd
( " Yt w (ne)
n TH
— An+1,n—1 (nd) + m
n—3 )
X (Z(I + 1)(3,77,' - Bn+17,-)(nd)’ — (n - 1)Bn+17n_2 (nd)"2)
i=0

xexp(—nd7+#>, n>2,
TH



2.2. Survival Probability in the Classical Risk Model with a

Franchise

B
Go=Goa+ TEB30 2dBj3 o
v+p

Az g — A 4dA
Y1(Az,0 — A2 0 + 4dA3 1) exp<2d7+u>,
Y+ u T

+




2.2. Survival Probability in the Classical Risk Model with a

Franchise

Y1(Bn+1,0 — Bn,o)

v+ p
n—4 .
i+ 2 B iv1— Bn i .
n Z(Bn,i CBpari+ (7 + 2)vu( ni’ +1 — B, +1)> (nd)+1
=0 YT W

n—1 Bni1ne n—
+ (Bn, n—3 — Bn+1,nf3 + ( ),;Wj_ M+17 2> (nd) 2

_ B o (nd n—1_|_ TH
n+1,n 2( ) ’Y"‘H

n—2
X (Z(I + 1)(A,,+17,' — An’ ,-)(nd)i + nAn+17,,_1 (nd)n_l)

i=0

X exp(nd W), n>3.
TH



2.2. Survival Probability in the Classical Risk Model with a

Franchise

Theorem 2

Let the surplus processes (X:(x)),-, and (X,_Sd’ Jroo)(x))t>0

follow (1) and (3), respectively, under the above assumptions with
0 < d < +oo and L = +oo. Moreover, let o(x) and @@ T2°)(x)
be the corresponding survival probabilities, and the claim sizes be
exponentially distributed with mean p.



2.2. Survival Probability in the Classical Risk Model with a
Franchise

(i) If

oo mf ()

then (% 1) (x) < (x) for any 0 < d < +oo.
(ii) For

d€<Qua+9gm1+m>

and large enough initial surpluses, we have
(e ) (x) > p(x).



2.3. Survival Probability in the Classical Risk Model with a
Liability Limit

Theorem 3

Let the surplus process (Xt(o’ L)(x))t>0 follow (3) under the above
assumptions with d = 0 and 0 < L < +o00, and the claim sizes be
exponentially distributed with mean p. Then

@D (x) = %D(x) forall xel[nL, (n+1)L), n>0,

where B B o
PO (x) = G + Crp ¥/,
gogo’ L)(X) = (_?271 + (6272 + /2\270 X) e’_YlX/’_Yz’

n—1

<Pn+1 (X) Cot1,1+ (Cn+1,2 aF ZAn-l—l,i Xi+1) X/ p>2
i=0



2.3. Survival Probability in the Classical Risk Model with a

Liability Limit

The constants in Theorem 3 are defined in the following way:

F=1-1+0)(1-etm),
T2 = n(l+0)(1 - e~tH),

- 9(1 — e L/n
Sl ilo)
7
~ 0
Clo=————,
B2 51+ 0)

~ 6 1 %))
Apo=——-—F7—— exp| —L|—+— )
20T (14 0) p( <u 72



2.3. Survival Probability in the Classical Risk Model with a

Liability Limit

_ 0 1L 1 71>>>
Co= = (14 (= + = —1) ep(—L(=+2))).
227 511+ 96) ( (’Yl A2 > Xp( <M Yo

All other constants are given in a recurrent way.



2.3. Survival Probability in the Classical Risk Model with a

Liability Limit

Theorem 4

Let the surplus processes (Xt(x))t>0 and (Xt(o’ L)(x)) +>p follow (1)
and (3), respectively, under the above assumptions with d = 0 and
0 < L < +00. Moreover, let ¢(x) and ¢(®1)(x) be the
corresponding survival probabilities, and the claim sizes be
exponentially distributed with mean p. Then ¢(%5)(x) > o(x) for
any 0 < L < 400 and for small enough and large enough initial
surpluses.



2.4. Survival Probability in the Classical Risk Model with

both a Franchise and a Liability Limit

Theorem 5

|

Let the surplus process (Xt( ’L)(x))t>0 follow (3) under the above
assumptions with 0 < d < +oo and L = md, where m > 3 is
integer, and the claim sizes be exponentially distributed with mean
. Then

P D) = oD (x) forall xe[nd,(n+1)d), n>0,

where



2.4. Survival Probability in the Classical Risk Model with
both a Franchise and a Liability Limit

A0 = G e,

SOgd’ L)(X) = (62’1 + A~270 X) ex/:y I 62,2 e_x/uv

n—1

‘Pn+1)(X) ( n+1,1 1 ZAn-i-l i ’+1) /3

i=0

n—2
+ <Cn+1,2 4 Z B,H_l,,- xi+1> e_X/“, n>2.
i=0



2.4. Survival Probability in the Classical Risk Model with

both a Franchise and a Liability Limit

The constants in Theorem 5 are defined in the following way:

§=(1+0)(u+d— peldH/m),

(::1,1 = 9/(1 =+ 9),

- 0 .

A - _d/'y
SR FEN) R

4 Ip+dF+n) —as )
Co1=— (14 LT T —d/y
21 1+9< (5 + n)?

01 d/
Coo=— 3
R CR) (R

All other constants are given in a recurrent way.
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2.4. Survival Probability in the Classical Risk Model with
both a Franchise and a Liability Limit

Let the surplus processes (X:(x)),., and (Xt(d’ L)(x))f>0

follow (1) and (3), respectively, under the above assumptions with
0 < d < 400 and L = md, where m > 3 is integer. Moreover, let

©(x) and (@ b)(x) be the corresponding survival probabilities, and
the claim sizes be exponentially distributed with mean p.

(i) If d — peld=/1 > 0, then (@ D(x) < ¢(x) for

x € [o, min{@ In<1 G Me(d‘”/“)), d}].

(1 +0)

(i) If d — peld=0/1m <0, then (4D (x) > ¢(x) for x € [0, d].



3. Optimal Control by a Franchise Amount in the Classical

Risk Model

Additional assumptions:

m the insurance company adjusts the franchise amount d; at
every time t > 0 on the basis of the information available up
to time ¢, i.e. every admissible strategy (d¢)¢>0 ((d) for
brevity) of the franchise amount choice is a predictable process
w.r.t. the natural filtration generated by (N;)¢>0 and (Yi)i>1

B 0 < d; < dmax, Where dpay is the maximum allowed franchise
amount such that 0 < F(dmax) < 1; in particular, if d; =0,
then the franchise is not used at time t

m the safety loading 6 > 0 is constant

The premium intensity at time t depends on the franchise amount
at this time and it is given by

+o0

c(dt):)\(1+0)/ y dF (y).

dt



3. Optimal Control by a Franchise Amount in the Classical

Risk Model

Let Xt(dt)(x) be the surplus of the insurance company at time t
provided its initial surplus is x and the strategy (d;) is used. Then

N
XEM(x) = x+ / c(ds)ds =D Viliy>a,y t=0.  (4)
0 i=1 I

t

The ruin time under the admissible strategy (d;) is defined as

r(d)(x) = inf{t > 0: Xt(dt)(x) < 0}.

The corresponding infinite-horizon survival probability is given
by



3. Optimal Control by a Franchise Amount in the Classical

Risk Model

Our aim is to maximize the survival probability over all admissible
strategies (d;), i.e. to find

0" (x) = sup @) (x),
(dt)

and show that there is an optimal strategy (d;) such that
©*(x) = pld)(x) for all x > 0.

The optimal strategy will be a function of the initial surplus only.



3. Optimal Control by a Franchise Amount in the Classical

Risk Model

Optimal control problems:

m optimal control by investments: C. Hipp, M. Plum (2000);
C. Hipp, M. Plum (2003); C. S. Liu, H. Yang (2004);
P. Azcue, N. Muler (2009)

m optimal control by reinsurance: H. Schmidli (2001);
C. Hipp, M. Vogt (2003)

m optimal control by investments and reinsurance:
H. Schmidli (2002); M. |. Taksar, C. Markussen (2003);

S. D. Promislow, V. R. Young (2005); C. Hipp, M. Taksar
(2010)



3. Optimal Control by a Franchise Amount in the Classical
Risk Model

Proposition 1

Let the surplus process (Xt(dt)(x))t>0 follow (4) under the above
assumptions. If ¢*(x) is differentiable on R, then it satisfies the
Hamilton-Jacobi-Bellman equation

sup ((1+9) /:oode(y) (0*(x)’

d€[0, dmax]
dVx (5)
HED =)W+ [ o= dF)) =0
which is equivalent to

((1 — F(d) " () = [ o (x — y) dF(y))
(1+0) [,y dF(y) ‘

* I o
GO = m

(6)



3. Optimal Control by a Franchise Amount in the Classical

Risk Model

Remark 1

Note that if there is one solution to (5) or (6), then there are
infinitely many solutions to these equations which differ with a
multiplicative constant.



3. Optimal Control by a Franchise Amount in the Classical
Risk Model

Theorem 7

If the random variables Y;, i > 1, have a p.d.f. f(y), then there is
a solution G(x) to (6) with G(0) = 60/(1 + 0), which is
nondecreasing and continuously differentiable on R, and
0/(140) <limy_ i G(x) < 1.

The solution G(x) to (6) that satisfies the conditions of
Theorem 1 can be found as the limit of the sequence of functions
(Gn(x)) 0 on Ry, where Go(x) = ©©)(x) is the survival
probability provided that d; = 0 for all t > 0, and

(1= F(d)Gr1(x) = [ Goor(x — y) dF(y))
(1+0) [y dF(y) ’

de [07 dmax]

G\ (x)= inf (

Ga(0) =0/(1+6), n>1.
()



3. Optimal Control by a Franchise Amount in the Classical
Risk Model

Theorem 8

Let the surplus process (Xt(dt)(x))t>0 follow (4) and G(x) be the
solution to (6) that satisfies the conditions of Theorem 7. Then for
any x > 0 and arbitrary admissible strategy (d;), we have

: G(x)
P W) < Myt 00 G(x)’

(8)

and equality in (8) is attained under the strategy
(di) = (d;‘ (Xt(j’?)(x))), where (d¥(x)) minimizes the right-hand
side of (6), i.e.

" () = ) (x) = —”mxff;)G(X).



3. Optimal Control by a Franchise Amount in the Classical
Risk Model

Remark 2

In Theorem 8 we used any solution to (6) that satisfies the
conditions of Theorem 7. However, Theorem 8 also implies
uniqueness of such a solution. The corresponding strategy (d;)
may not be unique in the general case.

Theorem 9

Let the surplus process (Xt(dt)(x))t>0 follow (4), the claim sizes be
exponentially distributed with mean yu, and diax = p. Then the
strategy (d;) with d; = 0 for all t > 0 is not optimal.

Remark 3

Theorem 18 implies that we can always increase the survival
probability adjusting the franchise amount if the claim sizes are
exponentially distributed.




3. Optimal Control by a Franchise Amount in the Classical
Risk Model

Example 1

If the claim sizes are exponentially distributed with mean p = 10,
dmax = i, and 6 = 0.1, then

©(x) ~ 1 —0.9090909 e /110 x >0,

. 0.111048767 */22 if x < 8.93258,
" (x) = _x/110
1 —0.90382792 ¢ if x> 8.93258,

42(x) 10 if x < 8.93258,
X) =
t 0 if x> 8.93258.
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