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Abstract

The notional defined contribution pension scheme combines pay-as-you-go fi-
nancing and a defined contribution pension formula. The return on contributions
is based on a notional rate which is linked to an external index set by law, such as
the growth rate of GDP, average wages, or contribution payments. The volatility of
this return may introduce a pension adequacy problem in the system and therefore
guarantees may be needed. Here we focus on the guarantee of a minimum return on
the contributions made to the pension scheme and we calculate its price in a utility
indifference framework. We obtain a closed-form solution in a general dependence
structure with exponential preferences and in presence of stochastic short rates.
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1 Introduction

A notional defined contribution (NDC) model is a pay-as-you-go (PAYG) financed system
that deliberately mimics a financial defined contribution pension scheme, meaning that
the pension depends on both contributions and its returns (Palmer, 2006 [20]). The
returns on contributions are based on a notional rate that reflects the financial health of
the system, which is linked to an external index set by law, such as the growth rate of
GDP, average wages, or contribution payments. The account balance is called notional
because contributions are not invested in financial markets as the system is based on
pay-as-you-go financing. One of the shortcomings of NDC is the participants are exposed
to some risks they were not in a defined benefit pension scheme. In particular, they
are exposed to the risk that their contributions will have lower investment returns than
expected, which will negatively affect their pension adequacy.

Pennacchi (1999) [21] proposes in this framework to offer a minimum return guarantee to
each contribution made to the first pillar. He develops these guarantees in a funded public
defined contribution scheme, like the ones developed in Chili, Uruguay or Colombia.! His
setting has the advantage that the underlying asset can be hedged. Therefore the markets
are complete and Black & Scholes classical formulae can be used (Black & Scholes (1973)
[3]). However, in notional defined contribution schemes the underlying rate of return is
based on an index which is not traded. We therefore have to find the price of an option
written on a nontraded asset in an incomplete market settings.

There are different ways to price in incomplete markets due to the non-uniqueness of
the martingale pricing measure. The academic literature offers different approaches to
solve this problem. A first approach is to suppose that all derivatives must have the
same market price of risk in order to ensure an internal consistency in the model (Bjork
(2004) [2]). The price is then the present value of the expected value under a 'risk-neutral’
measure that depends on the specific market price of risk, which is usually chosen by the
market.

Another way is by using Cochrane and Saa-Requejo’s (2000) [8] approach. They relax
the no-arbitrage assumption in order to derive tight bounds on asset prices based on the
assumption that investors prefer assets with high Sharpe ratios. They use this setting to
calculate bounds on options written on nontraded assets and find that common prices fit
within these bounds. A slightly modified version of this setting is used in Floriou and
Pelsser (2013) in order to obtain closed-form solutions for options in incomplete markets.

A third approach is to price via utility-indifference pricing. It consists on finding the
price of risks which can’t be hedged by incorporating the investor’s or issuer’s attitude
towards the unhedgeable risk. In our case, the idea is to price the option on the untraded
asset by using as a proxy a traded asset which is correlated to it. This approach has
been extensively used in the literature since its introduction by Hodges and Neuberger
(1989) [15]. They used this approach in order to value European calls in the presence of
transaction costs.

Musiela and Zariphopoulou (2004) [18] and Zariphopoulou (2001) [27] developed an intu-
itive framework where they obtain closed-form formulas for prices written on nontraded

1See Queisser (1995) [23] for a discussion on pension reforms in Latin America.



assets in a market environment with lognormal dynamics. They do their study when risk
preferences are exponential, which ensures that the pricing measure is independent of risk
preferences and that it has the minimal entropy with respect to the historical measure.
In the same line, Henderson (2002) [14] uses utility maximization and duality methods in
order to obtain the option price in the case of the power and exponential utility. She finds
that the prices are not very dependent of the utility chosen when the risk aversions match
locally but that they show different behavior when the risk aversion is close to zero.

Rouge and el Karoui (2000) [24] obtain the price for a claim in the exponential utility
case and related the price, modeled as a quadratic backward SDE, with minimal entropy.
However, these papers assume that the short rate is deterministic. This hypotheses can
be a drawback when studying claims of a long-term nature. Young (2004) [26] studies
these prices when the short rate is stochastic and has an affine term structure. She uses
this theoretical framework to price catastrophe risk bonds and equity-indexed term life
insurance.

Other approaches include finding a super-replicating portfolio (see Cvitanic, Pham and
Touzi (1998) [9]) with a payoff which is equal or higher than the payoff of the derivative in
any state of the world or pricing via coherent risk measures (see Artzner et al. (1999) [1]).
Here they use risk measures to study market and nonmarket risks without the complete
markets assumption.

In this paper we apply the theory of utility indifference pricing in the particular case of
a public pension system where the nontraded asset is driven by two distinct noises. One
is associated to the mean wage increase in the economy and the other is linked to the
working population increase. These two risks are allowed to be correlated to each other,
as well as to all risks in the market. In this sense we generalise the setting of Musiela
and Zariphopoulou (2001) [18] and Henderson (2002) [14] and apply it to public pension
systems. Furthermore, we present the obtained price as an intermediary price between
an insurance premium and a complete-market option price. When the nontraded asset is
totally uncorrelated we find that our price is a zero-utility exponential insurance premium
(Denuit, (1999) [11]). When the nontraded asset is completely correlated with the market
we obtain the same expression as in Black & Scholes (1973) [3] for a deterministic short
rate setting and Brigo and Mercurio (2007) [6] for the stochastic rate setting.

The paper is organized as follows. Section 2 presents the pension system as well as the
financial market and the unhedgeable risks which will be priced. Details are given about
the derivation of the pricing measure. In Section 3 the closed-form price for the option
sought is developed and different particular cases are presented. In Section 4 we show
some numerical illustrations comparing our prices to the Black & Scholes setting and the
totally independent case. Section 6 and two appendices conclude the paper.

2 The Model

2.1 The Pension System

We develop the pension setting for a representative individual 'i" participating at the
pension system aged x at time t. She starts her career at age x;; and retires at age x.



She participates in the compulsory public state pension system since s; =t-x+ x%) and
pays a fixed proportion © € (0,1) on her age and time dependent income L(x, t;1) every
year. The total individual contribution at time t is then C(x, t;1) and earns a return up to
retirement i = t —x +x.. The return is based on a nontraded but observable index such
as the growth rate of GDP, average wages, or contribution payments. This observable
but unhedgeable rate is commonly known as notional rate in defined contribution pay-as-
you-go financed pension systems Palmer (2006) [20]. This index depends on risks such as
population evolution, inflation, or productivity.

The main critic concerning pure defined contribution pension schemes is that they transfer
too much risk towards the participants. Pension benefits at retirement depend highly
on the return associated to their contributions in absence of guarantees. Therefore, in
our model the pension provider chooses to provide a minimum return guarantee to the
participants in order to increase the pension adequacy. At time of retirement the return
on the individual contribution from time t will be worth the maximum of the following
expressions:

o K(x;i) = (1+ig)% ™

i
where iq is the guaranteed yearly rate of return and :{(((rtx)) is the return between time t

and time of retirement. The value at retirement for a contribution made at time t is then:

V(ri t) = C(x, t;1) max(K(x; 1),

X

i AV T
= C(x, t;1) % + (K(X; i) — \i(((t)())) (2.1)

Put Option

In order to give this guarantee the state should protect itself from the potential losses
when the guarantee is triggered. He will then have to buy a put option and hold the
nontraded asset. Mathematically, the state will have to price the following put option:

S\
<K(X; i) - ?;ﬁ) (2.2)

There is a guarantee associated to each contribution made during the participant’s career.
These guarantees share the characteristic that they trigger (or not) at the same moment
of time, namely at time of retirement. If we were in a funded pension scheme we would
be able to price the put option by means of the Black & Scholes formula. When financing
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is pay-as-you-go we don’t have this possibility. However, we can calculate the value of
this put option by using the theory of indifference utility pricing.

In the remaining section we present the assets in the market as well as the processes
that drive the contribution base of the pension system. The nontraded asset on which
an European option is written will be observable at all time and corresponds to the pay-
as-you-go contributions Y (t). Due to the unfunded nature of a pay-as-you-go pension
plan we cannot buy or send shares on the underlying asset. Therefore, we work in an
incomplete market setting as we cannot hedge the risk related to the nontraded asset.

2.2 The real assets

a) The cash asset level is given by

dSo(t) = r(t)So(t)dt (2.3)

where r(t) is the short rate of return which can be deterministic or stochastic. The
discounting process associated to the risk-free asset is denoted by

B0 = BO)exp (- [ 1(53s)

b) Short-term stochastic interest rate driven by Vasicek term structure (Vasicek, 1977
[25]) under the real probability measure P:

dr(t) = a(b —r(t))dt + ordWy(t) (2.4)

where a,b and o, are positive constants and

*

dr(t) = a(% —r(t))dt + o, dWy(t) (2.5)

. . T 1k
under the risk-neutral measure Q with dW; = dW% + q¢dt and q; = % =q.

¢) The zero-coupon bond from time t to maturity T as given in Brigo and Mercurio (2007)

[6]:

P(t,T) =E [e ftTf(S)dS} = A(t, T)e BEDH) (2.6)



where

2 2
A(t,T) = exp { (b - 2%) B(t, T) - T+1t] - Z—;B(t, T)Q} (2.7)
1 7e*a(T7t)
B(t,T) = ——— (2.8)

This zero-coupon bond with maturity T has the following stochastic differential equation
(SDE):

dP(t,T) = (r(t) - qo:B(t, T))P(t, T)dt - o B(t, T)P(t, T)dWy(t) (2.9)

under the P-dynamics and

dP(t, T) = r(t)P(t, T)dt — oy B(t, T)P(t, T)dWy(t) (2.10)

under the Q-dynamics. We will denote o(t, T) = o:B(t, T) for simplicity.

d) The risky asset at time t is solution of the SDE:

dS(t) = (r(t) + Agog)S(t)dt + ogS(t)dWg(t) (2.11)

where Agog is the market price of risk, which is supposed to be constant.

The vector (Wg, W;) is a two-dimensional brownian motion. The first one is associated
to the risky asset, while the second one corresponds to the short term interest risk. These
two brownian motions are defined on a probability space (€2, F,P) and the filtration Fg
is the one generated by Wy (s) and Wg(s) for 0 < s < t. We suppose furthermore that
these two brownian motions are correlated, i.e., E [Wy(t)Wg(t)] = pr gt

2.3 The liabilities

The contribution C(x,t;i) made to the system creates a liability at the pension provider.
Furthermore, in our framework we offer the guarantee of a minimum return which can
be expressed in terms of a put option. We have stated that the guarantee at retirement
depends on a index Y (t) that can represent the growth of the GDP, contribution base,
etc. We suppose that the index is based on the contribution base of the pension system
(Borsch-Supan (2003) [5]).

a) The total contribution base received by the public pension provider is denoted by:

Y(t) = nP(t)L(t) (2.12)



where 1 is the constant contribution rate, which is paid by all the workers to the public
pension system, P(t) is the total working population and L(t) is the mean salary of the
working population.

The working population at time t is the solution of the following stochastic differential
equation:

dP(t) = apP(t)dt + opP(t)dWp(t) (2.13)

While the mean salary of the working population is the solution of:

dL(t) = gL(t)dt + op L(t)dW(t) (2.14)

The parameters ap and g (resp. op and of,) are the percentage drift (resp. the volatility)
of the working population and mean salary, which are supposed to be constant. The
vector (Wr,, Wp) is a two-dimensional brownian motion. The first one is associated to the
salary risk, while the second one corresponds to the population increase risk. We suppose
furthermore that mean salary and population are correlated, i.e., E [Wp,(t)Wp(t)] = or, pt.
The stochastic differential equation associated to the contribution (2.12) is then given by
the Ito’s lemma:

dY(t) = (g +ap + PL,PGLGP) Y(t)dt + op,Y(t) dWL(t) + orY(t) dWp(t) (2.15)
P —— ——

u(Y(t),t) o1(Y(t),5) o2(Y(t),5)

with Y(s) =y € R and t € [s, T]. The risks associated to this two-dimensional brownian
motion can’t be hedged in the market, which causes the market to be incomplete. How-
ever, these brownian motions are correlated to those presented earlier which are traded.
In particular, we have:

E[Wi(t)Wr(t)] = er 0t E[Wr () Wp(t)] = o1, pt
E[Ws(t)WL(t)] = es,Lt; E[Ws(t)Wp(t)] = ps pt

with o 1,,0r,psps,1, and pg p € [-1,1].

b) The European claim on the nontraded asset Y(t) is denoted by G = g(Y(T)) and is
supposed to be exercised at maturity T. For example, in the case of a put option we have
g(Y(T)) = (K- Y(T))".



2.4 The pricing measure

Proposition 1. a) The minimal entropy pricing measure QT is given by the arbitrage-free
forward measure:

2
1 /T 1 (T [ ha—
“®=*H>—/ m+o£@ﬂw%h_/ A 0 I
2

T [ s—prsa _dot

T
oxp |- [ (@B D)W - [ S az | =2 2a0)
t t /17938 dP
where Z9(t) is a brownian motion, independent of Wy(t) resulting from the Cholesky

decomposition: dWg(t) = pr gdWy(t) + /1 - piSdZ2(t).

b) The expression of the nontraded asset Y(t) (2.15) under the measure QT (2.16) is
given by:

dY(t) = (p(Y(t)7 t) — orB(s, t) Ay As(As—prsAr) + q(Ar — Pr,sAs)> Ny

5 As —prshr =
+ A dW,(t) + —QdZQ(t) + 09(Y(t), t)LggdZy(t)
\/ 1= °r,s
+ (o1(Y (t), t)Lag + 02(Y (t), t)Lag) dZ3(t) (2.17)
where Zs(t) and Z4(t) are two brownian motions independent of Wy(t) and Za(t) issued

from the Cholesky decomposition and Lss, Ly and Lyg are components of the Cholesky
decomposition matriz L.

T
Proof. a) The forward measure % is obtained by using the zero-coupon (2.6) as a
numeraire:

dQt do%do
P 0@ (215)
with
40T _exp (— ftT r(u)du)
dQ P(0,T)

B - T 71 T 5 o, T
_exp( /t qorB(s, T)ds §/t oy B(s, T)“ds /t orB(s,T)dWr(s)) (2.19)

and the risk-neutral measure is:

T T
%%=ﬂxp(ﬁiﬂT@mwa%A)wwww> (2.20)



The vector B(t) is given by:

where:

wio = (i )sbo s

o(t) = [ PrSoS osy/1-prg
—o(t, T) 0

( —qc}(i T) >

where Zo(t) is a brownian motion independent of Wy (t) which appears in dS(t) (2.11)
after a Cholesky decomposition:

dS(t) = (x(t) + Aso5)S(t)dt + ogpr sS(£)AWr(t) + 054/ 1~ pF gdZa(t)

We refer the reader to Frittelli (2000) [12] and Miyahara (1996) [17] for the proof con-
cerning the fact that QT is a martingale measure and minimizes the entropy relative to
the historical measure P.

b) First of all, we will present the detailed Cholesky decomposition of Wy, (t) and Wp(t).
Let Yw(t) be the variance-covariance matrix of the original brownian motion vector
Wi(t) = (Wa(t), Ws(t), Wp,(t), Wp(t)):

1 fr,s PrL PrP
er,s 1 pesL esp (2.21)
el fSL 1 eLp
erp esp eLp 1

Yw =

We search lower-triangular matrix L such that W = L-Z where Z(t) = (Z1(t), Zo(t), Z3(t), Z4(t))
is a vector of independent brownian motions. The matrix L is obtained by means of
Cholesky decomposition of Xyy:

1
_ _ 2
Ljj Ajj ZLJ,k
k=1
i—1
1 J
Lij=1— |4~ 2_ Liklik
JsJ k:1



where A; j is the component of Xyy of the ith row and j*! column. In particular, we have:

Wr(t) = Zl(t)

Wg(t) = Pr,Szl(t) +4/1- p?,SZQ(t)
S.L— LPr.S
WL () = oy 24 (t) + ok _ErLrS

V1 eis

PSP — Pr,PPr,S

WP<t) = Pr,PZl(t) + 5
\/ 1= er,s

Zo(t) + L3 373(t)

Zo(t) + Ly 3Z3(t) + Ly 4Z4(t)

The expression (2.15), omitting the dependence to Y(t) and t for simplicity, becomes
then:

P81 _frlfes
\/ 1= pr,S
 PSr_Esless
1= pr,S
As(As—prsAr) + q(Ar — pr sAs) dt
1-— 2
pr7S

dY(t) = pdt + o1 | pr.dZ1(t) dZy(t) + L3 3dZ3(t)

+ 02 | er,pdZ1(t) dZa(t) + Ly 3dZg(t) + Lg 4dZy(t)

A% Z0(6) + 0a(Y (t), ) LaadZa(t)

where AWy (t) = AWy () + (q + o:B(t, T))dt and dZs(t) = dZs(t) + 252394t are martin-
1-02
\/ Pr,S
gales under QT (2.16). The brownian motions dZ3(t) and dZ4(t) which are orthogonal
to the space are unchanged by law. See Follmer & Schweizer [13] for details.

]

2.5 The indifference price

In this market we have three real assets, the riskless cash asset So(t), the zero-coupon bond
P(t,T) as well as the risky asset S(t). The investor has an initial capital x and chooses
dynamically his portfolio allocations 9q(s), Op(s) and 9g(s), respectively for the riskless
asset, the zero-coupon bond with fixed maturity T and the risky asset for t < s < T.
We suppose that there are no intermediate cash-flows corresponding to consumption or
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contributions and that the portfolio on the traded assets is self-financing. The SDE of
the wealth is:

dSp(s) dP(t, T)
= o (s) S0(s) P(S)m + Ug(s) 0
= (r(s) + 9g(s)hgog —Vp(s)o(s, T))dt + Og(s)AgdWg(s) — Up(s)qo(s, T)dWZ§S%2)

with Xy = x, 0 < t < s < T. We assume that 9g(s) and 9p(s) are Fy progressively
measurable and satisfy the integrability condition E [ ftT 612 (s)ds} < oo fori=P,S. The
set of admissible policies which satisfy this condition is denoted by A.

The individual risk preferences are modeled via the exponential utility function (2.23):

Ux)=--e "™ y>0 (2.23)

The indifference price of the option is deduced by comparing the expected utility of the
wealth at maturity with or without presence of the option as presented in the following
definition:

Definition 1. The indifference price on the claim G = g(Y(T)) is defined as the function
h = h(x,y,1,t), such that the investor is indifferent to optimize its expected utility of the
wealth without taking the derivative into account or to optimize it taking into account the
price of the derivative at writing’s time and its claim at maturity , i.e.,

V(x,1,t) = u(x + Ah(x,y,t),y,1,t) (2.24)
where

V(x,r,t) = Sljip Ep [UX(T))[X(t) = x,1(t) = 1] (2.25)

18 the writer’s value function when the derivative is not taken into account and

u(x + Ah(x,y,t),y,r,t) = SIAlp Ep [UX(T)-1G)|X(t) =x,Y(t) =y,r(t) =1]
= sup fp [UX(T)h(Y(T)X(t) =x, Y(t) =y, r(t) =] (2.26)

1s the writer’s value function when the derivative is taken into account, and A is the
amount of claims sold or bought. A parameter A > 0 entails that we sell the claim, and
A < 0 means that we buy the claim. The claim is supposed to be written at time t and no
trading of the asset is allowed in the remaining time period up to maturity T (European
claim).

Remark 1. Note that the expression of h(Y(T)) involves the calculation of the expected
value of an exponential function. There have to be extra constraints concerning the
function G and A in order to have a finite expected value. The price as stated in Definition
1 is finite for bounded functions, for instance, for put options (for all 1) and for call options
when A = —1. If we price a selling call option (A = 1) we would have in the calculation
the integral of an unbounded process up to infinity and the price would be unbounded.

In the following section we calculate the expression of the price in this market setting.
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3 The price of the guarantee

We calculate the expression of (2.25) in Theorem 1, then the expression of (2.26) in
Theorem 2 and use condition (2.24) in order to deduce the price h in Proposition 2. The
expression of the value function is in both cases calculated by means of Hamilton-Jacobi-
Bellman (HJB) equation methodology. We would like to note that in our HJB equation
a term r(t) - x appears which makes it impossible to apply the Lipschitz conditions of
the usual verification theorems, as they are both unbounded processes. However, Korn &
Kratz (2002) [16] give a suitable verification result in their paper which allows to proceed
with the HJB equation in presence of stochastic interest rates with the usual three-step
procedure. For a detail of the verification result in presence of stochastic interest rate,
as well as the verification of the solution we invite the reader to consult Korn & Kratz
(2002).

Theorem 1 (Value function in absence of the derivative). The writer’s value function
V(x,1,t) (2.25) when the derivative is not taken into account is given by:

T 2 2

1 {2\&+q° 20, gh

V(x,r,t) = —exp . G / _ (s QPr’S 51 + 62B(s, T)? + 2qo;:B(s, T) | ds
Pot,T) Ji 2 1- o2

(3.1)

where B(s, T) is given by (2.8) and Pq(t,T) is the expression of the zero-coupon bond
under the Q-dynamics.

Proof. See Appendix A.1. n

In the following theorem we develop the value function in the presence of the derivative
at maturity.

Theorem 2 (Value function in presence of the derivative). The writer’s value function
u(x,y,r,t) (2.26) when the derivative is taken into account is given by:

2 2
T Ag+a“—2e; ghgq
(YpQﬁ,n Ji %( STE SIS 62B(5,T)2 +2q0,B(s.T) | ds

X (EQT [e%g(Y(T”\Y(t) - yDB (3.2)
for (x,y,r,t) € R x R x R x [t, T] with
Q"(A) = Ep [n(T)1a]; A € Fr.
where n(T) is given by (2.16), Y (t) is given by (2.17) and b as (A.15).

Proof. See Appendix A.2 m

Proposition 2 (Price of the European option). The price of an European option G =
g(Y(T)) in a market where:

e the cash asset earns a stochastic short-term rate given by (2.4)
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the zero-coupon asset’s dynamics are given by (2.6),

the risky asset’s dynamics are given by (2.11)

the nontraded asset is given by the dynamics (2.15),

and the individual preference is given by the exponential utility (2.23),
18 given by

3.1, 8) = Pl T) 2 1o (Egr [+5 My(1) =] (33)

Proof. The price is issued by searching the h which makes the equivalence (2.25)=(2.26)
hold. O

Remark 2. Note that the price of the derivative doesn’t depend on the initial capital and
only on the expression of the index under the pricing measure, the utility function, its level
of risk aversion as well as the correlation. This is a consequence of using the exponential
utility. Rouge and El Karoui (2000) [24] note that the initial capital independence may
not be desirable in some cases because it is unlikely that wealthier individuals would give
the same price to a claim as poorer agents would, as in the case of stock options.

The corollaries that follow present different particular cases of this general setting.

Corollary 1 (Price with deterministic short interest rate). The price of an European
option G = g(Y(T)) in a market where:

the cash asset earns a deterministic short-term rate,

the risky asset’s dynamics are given by (2.11)

the nontraded asset is given by the dynamics (2.15),

and the individual preference is given by the exponential utility (2.23),

18 given by the expected value of the utility of the contingent claim under the risk-neutral
measure (2.20):

hxy.r,t) = ¢ T8 2 1og (Bo [eFO M y() = ] 3.4

with Y (t) given by:
dY(t) = (u(Y,t) — AsAs) Y(t)dt + Ag (dWg(t) + Agdt)

+01(Y,t)4/1- p%’del(t) +09(Y,t)4/1— p%PdWQ(t)

where Wg(t) is independent of W1 (t) and Wa(t) (Cholesky decomposition). In this case
0 becomes

G% + O% + 29L7P0102

A )+ () e -esiesr)

(3.5)
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Proof. If the short interest rate is deterministic we have op = 0, ¢ = 0 and p,; = 0 for
i =S, L, P. Therefore the zero-coupon bond is equal to the cash asset (2.3). O]

Remark 3. Note that if r = 0 and o9 = 0 we obtain the same value as in Musiela &
Zariphopoulou (2004) [18].

Corollary 2 (Price when population is independent). The price of an European option
G =g(Y(T)) in the market of Proposition 2 when the population is independent from the
market and salary risks is given by:

h(x,y,1,t) = Pq(t, T)% log (EQT [e%gwm)w@) - yD (3.6)

with Y (t) given by (2.17) when p; p = 0 with i =1,S,L and § becomes

2 2
5 — o7 + 0y 3.7
B 03 107 201,905 LPx L (3.7)
G% <1 _ ¥S,L 1‘,11792 ) ) ) ) + O%
r,S

Proof. In this case we have that p;p = 0 for i = r,S,L therefore Ay = p, 1,01, Ag =
s,1,01- O

Corollary 3 (Price when the nontraded asset is uncorrelated). The price of an European
option G = g(Y(T)) in the market of Proposition 2 is given by the exponential premium
under the real measure P:

1
hix,,1,6) = Pq(t, T):log (Bp |5y (1) = y]) (3.8)
with Y (t) given by its original P-form (2.15) when oi1, = gj p = 0 with i =r,S.

Proof. In this case we have that pj1, = pjp = 0 for i = 1,5, therefore Ay = 0, Ag = 0.
The coefficient 6 becomes

2 2
o] + 05 + 29L7p0102 _

1 3.9
0% + O% + 29L7P0102 (3.9)

]

Remark 4. Note that the price of the derivative in this case collapses to the exponential
insurance premium, see Denuit (1999) [11] .

Corollary 4 (Limit to the Black & Scholes setting). The price of an FEuropean option
G =g(Y(T)) (3.3) in the Black € Scholes setting tends to the utility-free expectation of
G under the forward measure:

h(x,y,1,t) = Pq(t, T)Egr [g(Y(T))[Y(t) = y] (3.10)

with Y (t) given by (2.17) when ps1, =psp =1 and pr1, = prp = 0.
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Proof. Let pg1, = 1 and pg p = 1. This means that the salary and population risks are
totally correlated with the market risk Wg(t). Furthermore, let the correlation between
the stochastic interest rate and the risky asset p, g be equal to 0. In this case we have
Ag = 01+ 09, Ay = 0 and 8 becomes:

01 +o3+2rpporoa 1 Alerp) (3.11)
- 20102 (erp-1) BleLp)
~\~ A,—/
Aler,p) 1/B(er p)

When pp, p = 1, % = 0 and the SDE has only one source of risk and mimics the traded
asset S(t) completely. Let:

Y vB(er,p) )
f(G)=exp |G ) =exp | ——G 3.12
(@ =exp (16) = exp (T2 (3.12)
The Taylor series of f(G) around 0 is:
/ o £(0)
£(G) & £(0) + £ (0)G+ Y —=G" (3.13)
— ol
with
] iB i
fi0) = ¥ (eLp)
Alprp)

(3.3), and simplifying the notation A(pr, p) = A(p),B(er,p) = Blp),

Replacing (3.13) in
t) =y] = Egr [G] and h(x,y,1,t)* = h™:

] A B(p n
h :PQ(t,T)YBLPP)) g(1+%EQ Z H,Az Egr [G ])

The limit when py, p (denoted p for simplicity) tends to 1 is then:

0
lim h* = 0= (L’Hopital)

e—1
1 YB(p) - v" B( P n
= Jlim Po(t,T) <log 1+TEQT + Z A or (G ])
B YO n n—1 n_p, n-1
A(/i)(pl)g(p)YEQT (Gl + 00, 12 B(e) A(P) = Alp)” Ble)"” Egr [G"]

+ A(p)

A(
(1 + YB(( ))EQT Gl + >0, 1' EEQEEQT [GDD
opee
_ PQ(mT)% (0 + A(p)YAQfP)H) — PQ(t, T)Egr [G]

This is the price in the Black & Scholes setting with stochastic interest rates (see Brigo
and Mercurio (2007) [6]) under the forward measure, which is given by:

T T
- / (q+ orB(s, T)) dWy(s) / )\SdWS(S)>
t t
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Figure 1: The value of a put option guaranteeing iq = 4% (first row), iq = 5% (second
row), ic = 6% (third row): un-correlated exponential price (continuous line), imper-
fect correlation exponential price (discontinuous line) and perfect correlation B&S case
(pointed line). Source: the authors.

which is the forward measure when the stochastic interest rate has a Vasicek structure
independent of the risky asset S(t). O

4 Numerical illustration

In this section we will present different graphics which will show the influence of risk
aversion, time, guaranteed return and correlation in the price of a put option as described
in (2.2). The parameters used are taken from the literature or are consistent with it.

The parameters related to the short term interest rate and zero-coupon bond are a = 0.20,
b = 0.05, oy = 2%, rg = 5%, q = 0,1527%. The risky asset has Ag = 30% and og = 20%
and tho, g = 0.30. These parameters are taken from Boulier et al. (2001) [4]. The drift
and volatility of the population has been taken from Devolder and Melis (2015) [10] and is
ap = 2% and op = 5%. We suppose that the salaries are less stable than the population
and have a higher drift and volatility, i.e., g = 3% and o, = 7%. The wiener processes
for salaries and population are correlated with pf, p = ~0.1. The negative correlation
reflects the fact that cohort size negatively affects earnings (see Brunello, 2010 [7]). The
mean one-period notional rate is thus 5,054%, so we will study the following interest rate
guarantees: i = 4%, iq = 5% and ig = 6%.
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Figure 2: 3D-Plot showing the evolution of the value of a put option for risk aversions
v € (0,5) at different purchase time t € (0,40) for a guaranteed interest rate of iq = 5%.
Source: the authors.

Risk aversion

Price

We assume further that the correlation between the population and the markets are p. p =
~0.25 and pg p = ~0.05. These correlations are based on the fact that government issued
zero-coupon bond are more negatively correlated to demographics than stock returns are
(Poterba (2001) [22]). Finally we suppose that salary increase is positively correlated to
the short term interest rate risk and risky asset risk: p.1, = 0.6 and pg, = 0.4. The
correlation matrix (2.21) is thus:

1 030 040 -0.25
s _|030 1 06 005
W=1040 06 1 -01

025 -0.05 -0.1 1

Figure 1 compares the prices for the same market structure in three different cases: totally
uncorrelated, which we choose to name ’insurance’ case, totally correlated or hedged,
denoted by 'Black & Scholes’ case, and the case with intermediate correlation structure,
denoted by ’intermediate’ price. The x-axis represent the time when the option would
be written and the y-axis is the price. For instance, the price for an option written at
time t = 20 when y = 3 and ig = 5% would be hgg = 0.27442 hy,s = 0.1087 and
hijpt = 0.1611. This means that if an individual would make a contribution of C = 1000
€ we would have to put aside C - hjy; = 161,1 € in order to ensure 4% return per
year. We observe in Figure 1 that the intermediate price for the presented correlation
structure and the independence insurance premium are lower than the fully-hedged Black
& Scholes case. This relation may be dependent of the parameters. However, we can
state than people would be ready to pay more to be better hedged.? We observe as well

2We have taken into account other parameters and correlation structures for the numerical illustrations
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Figure 3: 3D-Plot showing the evolution of the value of a put option for guarantees
ig € (3%, 6%) at different purchase time t € (0, 40) for a risk aversion y = 3. Source: the
authors.

0.06

Guaranteed rate
0.05

Price

40

Figure 4: 3D-Plot showing the evolution of the value of a put option for correlation
orL € (—1,1), with all other correlations equal to 0, guarantee of i = 4%, and risk
aversion coefficient v = 3. The second graph shows the evolution of the price according
to the different correlations for options writte at t = 20 Source: the authors.

0.5 1.0

T=20

3-D Plot

that prices increase when the return guarantee and/or the risk aversion increases in the
three cases.

Figure 2 and 3 show the evolution of the price for different writing times from t € (0, 40)

and obtained similar results. However, in some cases, we have noted that for the same return guarantee,
high risk aversion coefficients may lead to higher intermediate and insurance prices than in the Black &
Scholes case, while low risk aversion coefficients may lead to lower intermediate and insurance prices than
in the complete market case.
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and risk aversion, as well as interest rate guarantee. The price increases for higher risk
aversions, meaning that issuers are ready to pay a higher price when they are more averse
to them. It also increases for higher return guarantees, which seems straightforward.
Buyer’s are ready to pay more to have higher potential returns.

Figure 4 shows the evolution of the price when all risks are independent except of the
salary risk and the short rate. In this case p;j, # 0 and all others g;; = 0. We observe
that the correlation has a clear influence in the intermediate price. It seems that the price
attains its highest point when it’s closed to 0, i.e., when the nontraded asset is totally
uncorrelated.

5 Conclusion

This paper studies the development of a pricing framework which could be suitable for the
pricing of minimum return guarantees in a pay-as-you-go financed, defined contribution
public pension scheme. Defined contributions-based pension systems are usually actuari-
ally fairer, but have the main shortcoming that return risk is borne by the participants.
Here we seek to give a solution to this problem in order to correctly measure and finance
these guarantees. This framework would help increasing the attractiveness of this pen-
sion scheme. The price of the guarantee is the one that makes the writer (resp. buyer) of
the option indifferent between only holding a financial portfolio and holding a financial
portfolio plus (minus) the price at underwriting time, and the portfolio minus (plus) the
payoff at maturity.

We obtain a closed-form formula for a general dependence case which is easy to calculate
and has desirable properties: prices increase when risk aversion increases, and/or when
the return guaranteed increases, i.e., people are ready to pay more when they are more
averse to the potential losses, and/or have the guarantee to have a higher return on their
contributions. We have shown that the price is an intermediate price between a zero-utility
exponential premium and the complete markets Black & Scholes formula. The zero-utility
exponential premium is obtained when the non-traded asset is totally uncorrelated to the
asset markets, and could be interpreted as the case when insurance risks are priced. On
the other hand, the Black & Scholes formula represents the price of the asset when the
risks are totally correlated to the asset markets.
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A Appendix

A.1 Proof of Theorem 1

The maximum principle applied to the value function (2.25) gives the following Hamilton-
Jacobi-Bellman (HJB) relation:

1
0=V +a(b—r(t)Vy + 503\@ +r(t)xVy

+ %ﬁ {%o(t, T)2x20p (£)?Vix — Op(t)o(t, T)x(qVx 4 61 Vi)

1
+ §0§X2ﬂs(t)2vxx +9g(t)ogx (AsVx + pr.50r) — Vs (t)0p(t)er so50(t, T)XQ}

where V(t) = (0g(t),Op(t)). The HJB can be written as the maximum of a functional
G(9(t)). At the optimal control ¥*(t) = (V5 (t), 9g(t)) we must have simultaneously:

D00*(6)) = 0 (A1)
A
S0 (1) = 0 (A2)
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Note that the presence of p, g produces that the optimal 4(t) has to be calculated as an
equation system. The second condition (A.2) entails the following system of equations:

{ S (t)OSXVXX - Pr,SﬂP (t)O(t, T)vax = *O\SVX + Pr,SOrvxr)
—or,50s(t)osxVix +Vp(t)o(t, T)xVix = qVx + or Vi

The optimal investment strategy 0*(t) is then:
(7)\8 + Pr,SQ) Vx
09X Vxx (1 - p?’s>
(q - Pr,S}\S) Vi + (1 - P?,S) orVxr
o(t, T)xVxx (1 - Pl%ﬁ)

03(0) =

Op(t) =

Putting the expression of the optimal allocations into (A.1), we obtain the following
partial differential equation for the value function:
1 2v>2(r

1
0= Vi +a(b—r(t)Vy + 202Vyy + 1(t)xVy — =07
2 2" Vg

ViV 1 V2
—(Or \i = - 5 = 5 (kg + q2 - 2Pr,Sq)\S> (A.3)
XX Vix (1 - pr,S)

with limit condition V(X,r,T) = u(X) = e ¥X. We try a solution inspired by the
expression in Young (2004) [26]:

V(X, T, t) = 7e7YXP(t7r)+K(t)

where P(t,r) and K(t) are independent of X(t) and have limit condition P(T,r) = 1 and
K(T) = 0. Then the partial derivatives are:

VI' - 7YXPI‘V7 Vrr - (YXP% - Prr)‘YXV
Vx = —YPV; Vix = y2P2V
/
Vi = (—yxPy + K (t))V; Vi = (yxP - 1)yP:V

Substituting into (A.3) and after some calculations:

b* 1, o P2
0=—yx|Py+r(t)P+ a(g —1(t))Pr + §GTPH "o
1 9 9 1 5P? P,
5@0\5 +q° 20, 5ahg) — 20ipz ©Orp
r

9

!/

+ K (t) -

We try a solution for this SDE depending on P(t,r) inspired by the expression of a zero-
coupon bond as previously used in Korn & Kraft (2002) [16] and Young (2004) [26]:

P(t,1) = aft)e POF (A.4)

22



with o(t) and B(t) independent of r with limit conditions a(T) = 1 and B(T) = 0. Its
partial derivatives are:

Py = a/(t)efﬁ(t)r — Pﬁl(t)r

Py = B(t)P; Py = B2(t)P

Substituting again in the previous PDE we have:

/

0= —Yxefg(t)r o

(0~ a0x() | 0 -ap(0 -1 | ~o(0) (17500 + 30320

BEq.A

1 1 P2 P
0§ +d 20, gaks) - 50?—2 - qGr?r (A.5)
(1 — pf S) P

Eq.B

/ 1
+ K(t)—§

This transformation would only make sense if the expression above no longer depends on
r(t). In this case the solution to Equation A and B are:

e a(T-t)-1
plt) =-B(tT) = ——— (A.6)
T
K(t) = % /t (q+ o:B(s, T))? ds — %xg(T —t) (A7)
The expression (A.5) becomes:
x L 9.9 '
0= (6)-a(t) (00 + 3026%0) ) =3 ()~ a(oh(e) (A3)

which has as solution:

* 0.2 02
OL(t) = exp { <% + ﬁ) [B(t, T) -T+ t] + 4—;B(t, T)Q}
=Aq(t,T)! (A.9)

The expression of P(t,r) is then given by the inverse of the zero-coupon bond under the
Q-dynamics Pq(t, T). The value function (2.25) becomes (3.1).

A.2 Proof of Theorem 2

The dependence of y,t will be not taken into account in order to ease the notation.
Furthermore, we set:

Ar = Pr,LO1 * fr po2
Ag = pg 1,01 + ps,PO2
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The maximum principle applied to the value function (2.26) gives the following HJB
relation:

1 1

1

1
— Vg (t)0p(t)er,sos0(t, T)x% + §0§X2ﬂ%uxx + dgogx (Agux + pr gortxr + Asuxy)}
Here we face the same problem as in Proposition 1. Because of the presence of p, g
produces that the optimal 9(t) has to be calculated as an equation system. The HJB
can be written as the maximum of a functional $(0(t)). At the optimal control 9*(t) we

must have simultaneously (A.1) and (A.2). The second condition (A.2) gives the following
system of equations:

{ Og(t)ogxuxx — py g0p(t)o(t, T)xuxx = —(Agux + er §0rlxr + Agtxy)
—or,sVg(t)ogxXtex + Up (t)o(t, T)xuxx = qVx + orlixr + Aruxy

The optimal investment strategy 9*(t) is then:
(s +prsa) ux + (prsAr — Ag) uxy
OgXUxx (1 - pis)
(4 prshs) e+ (1-p2s) ovtter + (Ar —prgAs) uxy
o(t, T)xViex (1 - pis)

Putting the optimal ¥ into into (A.1), and after some tedious algebra, we obtain the
following partial differential equation for the value function:

O5(t) =

Op(t) =

1 1
ug +a(b—r)ur + 50%11” + rxux + Ayorlyr + puy + —(O% + G% + 201, p0102) Uyy+

2
Uxu Uxru uxu 1
B qGr\);—m Ao, Dty UxUxy O\S(AS - Pr,SAr) + q(Ar — pr’sAs))
h o (1 o s)
1 2 u2 1 1 u2 2 2 1 112 A2 + A2 - 2P ,SASAI'
v (1B 2esans) -5 - (A.10)
r,S

— =0
2°F Uxx 2 (1 — PI?,S) Uxx

Due to the good separability properties of the exponential utility we try a solution inspired
by the limit condition:

u(x,y, t) = —e PPEDR(y 1) (A.11)

where F(y, t) corresponds to the part of the value function related to the nontraded asset
Y(t). The limit condition is F(y, T) = h(y). The partial derivatives are then:

—vxP 2
uy = —yxuP — e ™ Fiu = —yxPru;uy = (YxPy - Prr)yxu
ux = —YPu;uxx = Y2P2u; Uy = —efYXPFy; Uyy = —efYXPFyy

e = (vxP — DyPrujugy = ¢ YPyPFyiuy = ¢ PyxPiFy
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Substituting into (A.10) and after some calculations

b* 1 o o P
0=—yxu|Py+rP+ a(g -1)Py + §orPrr “or g
P, Ag(Agq-— Ap) + q(Ar — A
<P (F}_+ <H<Ar0r—£ s(Ag —prgAr) +alAr —prg s)) Py
P 1— 2
pr,S
1 1 (M +d® 20,500  ,P2 P
+ 5(0% + O% + 2PL,P0102)Fyy - iF 5 2Pr, + G%P—E + 2q0r?r
(1 és)
2
71 A% + Ag — QPr,SASAr Fy A 19
B p T (A.12)
2 1iprs K

We now do the following transformation in order to linearize the PDE as in Zariphopoulou
[27]:

F(y,t) = f(y,t)° (A.13)
for a 6 which has to be determined. The partial differential equations are then:
Fy = 6% M Fy = 8f% My Fyy = 85— 1)f° 2£2 + 5% fyy
Substituting in (A.12)

b* 1, o P2
0=-yxu(Py+1P+a(——1)Pr + §0rPH -0
a

'p
P, Ag(Ag-— Ar) +q(Ar — A
7e*YXP8f671 <ft + (HArGr_r S( S~ fr,S r) 2q( r Pr,S S)) fy
P 1-— e
r,S
1 1f (22 + % 20,991 p2 p
+ —(O% + O% + 29L7P0102)fyy - —= sTd Pr, 8978 + O%—g + 2qor—r
2 20 1-— 2 P P
pr,S
12 [ A2+ A2 20, gAgA, s o
5T d 12 -(6-1) (01 + 05 + 2PL7P0102> (A.14)
- orS

If we choose 0 as:

O% + G% + 2p1, pO102

A%—FA%*QPr,SASAr
1-p2g

6:

(A.15)

o% + G% + 201, pO102 —

then the PDE becomes a linear parabolic differential equation. We perform finally the
same transformation for the function P(t,r) as in (A.4) and obtain the same values for
B(t) (A.6) and a(t) (A.8). The remaining PDE is thus:

( As(As—prsAr)+q(Ar—pr sA
fi + (H‘Ar@r%_ S(8s sl 1 s S)) fy + (01 + 03 + 2p1 po102) fyy

M+q2-2 A 2
E A
r?

[ £(y,T) = h(y) = es5(T)
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The drift coincides with the one in Proposition 1 under the pricing measure. This partial
differential equation can be rewritten in terms of expectancy under the measure oT
according to the Feynman-Kac representation theorem as follows

24 42_
g (WJro?B(s,T)?wL?qorB(s,T))dS
f(y,t) =e S
% Bgr [e%g(Y(T))W(t) —y (A.16)

where Y (t) is given by (2.17).Then the writer’s value function when the option is taken
into account becomes:

U(X, y, T, t) - 7eiYPQ(t7T) fB (A].?)

with § given by (A.15).
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