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Motivation

With continuous improvements in life expectancy and low
fertility rates, pensions are paid over a longer time horizon.

The European Commission (White Paper (2012)), show a
clear increase in the life expectancy at birth for males (7.9)
and females (6.5) in 2060, comparing with 2010.

The current forecasts for the ageing of the baby-boom
generation will contribute equally to substantial increase of
the old-age dependency ratio.

In 2012, pension expenditure represented more than 10% on
average of GDP and the forecast provision is to be risen to
12.5% in 2060 in the EU as a whole.
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Aim of the paper

To design an automatic balancing mechanism (ABM), which
absorbs changes through the key-variables of the pension
system (such as contribution rate, normal retirement age and
indexation of pensions).

Why? To aid in re-establishing the long-term sustainability of
the Pension System based on a PAYGO scheme.

What is an ABM? Vidal-Meliá et al. (2009) and (2010) [4] [5]
define an Automatic Balance Mechanism (ABM) as a set of
pre-determined measures established by law to be applied
immediately as required according to the solvency or
sustainability indicator.
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Aim of the paper II

The ABM that we propose calculates the optimal path of the
contribution rate, normal retirement age and indexation of
pensions over time managing fluctuations in longevity, fertility
rates, life expectancy, salary growth or any other uncertainties
faced by the pension scheme.

Using optimisation, the ABM is the result of minimising the
difference in present value between spending on pensions and
income from contributions for the next 75 years.
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Aim of the paper III

Some politicians, researchers and public opinion, Boado-Penas
et al (2008), mistakenly consider the annual cash-flow deficit
or surplus to be an indicator of the pay-as-you-go system’s
solvency/sustainability; i.e. they confuse a liquidity indicator
with a solvency indicator.

In order to assess whether or not a system is
solvent/sustainable, an actuarial balance (AB) must be
compiled.

The AB is necessary to have the big picture of the whole
system looking for explicit or implicit assets and not only
focus on the future liabilities of the PAYGO system.
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The Actuarial Balance (AB) and ABMs

Countries like Canada, Finland, Japan, Sweden, USA publish,
on a regular basis, official actuarial balances to contribute to
the transparency of the pension system.

Even though the information provided by the actuarial balance
can help to take better and more informed decisions, some
countries decide not to use it, i.e. USA, or take some
parametric reforms via emergency modifications in legislation.

ABMs (measures established by law) can be applied
immediately as required according to an indicator of the
financial health of the system.
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Sustainability ABM (SA)

The Sustainability ABM proposed in this paper will restore the
sustainability of the PAYGO system according to the difference in
present value between spending on pensions and income from
contributions and it will only take into account the initial level of
financial reserves (buffer fund), F0, and no other deficit or surplus
of it during the whole analysis. The optimisation problem would
be:
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Sustainability ABM (SA) II
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Other design: Sustainability ABM including the buffer fund
(SAF)

SAF is focused on the minimisation of the present value of the
accumulated buffer fund, i.e., the objective function to minimise is:

mincnxn,λn

N∑
n=0

Fn(n, cn, x
(r)
n , λn, Jn)

(1 + δ)n
(2)

Where:

Fn = (1 + Jn)Fn−1 + cnWn(n, g , x
(r)
n ) − Bn(n, g , x

(r)
n , λn), (3)
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Other design: Sustainability ABM including the buffer fund
(SAF) II
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The two ABMs

Sustainability ABM (SA):

mincn,xn,λn

N∑
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(r)
n )
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Sustainability ABM including the buffer fund (SAF):

mincnxn,λn

N∑
n=0

Fn(n, g , x
(r)
n , λn, Jn)

(1 + δ)n
(5)

Humberto God́ınez-Olivares PBSS-Automatic Balancing Mechanism 14 / 31



Aim of the paper
Actuarial Balance (AB) and ABMs

Sustainability ABM
Application

Concluding comments
References

GRG

Following general ideas about optimisation techniques in
discrete-time, we will use the Generalized Reduced Gradient
Method (GRG).

The GRG is an active set method that works with inequalities
constraints. The inequalities are replaced by their linear Taylor
approximation and then the reduced gradient algorithm is
applied.
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Application

The demographic factor (population structure) used for the
analysis is the European Population from 2013 to 2087. The data
comes from Eurostat that provides statistical information about
the European Union (EU). As it is important to extrapolate the
conclusions of the analysis to other parts of the world with similar
population characteristics, the demographic structure has been
normalised.

Figure 2 shows the different demographic factors that are the
inputs in this numerical example. The pyramid represents the
normalised mature population of the European Union in 2013
(grey) and 2087 (transparent) to highlight the differences.
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Application II

Figure 1: Mature population versus ageing population
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(a) EU Population 2013 and 2087
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Application III

Assumptions:

The minimum value for the contribution rate, age of normal
retirement and indexation of pensions are respectively 15%,
65 and -5% and the maximum values are 24%, 74 and 5%.

It is also assumed that the change in the contribution rate
varies between 0.3% and 0.5%, the age of normal retirement
between 1.5 and 3 months and the indexation of pensions
between -4% and 4%.

The accumulated fund increases at an annual rate of 3% while
the annual salary growth is equal to 2.5%.
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Application IV

Figure 2: SA - symmetric (black line) and asymmetric (grey line) -
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Application V

Figure 3: Other design: Sustainability ABM - symmetric (black line) and
asymmetric (grey line) -
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Application VI
Figure 4: Liquidity indicator with and without buffer fund for the SAF

under the symmetric (black line) and asymmetric (grey line) with
European population structure.
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Concluding comments I

This article aims to provide a solution for the long-term
sustainability of a PAYGO system using automatic balancing
mechanisms, isolating the measure to be taken from the political
arena.

Using optimisation techniques, the two ABMs presented in
this paper focus on restoring the sustainability of the system
and at the same time, allow us to have liquidity each year to
cover the expenditure on pensions.

The ABMs built are based on minimising the present value of
future cash flows, taking and not taking into account the
buffer fund of the system.
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Concluding comments II

The model presented in this paper could be an alternative to
the traditional parametric reforms of the PAYGO systems
around the world.

We show that the contribution rate, age of normal retirement
and indexation stabilises at the end of the period of analysis.

The contingency fund absorbs the fluctuation of the
demographic patterns and the economic variables involved in
the analysis.
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Further Research

Application of this optimisation method to real data.

Develop a dynamic optimisation method.
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Modelling the total contribution

For Wn, the total contribution rate, the dynamic of the population
is considered as an input and the total contribution base is
modeled as the total active workers at the age of normal
retirement, xn, over the time. We forecast the average wage for
the whole population as:

W1 =

(
xn−1∑
x=20

lx ,1 ∗ wage(x)

)
.

For n > 1, we have:

Wn =


⌊
xn
⌋
−1∑

x=20

(lx,n) ∗ wage(x) ∗ (1 + g)n

+(xnmod
⌊
xn
⌋
)l⌊

xn
⌋
,n
∗wage(

⌊
xn
⌋
)(1+g)n

We assume that lx,n is distributed uniformly over the year.
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Modelling the total expenditures

The total expenditure on pensions at year 1 is modelling thus the
observing average pension at year 1 and the projected number of
individuals through projected mortality tables.

B1 =
X∑

x=x0(n)

Px ,1lx ,1

For n > 1, the total expenditure on pensions is forecasted as
follows:

Bn =

(
1 − (x0(n)mod

⌊
x0(n)

⌋
)l⌊

x0(n)

⌋
,n

)
∗P⌊

x0(n)

⌋
,n

+
X∑

x=
⌈
x0(n)

⌉Px ,nlx ,n
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